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Course Material

UNIT 1 MATRICES

RANK OF A MATRIX

Let A be any matrix of order mxn.The determinants of the sub square matrices of A are
called the minors of A. If all the minors of order (r+1) are zero but there is at least one non
zero minor of order r, then r is called the rank of A and is written as R(A). For an mxn matrix,

» |f mis less than n then the maximum rank of the matrix is m
» |f mis greater than n then the maximum rank of the matrix is n.

The rank of a matrix would be zero only if the matrix had no non-zero elements. If a matrix
had even one non-zero element, its minimum rank would be one.

Example
1 2 3
1. Find therankof A={1 4 2
2 6 5

|A| = 1(20-12) -2(5-4) +3(6-8) = 0
Hence R(A) < 3.

2
Let the second order minor 4 =2 20
R(A)=2.
1 -1 -2 -4
] 2 -1 -1
2. Find the Rank of B =
3 1 3 =2
6 0o -7
1 -1 -2 -4
0 5 3 7
= R2=R2—-2R1, R3= R3 - 3R1, Rs= R4 — 6R1
0 4 9 10
0O 9 12 17




o O O -

O O O -

o O O -

R2= 1/5R2, R3= R3, R4= R4

R3= R3-4R2, Ra= R4-9 R>

R4= R4- R3

The number of Nonzero Rows is 3.Hence R(B)=3.

3. Find the Rank of the Matrix A =

The number of Nonzero Rows is 3.

Find the Rank of the Matrix A =

2
1
4

o O B+

-2 1
4 -1
6 -3
1 4 -1
2 —2 1 Ri= Rz, R2= Rl
4 6 -3
1 4 -1
0 —10 3 R2= R2-2 Rl ,R3 = R3 -4 Rl
0 -10 1
1 4 -1
0 -10 3 | Rs=Rs-R:
0O 0 -2

N N O

Hence R(A)=3.

2 1
4 2
2 1
2 1
4 2 Rs = R3- R>
-2 -1



The number of Nonzero Rows is 3. Hence R(A)=3.

5. Find the Rank of the Matrix B =

_ O O -
N DN O
(el G IR S

o
E- N )

A possible minor of least order is whose determinant is non zero.

o
N N O
N

Hence it is possible to find a nonzero minor of order 3.

Hence R(B)=3.

CONSISTENCY OF LINEAR ALGEBRAIC EQUATION

A general set of m linear equations and n unknowns,

A Xy A X, +oeeeee +a,,X, =C
8.21X1 + a.ZZX2 +oeeeens + aZan = 02
A, X +8 X, +ones +a, X =C.

can be rewritten in the matrix form as

all a12 ' ' aln Xl Cl
a21 a22 ' ' a2n X2 C2
_aml amZ amn _Xn_ _Cm_

Denoting the matrices by A, X, and C, the system of equation is, AX = C where A is called
the coefficient matrix, C is called the right hand side vector and X is called the solution
vector. Sometimes AX=C systems of equations are written in the augmented form. That is



- -
8 8p e 8y, "
C
QB e a,, C2
[A:C] =] :
Ay, By e Byt

Rouche’sTheorem

1. A system of equations AX =C is consistent if the rank of A is equal to the rank of the
augmented matrix (A:C). If in addition, the rank of the coefficient matrix A is same as the

number of unknowns, then the solution is unique; if the rank of the coefficient matrix A is less
than the number of unknowns, then infinite solutions exist.

2. A system of equations AX=C is inconsistent if the rank of A is not equal to the rank of the
augmented matrix (A:C).

[Al [X] = [B]
|
[ |
Consistent System if Inconsistent System if
rank (A) = rank (A.B) rank (A) < rank (A.B)
[
[ |
Unique solution if Infinite solutions if
rank (A) = number of unknowns rank (A) < number of unknowns

Problems
1. Check whether the following system of equations
25X1 +5X2+X3 = 106.8
64X1 +8X2+X3 = 177.2

89x1 +13x,+2Xx3 = 280 is consistent or inconsistent.

