SUBJECT NAME: ENGINEERING MATHEMATICS I
(COMMON TO BIO GROUPS)
SUBJECT CODE: SMT1106
COURSE MATERIAL
UNIT-Il DIFFERENTIAL CALCULUS

Definition 1. Differentiation
The rate at which a function changes with respect to the independent variable is called the
derivative of the function.

(i.e) If y= f(x) be a function, where x and y are real variables which are independent and
dependent variables respectively, then the derivative of y with respect to x is %.

Definition 2. Derivative of addition or subtraction of functions
If f(x) and g(x) are two functions of x, then ) £l _ dIfGI] 4 dlg)]

dx dx — dx
Definition 3. Product rule
If y = uv, where u and v are functions of x, then % = v% + u%
Definition 4. Quotient rule W

——Uu—

u H d Ju de dx
If y = =, where u and v are functions of x, then — H = XX

v ) ] dx Lv v
Important Derivatives Formulae

1. di(c) =0 where ‘c’ is any constant.
X

2. _(;jx (x”): nx"?t.
d 1
3. Y (log, x)==

4. %(ax): a”loga

5. %(ex):ex.

d .
6. — = :
™ (sin x)= cos x

d :
7. — =— .
- (cos x)=—sin x

d 2
8. —It = .
OIX(anx) sec? X



0. i(cotx):—coseczx.
dx

10. i(sec X)=secxtan x.
dx

d
11. d—(cosecx) = —COSECXCOtX.

X
12. %(sin 1x)= 1ix2 .
13, %(cosl X)= 1__1)(2
14, %(tanl X):1+1x2 .
15. %(cot‘l X):1;>1<2 .

d _ 1
16. &(Sec ! X):m .

17. i(cosec‘lx)z —1

dx X+/1— x>

Problems

I. Ordinary Differentiation Problems

Differentiate x + i
Solution Let y = x +§

d(x+= -1
Then%=—(x IO I Co

dx dx dx X2

Differentiate 3tanx+2cosx—e*+5
Solution:

Lety =3tanx+2cosx—e*+5

d d(3tanx+2 cos x—e*+5 d(tanx
Then & = & I L GLLI
dx dx dx dx

= 3sec?x — 2 sinx — e¥

Differentiate y = e?*cos3x

d d(e?*cos3x d(e?* d(cos3x
dy _ d(eeossn)  _ oz A | ax dlcos3n)
dx dx dx
= 2cos3x e?* — 3e%%sin3x

Solution:

Differentiate y = eSi"™*x?

d(eSinXXZ)

.. dy
Solution: o =

dx

d(cosx)  d(e¥) +@

dx



10.

d(esinx) \ d(XZ)

— 2 sinx

=X cdx te dx
= x2e5I"X(cosx) + 2xeSINX

Differentiate y = x3e *tanx

. d d(x3e™*t
Solution: & = dxe tan
dx dx

d(x%)

_ _y d(tanx
=e XtanxT + x3 tanx 3—x d(tany)

+ X°e
dx
= 3x%e *tanx — x3e *tanx + x3e ¥sec?x
X
Differentiate y = —

COSXx

d(e™)
dx

d e*
cosx) _ cosxeX —e* (—sinx)

dx cos?x
cosx eX +eX (sinx)

. d
Solution: < =
dx

bcoszx
Differentiate y = =
. dy (cx+d)c;j((:1x+b)c .
Solutlon.& = i (by quotient rule)
2
Differentiate *32+3
Vx
1 -1 1
Solution: dy _ \/)?(2x+2)—(x2+22x+3)5x /2 _ 2\/;(X+1)—(X22+2X+3)m
dx (Vx) (Vx)
2VX X2VX (x+1)—(x2+2x+3) _4x(x+1)—(x%+2x+3)
2vx (Vx)° 2x /2
_ 4x%+4x—x?-2x-3 _ 3x%+2x-3
- 3 - 3
2x/2 2x° /2
Differentiate y = (3x%? — 1)3

Solution: Giveny = (3x? —1)3
Differentiating w.r.to x, we get
- % = 3(3x2 — 1)%6x

