UNIT - IV ANALYSIS OF DISCRETE TIME SIGNALS

Spectrum of D.T signals, Discrete Time Fourier Transform (DTFT), Discrete Fourier Transform (DFT) —
Basic principles of z-transform — z-transform definition — Region of convergence — Properties of ROC —
Properties of z-transform — Poles and Zeros — Inverse z-transform using Contour integration — Residue

Theorem, Power Series expansion and Partial fraction expansion.

Discrete Time Fourier Transform (DTFT)

The discrete-time Fourier transform (DTFT) of a real, discrete-time signal x[n]is a complex-valued

function defined by

Xlah= 3 xnle

H==00

Jenz

for any (integer) value of n.

Inverse Discrete Time Fourier Transform (IDTFT)

The function X (e*) or X (®) is called the Discrete-Time Fourier Transform(DTFT) of the discrete-time
signal x(n). The inverse DTFT is defined by the following integral:

x(n)= % s J‘ X(m)e™dw
—n

Properties of DTFT

Property Periodic signal Fourier Series Coefficients
Linearity Ax[n]+ By|n] Aa, + Bb,
Time Shifting x[n — no] —jk(z—”j ;
N 0
ak - e
Conjugation ¥ [n] aik
Time Reversal x[—n] a
—k
Frequency Shifting ejMWOnX[I’l] a, .y
First Difference xInl=xln =1 _irl2®
[n]=an 1] (l_e]uv))ak
Conjugate Symmetry | x[n] real a, = ajk

for Real Signals

Real & Even Signals

x[n] real and even

4, real and even

Real & Odd signals

x[n] real and odd

4y purely imaginary and odd

Even-Odd
Decomposition
Of Real Signals

x,[n]= Ev{x[n]}
x,[n]=0d{x[n]}

[x[n]real]

[x[n]real]

Re{ak }
J Im{ak }

Parseval’s Relation

1
I Snl’ = Yla,|’
n=(N) k=(N)




1. Find the DTFT of an impulse function which occurs at time zero.

x[n] = 9o[n]

X(e™)=3 8[ne " =1

olnl]

S[n—11<>(1)-e "

Discrete Fourier Transform
The DFT is used to convert a finite discrete time sequence x (n) to an N point frequency domain
sequence denoted by X (K). The N point DFT of a finite duration sequence x (n) is defined as
N-1
X (K) = ¥ x (n) e-j2nnk/Nfor K=0, 1, 2, ....... N-1
n=0
The discrete Fourier transform (DFT) is the Fourier transform for finite-length sequences
because, unlike the (discrete-space) Fourier transform, the DFT has a discrete argument and can be
stored in a finite number of infinite word-length locations. Yet, it turns out that the DFT can be used to
exactly implement convolution for finite-size arrays

Inverse Discrete Fourier Transform
n=0
The IDFT is used to convert the N point frequency domain sequence X (K) to an N point time sequence.
The IDFT of the sequence X (K) of length N is defined as
N-1
x (n) =1/N > X (K) e¥»*N for n=0, 1,2,...... N-1
K=0

Properties of DFT

Periodicity: X (K+N) =X (K) for all K.

Linearity: DFT[a1 x1 (n)+a2 x2(n)]=a1 X1 (K)+a2 X2 (K)

DFT of time reversed sequence: DFT[ x(N-n)]=X(N-K)

Circular convolution :DFT[x1(n)*x2(n)]=X1(K) X2(K)

Shifting: If DFT {x (n)} =X (K), then DFT{x (n-no)} =X (K) e #me«N
Symmetry property

o ThWON-

Re[X(N-k)]=ReX(k)
This implies that amplitude has symmetry
Im[X(N-Kk)]= - Im[X(k)]

This implies that the phase spectrum is antisymmetric.
7. If x[n] is an even function x.[n] then

N-1

Fli = X, (0)= 3, nleos(icunt)

n=0



This implies that the transform is also even

8.

If x[n] is odd function x,[n] than

Fli Inll= X, (k) =~/ 3. 3 Inlsin(kn7)

n=0

This implies that the transform is purely imaginary and odd

9.

Parseval’'s Theorem

The normalized energy in the signal is given by either of the following expressions

10.

11.

12.

13.