Solution
The augmented matrix is

25 5 1 :106.8
[A:B]=|64 8 1 :1772
89 13 2 :280.0

To find the rank of the augmented matrix consider a square sub matrix of order 3x 3 as

5 1 106.8
8 1 177.2 | whose determinantis 12. Hence R[A:B]is 3.
13 2 280.0



So the rank of the augmented matrix is 3 but the rank of the coefficient matrix [A] is 2

as the Determinant of A is zero. Hence R[ A: B] # R [A].Hence the system is
inconsistent.

2. Check the consistency of the system of linear equations and discuss the nature
of the solution?
X;+2x5 +x5 =12
3xp+x; —2x3 =1
dx, —3x5 —x3=3

EI] +4I2 +2X3 =4

Solution
The augmented matrix is
1 2 1 2
3 1 -21
[A:B]=
4 -3 -1 3
2 4 2 4
[A: B]is reduced by elementary row transformations to an upper triangular matrix
1 2 1 2
0 -5 -5 -5

= 0 11 5 =& R2=R2-3R1, Rs=R3-4R:, Ri= Rs- 2R;

0 0 0 O

1 2 1 2

0 1 1

= R.=R2/ -5
0 -11 -5 -5

0 0 0 O

1 2 1 2
Jottd Rs=Rs +11 R;
0 06 6

0000

Here R [A: B]=R[A] =3.Hence the system is consistent. Also R[A] is equal to the

number of unknowns. Hence the system has an unique solution.

3. Check whether the following system of equations is a consistent system of

equations. Is the solution unique or does it have infinite solutions



J:'l +2.1-2 - 3.T3 _4_1_4 - {:.'
X+ 3.'-'['2 + X3 —2}{'4 =4

Solution
The given system has the augmented matrix given by

12 -3 -4 6
[A:B]=|1 3 1 -2 4
2 5 -2 -5 10

[A: B]is reduced by elementary row transformations to an upper triangular matrix
1 2 -3 -4 6|
=10 1 4 2 —-2|R:=R2>-Ri,R3=R3-2R;
01 4 3 -2

1 2 -3 -4 6|
= O 1 4 2 —2 R3:R3—R2
00 0 1 O

Aand [A: B]are each of rank r = 3, the given system is consistent but R[A] is not
equal to the number of unknowns. Hence the system does not has a unique solution.

4. Check whether the following system of equations
3X=2y+32=8
X +3 y+6z = =3
2X+ 6y+12z = -6
is a consistent system of equations and hence solve them.

Solution
Let the augmented matrix of the system be
3 -2 3 8
[ABl= (1 3 6 -3
12 6 12 -6
1 3 6 -3]
=13 -2 3 8 Ri=R: R=R;
2 6 12 -6
1 3 6 -3]
= (0 11 15 -17| R,;=R:-3R:,R3=R3-2R;
00 0 O

R[A:B] = R[A] = 2.Therefore the system is consistent and posses solution but rank is not



equal to the number of unknowns which is 3.Hence the system has infinite solution. From
the upper triangular matrix we have the reduced system of equations given by

X +3 y+6z = -3 ; 11y+15z = -17 .
By assuming a value for y we have one set of values for z and x.For example when y=3,
z = —10/3 and x = 8.Similarly by choosing a value for z the corresponding y and x can be
calculated. Hence the system has infinite number of solutions.

5. Check whether the following system of equations
X+y +z2=6
3x=-2y+4z=9
X=y=z=0
Is a consistent system of equations and hence solve them.

Solution
Let the augmented matrix of the system be
1 1 1 6

-2 4 9
-1 -1 0
1 1 6

[A:B]

3

1

1

0 -5 1 -9| Ry=Rr3Ri,Rs=Rs—R;
0 -2 -2 -6

1 1 1 6

0 1 -1/5 9/5| Ry=Ry/-5

0 -2 -2 -6

11 1 6
=10 1 —]/5 9/5 R: = R3+2 R,
0 0 -12/5 -12/5

Hence R[A B] =R[A] =3 which is equal to the number of unknowns. Hence the system is
consistent with unique solution. Now the system of equations takes the form

X+y +z=6; y-z/5=9/5; —12/5z = —-12/5.
Hence z =1. Substituting z = 1 in y-z/5 =9/5 we have y-1/5 = 9/5 or y = 1/5+9/5 = 10/5.