=30O9x*—6x%2+1) =27x*—18x? +3
Differentiate: log (m)

1-sinx

Solution: Let y = log (m)

1-sinx

= y = log(1 + sinx) — log(1 — sinx)
Differentiate y w.r.to x, we get
LA — COSX —
dx 1+sinx 1-sinx

(—cosx)

_ (1—sinx)cosx+cosx(1+sinx)
- (1+sinx)(1-sinx)

COSX—SIinx cosx+cosx+ cosx sinx

1-sin2x

2 coSsx
= = = 2 secx

cos2x cosx

Il. Differentiation Problems on Logarithmic Functions

Differentiate x5
Solution: Let y = x5inx
Taking log on both sides, we get logy = sinx logx



Now differentiating with respect to x
Y — Jogx(cosx) + sinxi (Using product rule)

ydx
- y (logx( cosx) + sinx i)

dx
y(xcosx logx+sinx)

dy _
dx X .
= dy — ysinx (xcosxlogx+smx)
X

dx
— dy logx
y: x-y — =
2. Ifx e*7Y prove that i (ilogd?

Solution: Given x¥ = e*7¥
Taking log on both sides, we get logx¥ = loge*™

= ylogx = (x — y)log.e
Sylogx=(X—=y)........

1 y_q1_¥
:xy:logjdx_l dx
Y, Y _q1_7
= l;)gx dx + dx 1 X
y _ Xy
=>E(logx+ 1) = "
dy _ _xy
dx x(1+logx)
dy ylogx
L= 2)

dx ~ x(1+logx) """
Again from (1) y + ylogx = x
1
= y(1+logx) = X,% = Trioes
dy _ logx
dx = (1+logx)?

3. Ify=x"" then find <

Solution:

Giveny =x¥ =xY

Taking log on both sides

logy = ylogx

Differentiating w. r. to x we get
1 dy 1 dy
;E = y; + lOgXE
1

1-yl d
:( yogX)_y:z

y dx X
=>ﬂ = X( y ) — y?
dx x \1-ylogx x(1-ylogx)
2
4. Differentiate y = log(%1)
Solution:
y =log(x? +1) —log(x* — 1)
S
x e e 2x

1 1
=>Y = 2x( - )
X X2+1  x2-1



S0 gy (EIGED) oy (£l gy (D)) ok

dx (x2+1)(x2-1) x*—1 x*—1 x*-1

Differentiate y = e3x2+2x+3
Solution:% = e3><2+2x+3(6X +2)

lIl. Differentiation of Implicit functions
If two variables x and y are connected by the relation f(x, y) = 0 and none of the variable is
directly expressed in terms of the other, then the relation is called an implicit function.

Problems
Find % ,if x3+y3 = 3axy
Solution:
Differentiating w.r.to x, we get
= 3x? + 3y2% = 33[X%+y]
= 3y2% — 3ax% = 3ay — 3x?
= % (3y? — 3ax) = 3ay — 3x2
dy _ (3ay-3x2) _ 3(ay—x?) _ (ay—-x2)
dx 3y2-3ax 3(y2-ax) (y%-ax)
Find %,if x’+y?=16
Solution:
Given x? +y%? =16
= y? =16 —x*

=>y=vV16 —x?
Y_le—x2)"Y2 x (=
=2 =516—-x%) 72 x(-2x)

dy_ __x X

= dx Vie-x2  y
Find % if x = at?,y = 2at
Solution: Given x = at?,y = 2at

dx dy _
" —dZat, dé —dZa

2 1
Now & — v jdx_ 2a 1

N dx ~ dt/ dt  2at  t
Findd—i,ify2+x3—xy+cosy=0
Solution:
Given y? + x3 — xy + cosy = 0
dy 2_ 4 —sinv¥ =
=2y +3x . dx(xy) sn(;de—O
: y 2 y —
:>(2y—smy)&+3x _(X&-I_YXI)_O
:>(2y—siny—x)%+3x2—y=0
=>(2y—siny—x)%=y—3x2

dy _ y-3%
dx ~ 2y-siny—x



IV.Successive Differentiation

The process of differentiating a given function again and again is called as successive
differentiation and the results of such differentiation are called successive derivatives.
Notations:

2 3 n
i d_y d 2/ d 2/ ....... n" order derivative: d 3/
dx dx® dx dx
i) f'(x) , f "(x) , f "(X),......, nth order derivative: f"(x)
iiiy Dy,D%y,D3....... , nth order derivative: D"y
V)Y LY LY , nth order derivative: y™
V) V1,Y2,Y3eenennn. ,nth order derivative: y,
Problems
2
d
1. If y=sin(sinx), prove that d_z/ +tan x—y + ycos® x=0
dx dx
Solution:
Given y=sin(sinX)..................... (1)
Differentiating (1) with respect to x we get,
d
. COS(SINX).COSX...viuirininrnnnnn. (2)
dx
Differentiating (2) with respect to x we get,
d? . . o
d—zl =cos(sinx)(-sinx)+cosx(-sin(sinx).cosx) [Product Rule]
X
d’y : i
Vo -sinxcos(sinx) — cos?xsin(sinX)................. (3)
Therefore,
dzy+tanxd—y+ cos® X = -si i 2xsin(sinx) +(t i + 2
v dx y = -sinxcos(sinx) — cos®xsin(sinx) +(tanx) cos(sinx).cosx +y cos“X

= - sinxcos(sinx) — y cos?x + sinxcos(sinx) + y cosx

=0
d?y

X2

2.If x = a(cost + tsint), y = a(sint — tcost), find

Solution:

% = a(-sin t+tcost +sin t)= atcost.

3—3{ =a(cost +tsin t —cost) = atsin t.
dy

dy gt _atsint _

dx dx atcost
dt

Gy S (o) gfand st

tant.

dx? dx\dx) dtldx/dx atcost atcos’t’



2 2
3. If ax® + 2hxy + by® =1then prove that d 2/: h —ab3
dx*  (hx+by)

Solution:
Given ax® + 2hxy+by’ =1 ... (1)
Differentiating (1) partially with respect to x,we get,
2ax + Zh(xd—y+ y] + 2byd—y =0
ax ax
Then, ¥ _—(@x+hy) )
dx  (hx+by)

Differentiating (2) with respect to x again,we get,

dy dy
hx+by)—-a—-h—> hy) h+b—>
d2y_( X+ y){ a dx}+(ax+ y)[ + dx}

dx? (hx+by)?
dy d
h’ —ably——2(h? — 2 _ _x
i ( ab)y dx( ab)X _ (h ab{y X dxj
(hx +by)’ (hx+ by}

2 (ax+ hy)]
4 ab{y+ X (hx+by))  (n?—ab)ax? +by? + 2hxy)

(hx +by)? (hx +by)*
d?y _ h* —ab
dx*  (hx+by)
n'" derivative of some standard functions:

Thus,

5 (from(1))

S.No Y=f(x) y
1. emX mnemX
2. (ax+b)" m(m—1)m-2).......(m-n+1)a"(ax+b)""
3. 1 (-1)"nta"

ax+b (ax+b)™
a. | log(ax+b) (-1 (n-1)a"

(ax +b)"
5 sin (ax+b) a”sm(n—ﬂ+ax+bj
2

6. cosfax+b) a" cos(—” +ax+ bj




3

4. Find yn, wh =
ndyn, where ¥ = D 2x—1)

Solution:
Resolving into partial fractions,
__2 1
S 2x-1 x+1

Coo 2=y (=1)'n

T (2x—1)" (x+2)™
5. Find the n™ derivative of log(9x2-1).
Solution:

Let y = log(9x* —1) = log {(3x + 1)(3x —1)}
= log(3x +1)+ log(3x 1)

- :Xnn (log(3x+1)) + (;jxnn (log(3x-1))

()" (-2)@)" |, )" (n-1)E)"
(3x+1)" (3x-1)°

7X+5

Then Y,

Sy, =

6. Find yn, where y=¢€

Solution:
Let y — e7x+5
Then Y, :C?Tnn(emrs) (;j”n (ese7x) o5 ;T:(e”)