N-1 ) 1 N-1 )
> 2]~ X (k)
n=0 k=0

Delta Function
Flo(nT)]=1

Unit step function

Flu[n]]= i iﬁ5(w+ 271k)

k=—x0

F[ ”””] z2ﬂ5 w—w, + 27k )

Fourier transform of a CT complex exponential is interpreted as an impulse at w=w,. For
discrete-time we expect something similar but difference is that DTFT is periodic in w with
period 2%. This says that FT of x[n] should have impulses at w,, w, 27, w x4~ etc.

1

o"u[n] (|n|<1) <2>
l-ce

,./‘wy

Linear cross-correlation of two data sequences or series may be computed using DFTs.
The linear cross correlation of two finite-length sequences x:[n] and x,[n] each of length N
is defined to be:

rtrlxz(j)_ Z‘xl x2 n+.] ,—OOS_]SOO

n——oo

Circular correlation of finite length periodic sequences x;,[n] and x,,[n] is described as:

rcxlxz(j)_ Z'xlp xzp n+]) ,j:O, ....... ,(N—l)

This circular correlatlon can be evaluated using DFTs as shown below:

o () = F X7 ()X, ()



The circular correlation can be converted into a linear correlation by using augmenting
zeros. If the sequences are x;[n] of length N;and x,[n] of length N, then their linear correlation will
be of length N1+N2-1.

To achieve this x4[n] is replaced by xi.[n] which consists of xi[n] with (N,-1) zeros added and x,[n]
is augmented by (N-1) zeros to become x..[n].

= L) =F X)X, ()

1. Find the DFT of the following signal x(n)=8(n)
N-1
X (K) =¥ x (n) e?Nfor K=0, 1, 2....,N-1
n=0
N-1
X(K)=3 & (n)e”Nfor K=0, 1, 2,...N-1
n=0

X (K) =1

2. Consider a length-N sequence defined forn =0,1,2,...... ,(N-1) where

1 n=0
x[n]={0

otherwise  Eing the DFT of the given sequence.

N-1
XK1= x{npp," k=0,,2,......(N-1)
n=0

—_—

The N-point DFT is equal to =

Basic Principles of Z Transform:

The z-transform is useful for the manipulation of discrete data sequences and has acquired a new
significance in the formulation and analysis of discrete-time systems. It is used extensively today in the
areas of applied mathematics, digital signal processing, control theory, population science, economics.

These discrete models are solved with difference equations in a manner that is analogous to
solving continuous models with differential equations. The role played by the z-transform in the solution
of difference equations corresponds to that played by the Laplace transforms in the solution of differential
equations.



Types of Z Transform

Unilateral Z-transform

Alternatively, in cases where x[n]is defined only forn= 0, the single-sided or unilateral Z-

transform is defined as
b

X(z) = Z{zn]} = ) _a[n]z™

n=>0

In signal processing, this definition can be used to evaluate the Z-transform of the unit impulse
response of a discrete-time causal system

Bilateral Z-transform

The bilateral or two-sided Z-transform of a discrete-time signal x[n]is the formal power

series X(Z) defined as
0

X(z) = Z{z[n]} = ) z[n)z"

n=—=2o>0
where n is an integer and z is, in general, a complex number:
z= Ae* = A (cos ¢+ sin §)

where A is the magnitude of z, jis the imaginary unit, and ¢ is the complex argument (also
referred to as angle or phase) in radians.

Inverse Z Transform

oo

X(Z2)= > z(n)z"

i—=—00

1
z(n) = E/X{:):” 'dz

¥n, = CO3 (an)
1. The z-transform of the sequence find its Z transform



2 [¥n]

1 iam 1 -ian
= Z[cosz (an)] = E|—e +— E
[2 z

1 i 1 i 1 Z 1 Z
- _z[lEla.:n]_'__z[[E—la.:n] - = .= :
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1 for n=0
¥n = &[n = .
Find the z-transform of the unit pulse or impulse sequence n { 0 otherrise
X(z) = Z[Ma] = >pzT = ley 027 =1
=l n=1l
. Xn =u[n] = {l fl:lr ne0 . K(Z:I:
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¥, = K"