Hence y =2. Substituting the values of y,z in x+y + z = 6 we have x= 3. Hence the system
has the unique solution as x= 3,y =2,z =1.

CHARACTERISTIC EQUATION

The equation |4 — AI| = 0 is called the characteristic equation of the matrix A
Note:

1. Solving |4— Al| =0, we get n roots for 4 and these roots are called characteristic
roots or eigen values or latent values of the matrix A

2. Corresponding to each value of 4, the equation AX = AX has a non-zero solution
vector X



If X,. be the non-zero vector satisfying AX = 41X, whend = 4,.,, X, is said to be the
latent vector or eigen vector of a matrix A corresponding to 4,

Working rule to find characteristic equation:

For a 3 x 3 matrix:

Method 1:
The characteristic equation is |4 — AI| =0
Method 2:

Its characteristic equation can be written as 1* — 5,4 + 5,4 — 53 = 0 where S; = sum
of the main diagonal elements, S> = sum of the minors of the main diagonal elements,
Ss = Determinant of A = |A|

For a 2 x 2 matrix:

Method 1:

The characteristic equation is [4— AIl =0

Method 2:

Its characteristic equation can be written as 4> — 5;4 + 5, = 0 where S; = sum of the

main diagonal elements, S, = Determinant of A = |A|

8 -6 2
1. Find the characteristic equation of (—6 7 —4)
2 —4 3

Solution: Its characteristic equation is A% — 5,17 + 5,4 — 53 = 0,

where S; = sum of the main diagonal elements =8 + 7 + 3 = 18,

S, = sum of the minors of the main diagonal elements=45
Ss = Determinant of A = |A|=0
Therefore, the characteristic equation is A% — 1847 + 454 = 0.

2. Find the characteristic equation of (_31 ;)

Solution: Let A= (_31 %)

The characteristic equationl of A is 12 — §;1+ 5,.5; = sumofthemaindiagonalelements = 3
+2=5and 5; = Determinantofd = |A|=3(2)-1(-1) =7



Therefore, the characteristic equation is A — 54 + 7 =0.

EIGEN VALUES AND EIGEN VECTORS OF A REAL MATRIX

Working rule to find Eigen values and Eigen vectors:

1. Find the characteristic equation |4 — Al| = 0

Solve the characteristic equation to get characteristic roots. They are called Eigen
values

3. To find the Eigen vectors, solve [4 — AIlX = 0 for different values of 4
Note:

1. Corresponding to n distinct Eigen values, we get n independent Eigen vectors

2. If 2 or more Eigen values are equal, it may or may not be possible to get linearly
independent Eigen vectors corresponding to the repeated Eigen values

3. If X; is a solution for an Eigen valued;, then cX; is also a solution, where c is an

arbitrary constant. Thus, the Eigen vector corresponding to an Eigen value is not
unique but may be any one of the vectors cX;

Problems

1. Find the eigen values and eigen vectors of the matrix (; 1 )

Solution: Let A= G _11) which is a non-symmetric matrix

To find the characteristic equation:

The characteristic equation of A is A2 — §;1+ 5; = 0 where
51 = sumofthemaindiagonalelements =1 -1 =0,
5, = DeterminantofA = |A|=1(-1)-1(3)=-4
Therefore, the characteristic equationis A>— 4 =10i.e.,A*=4o0rd = £2

Therefore, the eigen values are 2, -2

To find the eigen vectors:

[4— 21X =0
G 22 DIE=Ll=1G 2)-G k=[]
S| N —
case 1:1fa=-2," = _1(_2}] 2] =[] tFrom (@



ie,3x;+x, =0, 3%+ x2=0

i.e., we get only one equation 3x; + x; = 0= 3x; = —x, = ?= %

Therefore Xy = [_13]

1-(2) 1 Hxi

Case2: If A= 2,[ 3 1-(2) xz] = [g] [From (1)]

e, X +x,=0=2x—x,=0
Jx1—3x:=0=2xy —x,=10

i.e., we get only one equation x; — x; = 0

X1 g
= = = — = —
Xy X 1 1
1
Hence, X, = [ ]
1
2 2 =7
2.Find the eigen values and eigen vectorsof |2 1 2
0 1 -3
2 2 -7
Solution: LetA=|2 1 2
0 1 -3