— yn — e57|’1e7x
Leibnitz formula for the n'" derivative of a product

If u and v are functions of x,then
D"(uv)=u,V+nc,U, ,V; + NCU,_,V, + ... +NCU_ V. +oeoee+ LV

rYnrVr
Problems

7. Find the nth differential coefficient of X’ log x
Solution:

Take u=logx , v = x?
n n n-1 n-2 d 2

e (x2 log x) = dx (log x)x* + nc, (;jx (log x) c(ijx (x )+nc2 e ~(log x) — o (xz)

( since all the other terms are zero)

_ Y (-1 n(=2)"*(n-2)(2x)  n(n-1)-1)"(n-3)2
() ()™ 20"




2(-1)"*(n-3)

0

1 1
8. If y = x2, show that Y, = En(n -1y, -n(n-2)y, +§(n -1)(n—2)y where y, stands for

d"y
dx"

Solution:
Take u =e* v=x2
d n d n d n-1 d d n-2 d 2
Yo = (x?e*)= e (e + ”Clﬁ(ex) &(Xz) +nc, de(ex) )
( since all the other terms are zero)
Sy, =e*x? +2nxe* +n(n—1)”

Now, Y1 = x’e* +2xe* Y, = x’e* +4xe* +2e*

2,X X X

.'.%n(n—l)yz—n(n—2)yl+%(n—l)(n—2)y: n(n-1)xe 2+4xe +2¢']

n-1)fn—2)x%"
2

= x%{@—n(n—zp W} +xe*[2n(n—1)-2n(n—-2)]+ n(n—1)*

-n(n— 2)[x2eX +2xe" ]+ (

=y, on simplification.

V. Partial Differentiation

Consider z = f(x,y), here z is a function of two independent variables x and y. z can be
differentiated with respect to x or y but when we are differentiating z with respect to x (ory ) we
must keep the variable y (or x) as a constant.

Notations:

Let z=f(x,y)

First order partial derivatives of f(x, y) with respect to x and y.

of of

ox =By =y

Second order partial derivatives of f(x, y) with respect to x and y

9%f _ 9%f

oxz XX jy2 fyy
Second order mixed partial derivatives of f(x, y)

o%f o2t
axay  XY'oayox  YX
Problems:

— o3 3 ; gu du
If u=x>+y?° + 3xy, find ox ' ay
Solution: Given If u =x3 + y3 + 3xy
ou_ 5 02 ou_ 5 2
6X—3x + 3y ,6y—3y + 3x

u  du_ 3
ay 0z (x+y +2)

2. If u=log (x3+y3 +z3 - 3xyz), show that 2—2 +



Solution: u = log (x3 + y3 + z3 — 3xyz)

du 1
—=————3x%—3yz
0x  x3+y3+23-3xyz Yz,
du 1
—=————3y?2 —3xz
dy x3+y3+z3-3xyz y !
du 1
—=—————— 372 —3xy

9z x3 +y3 +23-3xyz

du  Odu du 3x%+43y?+3z%2-3yz—3xz2—3X
Now —+— +—= Y Y 24

ox 0dy 0z x3 +y3 +z3-3xyz
3(x%+y% + Zz—xy—yz—zx) _ 3
T (x+y+2)(x2 + y2 + 22-xy-yz—-2zX)  X+y+z

If f(x,y) = x? siny + y? cosx, then find its all first and 2nd order partial derivatives.
Solution: Given f(x,y) = x? siny + y? cosx

fy = 2xsiny — y*sinx; f, = x* cosy + 2y cosx.

fux = 2siny — y?cosx; fyy = —x*siny + 2 cosx;

fyy = 2xcosy — 2ysinx; fyx = 2xcosy — 2ysinx.

Iff(xy) = % log x, then find its all 1st and 2nd order derivatives.

