SUBJECT NAME: ENGINEERING MATHEMATICS Il
(COMMON TO BIO GROUPS)
SUBJECT CODE: SMT1106

COURSE MATERIAL
UNIT- IV VECTOR CALCULUS

Definitions
Scalars

The quantities which have only magnitude and are not related to any direction in space are
called scalars. Examples of scalars are (i) mass of a particle (ii) pressure in the atmosphere (jii)
temperature of a heated body (iv) speed of a train.

Vectors
The quantities which have both magnitude and direction are called vectors.

Examples of vectors are (i) the gravitational force on a patrticle in space (ii) the velocity at any
point in a moving fluid.

Scalar point function

If to each point p(x,y,z) of a region R in space there corresponds a unique scalar f(p) then f is
called a scalar point function.

Example
The temperature distribution in a heated body, density of a body and potential due to a gravity.

Vector point function

If to each point p(x,y,z) of a region R in space there corresponds a unique vector f(p) then fis

called a vector point function.

Example
The velocity of a moving fluid, gravitational force.
Scalar and vector fields

When a point function is defined at every point of space or a portion of space, then we say that
a field is defined. The field is termed as a scalar field or vector field as the point function is a
scalar point function or a vector point function respectively.



Vector Differential Operator (V)

The vector differential operator Del, denoted by V is defined as

vaili il
OX oy

Gradient of a scalar point function

K9
oz

Let #(X,Y,2)be a scalar point function defined in a region R of space. Then the vector point

function given by V¢ = (iﬁ2 + ]2 + IZEM
OX 0z

oy
= 7% + ]% + IZ% is defined as the gradient of ¢ and denoted by
OX oy oz

grad ¢

Directional Derivative (D.D)

The directional derivative of a scalar point function ¢ at point (x,y,z) in the direction of a vector
dis given by D.D = V¢.% (o)D.D=Vg.4

The unit normal vector

The unit vector normal to the surface ¢(X, Y, z) = cis given by i = %
Angle between two surfaces
) o AL
Angle between the surfaces ¢,(X,Y,z)=c, and &,(X,Y,Z)=C,is given by cosf = W
1 2

Problems
1) Find V¢ if ¢(x,y,z)=xy—y’z at the point (1,1,1)
Solution:

0

-0 +0 -
V¢:(|&+Ja+ka)¢



.»6 ?6 "a
V=010 —+]=—+k=)(xy-y’z
p=0— Py 7Y =Y°7)

0
- a—(xy yz)+15(xy y2)+k—(xy y*2)

=yi +(x-2yz)j - y’k
Vg==yi +(x-2y2)j - y’k.
AL(1,1,1), Vé=i D)+ jL-(QOWO)-k®*
=T-j-K
2) Find V¢ if ¢(x,y,z)=x"y + 2xz> —8 at the point (1,0,1)

Solution:
= 8 - 5 e 5
V=0 —+|]—+k—
#=( OX J&y az)¢

75 —.*8 *8
V=010 —+]—+k—)(x*y+2xz° -8
p=(— + 1Tk )

:iﬁi(x2y+2xz2 ~8) + ]g(xzy+2xz2 —8)+Izg(x2y+2xz2 - 8)
OX oy oz
= (2xy + 222)i + (x?)] + 4xzk
At(10,1), V=T (20)(0) + 2(12)) + j(12) + K4Q)(L)
=20 + ] +4k
3) Find the unit normal vector to the surface ¢(x,y,z) = x*yz®
at the point (1,1,1)

Solution:

Vo= 2+ ]2k D)
OX oy

0 2,53 -'2 2,53 "2
Vo= (I—+]5+k )(x yz) (x yZ)+Jay(X y2)+k82

(x*yz?)