4. The z-transform of the sequence

is

X, = E

5. The z-transform of the exponential sequence
Xzl = Zx,.,z"" = Zu&"’z""
n=0 n=l

6. Prove Z[{a}]="2" 4@

m.n n n -~

Proof
Z[{a}]= Y ar =2z
0 0
mh
= Z = ’l |<1
Sequence Z - trans form
d[n] 1
A
1[n] z 1
N A
b Z -h
1
Flun - 1]
-h
A
IEi.:l'l
Z - B2
Z
n (z - 1)¢
nt

i.e; |z| > |al

¥ iz) =

E-E: .




z [z + 1)

(z - 1)°
n bz
8 b'n W
an z et
9 &''n Tz s et
3in (a) =

10 sin (an) ef-Zcos(alz +1

zin(al bz
gf-Zcozfalbz +bi
Z (=2 -co3 (al)

11 B 2in (an)

12 cos (an) et _Zeoos(a)e +1

z(z-hcos (a))
gf-Zcozfalbz +bi

13 B coz (an)

Properties of Z-Transform

Z-Transform has the following properties:
1. Line_arity Prgperty_

If 2(n) s X(Z)

and y(n) 2= Y(Z)

Then linearity property states that
az(n) + by(n) £ a X(Z) +bY(Z)

2. Time Shifting Property
T
If x(n) +— X(Z)

Then Time shifting property states that
LT m
x(n —m) +— 2z "X ()

3. Multiplication by Exponential Sequence Property
2T
If z(n) «+— X(Z)

Then multiplication by an exponential sequence property states that



a".z(n) 25 X(Z/a)

4. Time Reversal Property
LT
If z(n) +—— X(Z)

Then time reversal property states that
AT
z(—n) +— X(1/Z)

5. Differentiation in Z-Domain OR Multiplication by n Property
2T
If 2(n) +— X(2)

Then multiplication by n or differentiation in z-domain property states that

k
nkz(n) PN [—1]”":3"—d ;[Hz}

6. Convolution Property
T
If z(n) +— X(2)

2T
and y(n) +— Y (Z2)
Then convolution property states that

z(n) * y(n) <5 X(2).Y(Z)

7. Correlation Property

If z(n) £ X(Z)

and y(n) &2 Y(Z)
Then correlation property states that
£T
z(n)®@y(n) «—— X(2).Y(Z 1)

8. Initial Value and Final Value Theorems

Initial value and final value theorems of z-transform are defined for causal signal.



Initial Value Theorem

For a causal signal x(n), the initial value theorem states that

z(0) = lim, ,,, X(z)

This is used to find the initial value of the signal without taking inverse z-transform

Final Value Theorem

For a causal signal x(n), the final value theorem states that

z(oo) = lim, ,, [z — 1] X(2)

This is used to find the final value of the signal without taking inverse z-transform.

Region of Convergence (ROC) of Z-Transform

The range of variation of z for which z-transform converges is called region of convergence of z-

transform.

Properties of ROC of Z-Transforms

ROC of z-transform is indicated with circle in z-plane.

ROC does not contain any poles.

If x(n) is a finite duration causal sequence or right sided sequence, then the ROC is entire z-

plane except atz = 0.

If x(n) is a finite duration anti-causal sequence or left sided sequence, then the ROC is entire z-

plane except at z = =,

If x(n) is a infinite duration causal sequence, ROC is exterior of the circle with radius a. i.e. |z| >

a.

If x(n) is a infinite duration anti-causal sequence, ROC is interior of the circle with radius a. i.e. |z|

<a.

If x(n) is a finite duration two sided sequence, then the ROC is entire z-plane exceptatz=0 & z

= o0,

10



The concept of ROC can be explained by the following example:

Example 1: Find z-transform and ROC of
a"u[n] +a nu[-n — 1]
Z.Tla"uln]) + Z.Tla "ul-n —1]] = 2 + L

The plot of ROC has two conditions as a > 1 and a < 1, as the value of ‘a’ is not known.

it i M .
unit circle | I unit circle
1/a<1
/ .- a
IIII
IIII
In this case, there is no combination ROC.
unit circle M A o
, unit circle
a

Here, the combination of ROC is from

11



a < |z|] < =
firs

Hence for this problem, z-transform is possible when a < 1.