To find the characteristic equation:

Its characteristic equation can be written as A% — 5, 4% + 5,4 — 53 = 0 where

51 = sumofthemaindiagonalelements =2 +1-3 =0,

S5 = Sumoftheminorsofthemaindiagonalelements = H _23| + |g :§| + |§ i =-5+

(-6) +(-2)= -5-6—-2=-13
53 = DeterminantofA = |A| =2 (-5)-2 (-6)-7(2) =-10+ 12 -14 =-12

Therefore, the characteristic equation of Ais A2 — 134+ 12 =0

3| 1 0 -13 12

0 3 9 —12

1 3 -4 0



, —-3+./32-4(1)(—4) -3 +£+/25 -3+5
(A-3)(A12+31-4)=0=21=3,1= il W) _ Ned

2(1) 2 2
_ —3+45 —3-5
-—— =

1,—-4

Therefore, the eigen values are 3, 1, and -4

To find the eigen vectors: Let [A—AIlX =0

2—4 2 =7 X1 0
2 1-4 2 Xz21= 10
0 1 -3 - X3 0

2—-1 2 —7 Xy 0
Casel:IfA=1,| 2 1—1 2 Xa|= |0

1 2 7% 0
i.e., 2 0 2 X21= 10
0 1 —411%s 0
=S xt2x,—Tx3 =0 1)
2%+ 0x2 +2x3=10 - (2)
ﬂx1+x:—4x3=|:_‘] ________ (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3
2 -7 1 2
0 X252 K o

X% M % %
4 -16 -4 1 -4 -1

1
Therefore, X,=| -4
-1
2—3 2 =7 X1 0
Case2: IfA=3,| 2 1-3 2 Xz|= |0
0 1 —3—311%3 0

-1 2 =7][* 0
ie,|2 -2 2||x|=|0
0 1 —all%s 0

;‘*—x1+2x2—?x3=ﬂ -------- (1)



le_ 2.7(-'2 + 2.1'3 = ﬂ -------- (2)
ﬂx1+ Xz — Exﬂ = - (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

XXX

10 -1z 275 61

5
6
1

6 2 =-7][*1 0
Case3:IfA=—-4,|2 5 2 ||x2|= |0

Therefore, X, =

0 1 11l%s 0
= 0xy+ 23— Txg =0 -—nv 1)
2%y + 5x7 +2x3 =0 --ommmm- (2
Oxi+x:+x3=0 -mmmmev 3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3
2 -7 6 2
5 ><2’><‘2>< 5
R S S Xy Xy g

= = =2

39 —Z6 26 3 —2 2
3
-2
2

0 1 1
3.Find the eigen values and eigen vectors of the matrix[l 0 1].
1 1 0

Therefore, X5 =




Solution: Let A=

o0 1 1
1 0 1
1 1 0

To find the characteristic equation:

Its characteristic equation can be written as 1% — §; 1% + §;4— 55 = 0 where

5y = sumof the maindiagonal elements =0+ 0+ 0 = 0,

53 = Sumof the minors of the main diagonal elements = |3 é| + |2 é| + |2 1| =
-1-1—-1= -3

53 = Determinantof A= [A|=0-1(-1)+ 1(1)=0+1+1=2

Therefore, the characteristic equation of Ais A2 — 04*—31 -2 =10

1)1 0 -3 -2
0 -1 1 2
1 -1 -2 0

A-(-1))A-1-2)=0=2=-1,
1+ /(D7—4D(-2) 1+y1+8 1+3 1+31-3
2(1) 2 2 27 2 7

A=

Therefore, the eigen values are 2, -1, and -1

To find the eigen vectors:

[A-AIlX =0

e
RSN
i 2 Al

0
Case l: If A =12, [

= —2x+tx,+x3=0--- (1)
X — 2%+ x3 =0 o (2)
.'X-'1+ xﬂ—2x3 =0 - (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get