=2xyz°T + x22°] +3x%yz%k

At(1,1,2), Vg =12()0)Q) + JL7)L) + k3D

=27 +]+3k
Vgl=v2? +1* + 3
=14
Unit normal to the surface is A = V—¢
Ve
fo 21+ +3k
J14

4) Find the unit normal vector to the surface ¢(x,y,z)=x> +y* -z
at the point (1,-1,-2)
Solution:

0

r@ - "a
V=01 —+ ] —+k—
¢ (ax Jay a?¢

0 -0
— + k=
oy oz
-”6 2 2 78 2 2 _'6 2 2

I—(X"+y" —-2)+ ] —(X"+y " -2)+k—(X"+y° -z
KXY T DIy m ) k= (YT - 7)

v¢=<?§+i (X2 +y? —2)
X

=2xi +2yj —k
At (1,-1,-2), Vg=i2() + j2(-1) -k

=2i -2j-k

V=22 +(-2)° +(-1)* =3

Vo
V4

Unit normal to the surface is A =

2i -2 -k
3

A=



5) Find the angle between the surfaces xyz and x%yz at the point (1,1,-2)

Solution:

Given the surface @, (X, y,2) =Xxyz

V¢1 :(724' ]_+E_)¢1
OX Z

-0 .0 .y
=i (xyz) + j o (xyz) +k = (xy2)

= VZi + X7 + XyK

At(1,1,-2), Ve =TA)(-2) + JA)(-2) + @)k =-2i —2] +k

V| == 2) +(-2) +1°

=3

Given the surface é, (X, y,2) =x%yz

7»8 —.»8 _’a
Vo, =(1 =—+ ] —+k=)(xyz
b =0 — ]+ k=) x7y2)

0
= &(x yz)+15(x yz)+k—(x yz)

=3x2yzi +x°z] + x°yk

At (1,1,-2), Vg, =1 31*)(D)(-2) + J@®)(-2) + @)Dk =-6i —2] +k

Vs | = (-6 + (-2 +12 =/a1

V.V,
AA

Angle between the surfaces is given by cosé =

_ (2 2] +K).(-6i —

27 +k)

341



(124441 17

3J41 341

17
=60 =cos | ——
[3J41]

6) Find the angle between the normal to the surface xy - z? at the point (1,4,-2) and
(1,2,3)

Solution:

r@ ?6 —*5
V=0 —+ )] —+k—
¢=( o Jay é%)¢

ﬁa 76 _’a ﬁa 76 _’a
Vo=(0 —+]—+k)xy-2z?) =i —(xy—z?)+]—(xy—z?)+k —(xy—-2z°
p=0— +] & Y2 =t (Xy=27) 4 j— (y—27) + k—(xy = 27)

= Vi +xj —2zk
At (1,4,-2), Vg,=1(4)+ Q) - 2(-2)k

= 4i + ] +4k
V=42 +12 + 42
= V33
At (1,2,3), Vg,=1(2)+ ] (1) -2k

=2 + ] -6k

V|=\2? +1° +(-6)

= /41
\2AY
Angle between the surfaces is given by cosé = M
V&V

(47 + 7+ 4k).20 + ] - 6Kk)
V33441




8+1-24  -15
J33J41 /33441

=0= cos‘l{_—lsj
V33441

7) Find the directional derivative of ¢(x,y,z)=xy’ +yz® at the point (2,-1,1) in the
direction of T + 2] + 2k

Solution:

7-8 —.*6 *8
V=01 —+ ] —+k—
¢ (ax Jay az)¢

76 —.*8 "6 7»5 —.»5 —»5
V=010 —+]—+k=)xy* +yz®) =1 =—(xy* + yz°) + ] =— (xy* + yz°) + k — (xy® + yz°
¢(8x13 az)(y yz*) ax(y Y)Jg(y yz*) az(y yz*)
=yi +(2xy+2%)] +3yz3k

At (2,-1,1), Vg =1(=12)+ J(2(2)(-1) +1%) + 3(-)(A%)k
=i-3j-3k

To find the directional derivative of ¢ in the direction of the vector i + 2] + 2k
find the unit vector along the direction

d=i+2]+2k =|a=v1* +2° +2° =3

Directional derivative of ¢ in the direction a at the point (2,-1,1) = V(/ﬁ.ﬁ
a
= (3] -3k L F21+20)
3
1-6-6 -11
= 3 ~ 3 units.

8) Find the directional derivative of ¢(X,Y,z)=Xxyz+ yz* at the point (1,1,1) in the

direction of 1 + ] +k
Solution:

7-8 —.*6 *8
V=01 —+ ] —+k—
¢ (ax Jay az)¢



-0 -0 ~20 ~ 0 + 0 ~ 0
V=0 —+ ] —+Kk )xyz+vyz?) =1 —(xyz+Vyz?) + ] — (xyz+ yz?) + kK — (xyz + yz°
¢(8x Jay az)(y yz°©) aX(y y)Jay(y yz°©) 62(y yz°©)
=yzi +(xz+22)] + (xy+ 2yz)k

At(1,1,1), V=T + J(OQ) +1%) + (OO + 20 @)k

=i +2]+3k

To find the directional derivative of ¢ in the direction of the vector i + j+ k
find the unit vector along the direction

a=i+]+k=a=v1*+1*+1* =3

L o . o . a
Directional derivative of ¢ in the direction a at the point (1,1,1) = V¢.H
a

d - . (T+T+E)
=(+2)+3k)——~
(i+2] ) i

1+2+3 6
= \/5 _Eunits.