Z{zln]] = 1 1 B a’ —1 z
T T T T —a T T a (z—a)(z —1/a)
rn| = a™uln|
1. The Z transform of a right sided signal is
- > . 1 z
= atuln|z " = az )" = =
nzz_:_x ) n;:,[ ) l—az! z-—a
X(z) laz7 <
For this summation to converge, i.e., for to exist, it is necessary to have , i.e., the
|z| = |a a=1 z[n] = uln]
ROC is . As a special case when , and we have
1
E[H-[Tl]] — ﬁ] |.Z| =1
z[n] = —a™ul—n — 1]
2. The Z-transform of a left sided signal is:
0 —1 _
X(z) = = > au[-n—1]z7" == Y (az')
n——0o0 =2
ks 1. 1 z 1

—1z z—q 1l —az—

a2 <1 |2 <|a
For the summation above to converge, it is required that ,i.e., the ROC is

Comparing the two examples above we see that two different signals can have identical z-transform, but
with different ROCs.

X(z) =42 +2+3z""1

3. Find the inverse of the given z-transform . Comparing this with
the definition of z-transform:

12



X(z)= Yl = 2[-2]2 4 2]z 4 2[0] + 2l1]zt 4 2f2)?

n——0C

n| = 40[n + 2| + 24[n] + 30[n — 1]

we get I[

In general, we can use the time shifting property

Z[d[n + ng|] = 2™

X(z) z[n]

to inverse transform the given above to directly.

Zeros and Poles of Z-Transform

All z-transforms in the above examples are rational, i.e., they can be written as a ratio of polynomials of
variable _Z in the general form

Ni{z) B Z;I:D by - bas H;:f:l[z — 2.,

Xiz)= ~ = _ = _ -
[ ] D(ZJ Z.::‘I:D akzk an :'-:If:].(z - 'ZPE.-;]
N(z) M 2, (k=1,2,---, M)
where is the numerator polynomial of orqer with roots , and
D(ZJ :\ zpk:\ (-'E‘: — 1: 2._. Tt T 4'7\"-:]

is the denominator polynomial of order with roots

In general, we assume the order of the numerator polynomial is lower than that of the denominator
M<N X(z)
polynomial, i.e., . If this is not the case, we can always expand into multiple terms so
M< N

that is true for each of terms.

X(z) = N(z)/D(z)

The zeros and poles of a rational are defined as:
'z:
o Zero: Each of the roots of the numerator  polynomial for  which
. . Xz
X(z)| = X(z)=0 (2)
. is a zero of

13



D(z) Ni{z) N>M X(o0) =0
If the order of exceeds that of (i.e., ), then , i.e.,
there is a zero at infinity:

blz -+ bl:l [}
a2 + a1z + aglemme
“p
e Pole: Each of the roots of the denominator polynomial for  which
. . Xz
X(z)| = X(z) =00 (2)
_ " is a pole of
N(z) D(z) M=>N X (00) = 00

If the order of exceeds that of (i.e., ), then , i.e,

there is a pole at infinity:

bgzj + E?]_Z —+ E:"I:I

— N

itz + g o

Most essential behavior properties of an LTI system can be obtained graphically from the ROC and the
Hiz)

zeros and poles of its transfer function on the z-plane

Inverse Z Transform using Contour Integration Method

_Z!ZZ—ZZ—I?
F(z)— (2
1. z +1)2
B (2—1)2—(2—1)(2—2)—(2—2)
Fle)=2z (c—1\z—2)
22 =2z41-2"+3z-2—-2z+2
(z—l)(z—2)2

1

(Z - 1)(2 - 2)2

14



1
| X(z)=——.lzPlal -
2. Evaluate the inverse z transform of l-az using the complex inversion
integral.

Long Division Method

The z-transform is a power series expansion,
o

X(z) = Z x(mz " = (=D F =Dz x(+x(Dz x4
H=—00
where the sequence values x(n)are the coefficients of z in the expansion. Therefore, if we can find the
power series expansion for X(z), the sequence values x(n)may be found by simply picking off the
coefficients of z—.

X(z)
1. Sometimes the inverse transform of a given can be obtained by long division.
, 1
XNiz) =
' l —az"!