0—(-1) 1 1 11 [0
Case 2: IfA =—1, 1 0—-(-1) 1 [ :] = H

1 1 0— (—1)|Lxs 0
1 1 1|[* Q0
e, |1 1 1]||*Xz2|= |0
1 1 1J/Ll%s a
:‘X1+x:+xE:ﬂ ---------- (1)
x1+xg+x3:ﬂ ---------------- (2)
tratxy3=0--—-—--m- (3). All the three equations are one and the same.
Xg Xg
Therefore, x;+ x;+x3=0.Putx;, =0 =2x, +x; =0 =2 x; = —x, ==
0
Therefore, X, = | 1
-1
l
Since the given matrix is symmetric and the eigen values are repeated, letX; = |m|. X5 Is
T

orthogonal to X, and X, .

1
[1 1 1][m =0=l+m+n=0 - 1)
T
l
[0 1 —1][m]=[l =20l4+m—n= 0 2)
T

Solving (1) and (2) by method of cross-multiplication, we get,

I m 1

XXX



l_m_n 2
5 " 1 - Therefore, Xy = | 1
1
Thus, for the repeated eigen value 4 = —1, there corresponds two linearly independent

eigen vectorsX, and X;.

2 -2 2
4.Find the eigen values and eigen vectors of [1 1 1 ]
1 3 -1
2 -2 12
Solution: LetA=|1 1 1
1 3 -1

To find the characteristic equation:

Its characteristic equation can be written as A* — §;1% + 5,4 — 55 = 0 where

51 = sumofthemaindiagonalelements =2 +1—-1 = 2,

55 = Sumoftheminorsofthemaindiagonalelements = |§ _11| + E _21| + E _12| =

—4—4+4=—4

53 = DeterminantofA = |A| = 2(-4)+2(-2)+2(2)=-8-4+4=-8

Therefore, the characteristic equation of Ais A* — 232 — 441 +8=10

21 -2 -4 8
0 2 0 -8
1 0 -4 0

-2 —-4)=0=21=2, A=2-2
Therefore, the eigen values are 2, 2, and -2
A is a hon-symmetric matrix with repeated eigen values

To find the eigen vectors:

[A-AIlX =0

2—A4 -2 2 X1 0
1 1-4 1 Xz|= 10
1 3 -1- X3 0



2—(—2) —2 2 Xy 0
Case 1: If A= -2, 1 1-(-2) 1 [ 2] = H
1

X3 0
4 —2 21[*1 0
e, (1 3 1f|x2[= |0
1 3 1llxs 0

= 4'.'3(.'1_ 2.'3(.': =+ 2_",'(.'3 = cmmmm- (1)
X+ 3+ x3=0 e (2)
X+ 3%+ x3 =0 - (3) . Equations (2) and (3) are one and the same.

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3
-1 1 2 -1
3 X 1 2<4 1 X 3
Xy X3 Xz X3 Xp X3

= — = = = =
—4 —1 7 4 1 —7

4
1
-7

2—2 —2 2 X1
Case 2: IfA =12, 1 1-2 1 X3

Therefore, X, =

I
L —
[ R e
—

1 3 —1—211%3 0
0 -2 2 Xy 0
e, |1 -1 1 ||xz|= |0
1 3 —=3llxs 0
= ﬂxl_ 2.’1-': + 2.'1'3 =) | SEEn—— (1)
Xj_ Xa +:XI3 = U (2)
xy + 3x; — 3x3 = O m—- (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

XX



Therefore, X, =

0
1
1
We get one eigen vector corresponding to the repeated root 4, = 43 = 2

1 1 3
151]

3 1 1

5.Find the eigen values and eigen vectors of

1 1 3
1 5 1] whichis a symmetric matrix
3 1 1

Solution: Let A=

To find the characteristic equation:

Its characteristic equation can be written as A* — §;4% + 5,4 — 55 = 0 where
51 = sumofthemaindiagonalelements=1+5+1 =7,
_ . Ny _ |5 1 1 3 1 1_,
55 = Sumoftheminorsofthemaindiagonalelements = |1 1| + |3 'l| + |1 5| =4
g+4=10
53 = DeterminantofA = |A| =1(4)-1(-2)+3(-14) = 4+ 2-42=- 36