Divergence of a differentiable vector point function F

The divergence of a differentiable vector point function F is denoted by div F and is defined by

dvE=v.E=(L+72+k2.E
OX oy oz
-0 =0
=(I—+j—+k—) (Fi+F,j+Fk) F=FRi+Fj+Fk
OX oy
oF,  oF, dF
ox oy oz

Curl of a vector point function

The curl of a differentiable vector point function F is denoted by curl F and is defined by



Vector ldentities

Let ¢ be a scalar point function and U and V be vector point functions. Then

Q) v-J+V)=v.-U+V.V

2 VxUxV)=VxU+VxV

(3) V-(U)=Vg-U+¢V-U

(4) Vx(U)=VgxU + ¢V xU

(5) V-(U xV)=V -(VxU)=U -(VxV)

6) Vx (U xV)=(V-VIU—-(V-UNV+UV-V)-VU -V)
(7) VU -V)=(V-VIU +(V-UWN +U x (VxV) - (VxU)xV

Solenoidal and Irrotational vectors

A vector point function is solenoidal if div F =0 and it is irrotational if curl F = 0.

Note:

If Fis irrotational, then there exists a scalar function called Scalar Potential ¢ such that

F=Vg

Problems

1) Find divF and curl Fif F=Xi + yj + 2K

Solution:



=7(0-0)-j(0-0)+k(0-0)=0.

2) Find the divergence and curl of the vector V = xyzi +3xy?] + (xz% — y2z)k at the point
(1,-1,2)

Solution:

Given V = xyzi +3xy?] +(xz2 — y2z2)k
divV = V.V = (Ti+ ]i
OX oy

~ 0 = 27 2 2.0\,
— +k =) (xyzI +3x +(xz° =y°2)k
8X+Jay+ az)(y yoJ+( y“2)k)

~ 0
K—
a)

_o(y2) | o(3xy?) . o(xz* - y’z)
ox ay o

= yz+6Xy+2Xz-y?
At (1,-1,1), V-V =(-1).1+ 6(1)(-1) + 2(1)(1) — (-1)*

= -1-6+2-1 = -6.

Curl V=VxV = (Ti+ T£+Izi)x\7
OX oz

oy

i k
o2 2
ox oy 0z

xyz 3xy® xz°-y’z



9

:|(ay

(2~ y*2) = @xy")) - (2" = y*2) =2 () + K (- (30y°) —%(xyz» .
= T(-2y2) - §(2* - ) +KBy* - x2) .

A1), VxV =T (2(-DD) - 12 - (-DD) + k(3D -10)

=21 -2j+2k

3) Find the constants a, b, ¢ so that F = (x+2y+ax)i +(bx—3y—2)] + (4x+cy +22)k is
irrotational.

Solution:

Given V x F =0
i i K
0 0 0

= — — — =0
OX oy 0z

(x+2y+az) (bx—-3y—2z) (4x+cy+2z2)

T(£(4x+cy+22)—£(bx—3y—z))—T(£(4x+cy+22)—g(x+2y+az)+
oy 0z OX 0z
= 5 5 =0.
k(—((bx-3y-2)——(x+2y+az
(8x( y—1) 8y( y +az)

=i(c+)-j@d-a)+k(h-2)=0.
c+tl1=0,4-a=0,b-2=0
Hencec=-1,a=4,b=2.
4) Prove that F = (2x + yz)i + (4y + 2x)] — (62 — xy)k is both solenoidal

and irrotational.