By a long division, we get

l+(l—az)=1+az ' 4a2z7+- -

|z| = |a| laz7t < 1
which converges if the ROC is , e, and we get

z[n] = a"uln|

. Alternatively, the long division can also be carried out as:

l+(—az ' +1)=—atz—a?z" — ..
2l <la| a7tz <1
which converges if the ROC is ,i.e., and we get
r[n| = —a"u[—1 — n|

2. To understand how an inverse Z Transform can be obtained by long division, consider the

function

15



z

Fo) =703

If we perform long division
1405z +025z" +---

z—ﬂj)z
z—05
0.5
05-0.25z"
0.25z7

025z -0.125z"°

we can see that

F(z)=1+0.5z" +0.2527 +-

So the sequence flK] is given by

f={10.5,0.25,}

Upon inspection

f[k]=0.5"

3. Find the Inverse Z Transform using Long Division Method
277 +Z

F(z)=—
@ z-—-1.5z+0.5

244z 4527 -
22 -1.52+05)22° + 2
‘270 -3z +1
4z -1
4z-6+2z"
5-2z7°
5-75z7+25

F(z)=2+4z  +5z7 +---

— " .
and the sequence f[K] is given byf - {"’ 4.5, }

0.5
4. E(z)= (z2-1)(z-0.6)

16



0.5z 40.82>+0.982"" +...
2 —1.62+0.6 )0.5

0.5-0.8z"" +0.3z7°
0.8z —0.3z7°

0.8z~ —1.2827* +0.48z"°
0.98z72-0.482"°

e(0)=0,e(1)=0, e(2) = 0.5, ...

Inverse Z Transform using Residue Method:

Find the solution using the formula

k
¥[n] = 27[Y(z)] = > 'Res[¥(z) ", 5]
i=1
where zi z:, -..,Zx arethe polesof £ (z) = ¥ iz)z"™" .

Partial fraction method

Inverse Z Transform by Partial Fraction Expansion

This technique uses Partial Fraction Expansion to split up a complicated fraction into forms
that are in the Z Transform table. As an example consider the function
2z +z
7' -1.52+0.5

For reasons that will become obvious soon, we rewrite the fraction before expanding it by

F(z)=

dividing the left side of the equation by "z."
F(z) _ 2z+1
z  z°-1.5z+05

Now we can perform a partial fraction expansion

17


http://lpsa.swarthmore.edu/SolutionMethods/LaplaceZTable/LaplaceZFuncTable.html

F(z) _ 2z+1

z  z°-1.52+0.5
_ 2z +1

(z-1)(z-0.5)

A B

z-1 z-03
6 4
z—1 z-0.5

These fractions are not in our table of Z Transforms. However if we bring the "z" from the

denominator of the left side of the equation into the numerator of the right side, we get forms that
are in the table of Z Transforms; this is why we performed the first step of dividing the equation by

z
Z z
F@)=6 47703
So
f[k]=6u[k]—4-0.5"

or

f={2,4,555}
PART - A

1. Distinguish between DFT and DTFT?
2. State and prove Parseval’s relation for DFT.
3. Find the DFT of the sequence {0,1,0,1}

4. Define DFT and IDFT

5. Find IDFT of X(k) = {1, 0, 1, 0}.

6. Define Z transform

7. Mention the types of Z transform

8. Find the Z transform of u(n)

9. Define ROC

10. Mention the properties of ROC

PART -B

1. Explain the Properties of Z Transform

2. Explain the properties of DFT

3. Mention the Properties of DTFT

4. Find Inverse Z Transform for the following function using partial fraction method

ROC:[¢]> -
2
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http://lpsa.swarthmore.edu/SolutionMethods/LaplaceZTable/LaplaceZFuncTable.html
http://lpsa.swarthmore.edu/SolutionMethods/LaplaceZTable/LaplaceZFuncTable.html

5. Find Inverse Z Transform for the following function using Long division method

X(Z): 142z +272 _ (l-i-zfl)2

3 -1 1 -2 1 _ —
1—52 +EZ (1—22 1j(l—z 1)

6. Find Inverse Z Transform for the following function using power series method

|Z|>1

X(Z)Z22(1—%2‘1J(1+z“X1—z“)

=zz—lz—1+lz"1
2 2
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