2
1 2
fex = Z—Z (——) - X—}; (1 —logx) = 3{’—3 (-1-2(1—1logx)) =3:—3(logx—3);

X

1 11 1 1
foy =0, fyx = = (1 —logx); fyy, = i X—zlogxz = (1 —logx).
Find 28 2 Moy = sin(ax + by + ¢z)
ox’' dy’ 0z - y
Solution:
% = acos(ax + by + cz)
% = b cos(ax + by + cz)
3—2 = c cos(ax + by + cz)

VI. Euler’s Theorem for Homogeneous Functions

A homogenous function of degree n of the variables X, y, z is a function in which each term has
degree n. For example, the function f (X, y, z) = Ax® + By® + Cz% + Dxy? + Exz? + Fyz? + Gyx? +
Hzx? + Izy? + Jxyz, is a homogeneous function of x, y, z, in which all terms are of degree three.
Note:

A function f(x ,y) of two independent variables x and y is said to be homogeneous in x and y of
degree nif f(tx,ty) = t"f(x, y)for any positive quantity t.

Euler’s theorem:
1).If f(x,y) is a homogeneous function of degree n, then

f
X&‘i‘ ya—y—nf

2). If f(x,y,z) is a homogeneous function of degree n, then
ot | of of
X—+ Yoy +z-=nf
Result: If z is a homogeneous function of x, y of degree n and z=f(u) then
NRRLL S (1]
(). X— + yay = nf,(u)

Problems on Euler’s theorem



1. Verify Euler’s theorem when u = x3 + y3 + z3 + 3xyz
Solution:

Givenu = x3 +y3 + z3 + 3xyz
Now tu = (tx)3 + (ty)3 + (tz)3 + 3txtytz
=t3(x3 +y3 423+ 3xyz) =t3u
Therefore u is a homogeneous function of degree 3.

6u_ 2
§—3x + 3yz
ou _ 5.2

y 3y° + 3xz
du

ou_ o2
aZ—3Z + 3xy

Therefore x% + yZ—; + Z% = x(3x% + 3yz) + y(3y? + 3xz) + z(3z2 + 3xy)

= 3x3 + 3y + 323 + 9xyz

=3(x3+x3+3xy) =3u
Hence Euler’s theorem is verified.

2.Ifu = xlog (E),then prove that xg—; + yg—; =nu
Solution:
Given u = xlog (g)
u is a homogeneous function of degree 1.
Therefore by Euler’s theorem xg—z + yf;—;1 =1Xu=u

3. 1f (x,y) =$+fy+%,then prove thatx%+y%+2f= 0

Solution:
1 1 logx—logy
f(X, Y) - X2 + Xy + X2+y2
_ 1 1 logtx—logty
Now f(tx, ty) = (tx)2  txty = (tx)2+(ty)?
tx
_ 1 1 logyy

t2x2  t?xy  t2(x2+y?)

1 (1 1 + logx—logy)
T \x2 Xy x2+y2

_4—2(1 1 , logx-logy
=t (XZ + Xy + x2+y?2 )
Therefore f(x, y) is a homogeneous function of degree -2

, of L ,Of _ _
By Euler’s theorem , X +y6y = -2f
o L GO L op_
:xax+yay+2f—0
3 3
- -1 (X°ty du u _ .
4. If u =tan (X_y ) show that x o +y 3y sin2u

3 3
Solution: Given u = tan™? (%)
3 3
= tanu = (ﬂ)
X-y
3 3
Letz = tanu = (X Y )
X-y
And z is a homogeneous function of order 2.




du du f(u
We know that x5+ ya_y = nf,((—u))
Here f(u) = tanu

= f'(u) = sec?u

Therefore by the result,

du du tanu sinu
—+ y—= = 2— x cos?u
0x ay secZu cosu
= 2sinu X cosu = sin2u
(Or)
0z 0z
By Euler’s theorem, x —= — =nz
Yy eulers theorem, 0x+y6y
2 du 2 du _
= xsec‘u— sec‘u— = 2z
ax ty dy
du du
= xsec’u— + ysec’u— = 2tanu
ax ay
du 1 du _ , sinu
cos2u dx ycoszu dy ~ " cosu
1 0du 1 du _ ., sinu
cosu 0x ycosu dy - 1

du du . .
= X— + y— = 2sinu cosu = sin 2u.
ax ady

All the best