Solution:

V-IE:(T£+TE+IZ£)-\7
OX oy 0z



+ k—) ((2x+ y2)i +(4y +2x)] — (62 - xy)k)

_0(2x + yz) N o(4y +zx)  9(6z —xy)
OX oy 0z

= 2+4-6 = 0O for all points (x,y,z)

.. F is solenoidal vector.

i j k
vxE=| 2 2 s
OX oy 0z

2X+Yyz 4y+zx —(6z2—xy)

- 0 0 <, 0 0
i (5 (=62 =xy)) = — (4y + 1) = J(— (=(62 = xy)) = — (2x+yz) +

~ 0 0
k(&(4y+ zx)—5(2x+ yz)

=i(x=x)=j(y-y)+k(z—2)=0for all points (x,y,2)
~. F is irrotational vector.

5) Prove that F = (y? —z% +3yz - 2X)i + (3xz+2xy) ] + (3xy—2xz+22)K is both

solenoidal and irrotational and find its scalar potential.

Solution:
vE=(2+72:k9E
ox oy oz
- a a g
=(|a— @ ka—) ((y2 — 22 +3yz — 2X)i + (3xz + 2xy) ] + (Bxy — 2xz + 22)K)

_O(y? —z% +3yz - 2x) . 0(3Xz + 2xy) N O(3xy — 2xz + 22)
OX oy oz

= -2+2x-2x+2 = 0 for all points (x,y,z)

.. F is solenoidal vector.



i j k
VxF = < o o
OX oy 0z

(y? —z2 +3yz-2x) (3xz+2xy) (3xy—2xz+27)

T(i (3Xy — 2Xz + 22) — i(3xz +2xy)) — ](ﬁ (3xy — 2xz + 27) - 9 (y> —z% +3yz-2x) +
oy 0z OX 0z

~ 0 0
k(= (3xz + 2xy) — — (y? — 2% + 3yz — 2x
(8x( y) 6y(y y )

= (3x=3X)— j(8y—2z+2z-3y)+k(3z+2y—2y—3z) = 0 for all points (x,y,2)

.. Fis irrotational vector.

Since F is irrotational, F = V¢

790 ,c90

= (y? = 2% +3yz - 2X)I + (3xz+ 2xy) ] + (Bxy — 2xz + 22)k 799,
OX oy 0z

Equating the coefficients of i 1,k,we get

%:y2_22+3yz_zx ............................................................................ (1)
OX
0P _ BKZ b DXy T 2)
oy
%=3Xy_2Xz+22 ................................................................................... (3)
0z
Integrating (1) with respect to X’ treating ‘y’ and ‘z’ as constants, we get
2

¢:xy2—x22+3xyz—2X?+f(y,z) ............................................................ (4)
Integrating (2) with respect to ‘y’ treating ‘x’ and ‘Z’ as constants, we get

XY N e, (5)

¢:3xyz+27+ f(x,2)



Integrating (3) with respect to ‘Z’ treating ‘X’ and ‘y’ as constants, we get

2 2
¢=3xyz—2x%+2%+f(x,y) .................................................................... (6)

Hence from equations (4), (5), (6), we get
¢ =3xyz+Xy* —xz° —x* + 2% +c¢

6) Prove that F =3x?y4 +(2x®y+cosz)j—ysinzk is irrotational and find its scalar

potential.
Solution:
i i k
VxF = g i ﬁ
OX oy oz

3x’y? 2x®y+cosz —ysinz

-, 0 . 0 3 ~, 0 . 0 2,2
|(5(—ysm Z)—E(ZX y +C0S2)) — J(&(—ysm Z)—E(3X y°))

l E(% (2x°y +cos z) —%(3x2y2))

— i (=sin z - (=sin z)) — J(0—0) + k(6x%y — 6x%y) =0 for all points (x,y,2)
~. F is irrotational vector.
Since F is irrotational, F = V¢

3x2y2i + (2x°y +cos2) ] — ysin zk =Tg—¢+ j%Jr K9
X

oy 0z
Equating the coefficients of T, 1, K , we get
op BXZYZ e (1
OX
D B L e, (2)

L =2x’y+cosz
oy



09 _ LY Z e (3)
0z
Integrating (1) with respect to X’ treating ‘y’ and 'z’ as constants, we get
34,2
$=3 y oy, g) T 4)
Integrating (2) with respect to ‘y’ treating X’ and 'z’ as constants, we get
XY e, (5)

+ycosz+ f(x,2)

$=2

Integrating (3) with respect to ‘Z' treating ‘X’ and ‘y’ as constants, we get

p=ycosz+ f(x,y)

Hence from equations (4), (5), (6), we get

p=x>y> +ycosz+c