Therefore, the characteristic equation of Ais 2*—71°+04 +36=0

-2 |1 —7 0 36
0 -2 18 - 36
"1 9 18 0

(A—(-2))(12-91+18)=0=1= -2,
_9+./(-97-4(1)(18) 9++81-72 9+3 9+39-3
- 2(1) - 2 o2 T2 2 T

A

6,3

Therefore, the eigen values are -2, 3, and 6

To find the eigen vectors:

[A—AIX =0

1-4 1 3 X1 0
1 5—4 1 X21= |0
3 1 1- A3 0

1-(-2) 1 3 Xy 0
Case 1: If A= -2, 1 5—-(-2) 1 [ :] = H
3



31 3" 0
e, (1 7 1([*z2|= |0
3 1 31l%3 0

:}-3x1+x:+3x3:{] _________ (1)
X+ Taa+x3 =0 —-mmmmeme- 2)
3x;+x,+3x3=0 - (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

1 3 3 1
X X X X 1
i=_2=_3:>i=—2=—3. Therefore, X1=| 0
-20 0 20 1 0 -1 1

1—3 1 3 X 0
Case 2: IfA=3,] 1 5-—3 1 Xz|= |0

3 1 1—311x3 0
-2 1 3][* 0
e, |1 2 1l|xz|= 1|0
3 1 —2il%s 0
= —2x1+x,+3x3=0 - (1)
Xt 2x;+x3 =0 - 2)
3xytx;—2x3 =0 --mmeeee- (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

s XK X s




1—-6 1 3 Xy 0
Case 3: If4A = 6, 1 5—6 1 Xa21= 10

3 1 1—6l1xs 0
-5 1 31[*1 0
e, |1 -1 1]|xz|=]0
3 1 —G5llxg 0
;"—5x1+x2+3x3={] __________ (1)
Xy xn+x:5:ﬂ ---------------- (2)
3_'X.'1+ Xa— 5_'X.'3 Y | S —— (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

Therefore, X5 =

1
2
1

PROPERTIES OF EIGEN VALUES AND EIGEN VECTORS:

Property 1:

0] The sum of the eigen values of a matrix is the sum of the elements of the
principal diagonal (or) The sum of the eigen values of a matrix is equal to the
trace of the matrix

(i) Product of the eigen values is equal to the determinant of the matrix

Property 2:

A square matrix A and its transpose AT have the same eigen values (or) A square
matrix A and its transpose AT have the same characteristic values

Property 4:

If 4 is an eigen value of a matrix A, then % (A # 0) is the eigen value of 471

Property 5:

. . . 1. . .
If 4 is an eigen value of an orthogonal matrix, then 7S also its eigen value

Property 6:

If Ay, 45, ..., 4, are the eigen values of a matrix A, then A™ has the eigen values
AT AT, .., A (m being a positive integer)



Property 7:
The eigen values of a real symmetric matrix are real numbers
Property 8:

The eigen vectors corresponding to distinct eigen values of a real symmetric matrix
are orthogonal

Property 9:
Similar matrices have same eigen values
Property 10:

If a real symmetric matrix of order 2 has equal eigen values, then the matrix is a
scalar matrix

Property 11:
The eigen vector X of a matrix A is not unique.
Property 12:

If A4, 42,..., 4, be distinct eigen values of a nh x n matrix, then the corresponding eigen
vectors Xy, X5,..., X, form a linearly independent set

Property 13:

If two or more eigen values are equal, it may or may not be possible to get linearly
independent eigen vectors corresponding to the equal roots

Property 14:

Two eigen vectors X; and X5 are called orthogonal vectors if X{Xz =0

Property 15:

Eigen vectors of a symmetric matrix corresponding to different eigen values are
orthogonal

Property 16:

If A and B are n x n matrices and B is a non-singular matrix then A and B~*AB have
same eigen values

Problems:
-1 1 1
1. Find the sum and product of the eigen values of thematrix | 1 -1 1
1 1 -1

Solution: Sum of the eigen values = Sum of the main diagonal elements = -3.
Product of the eigen values = |A| =-1(1-1)-1(-1-1)+ 1(1- (-1)) =2+2=4

6 -2 2
2. Two of the eigen values of [—z 3 —1] are 2 and 8. Find the third eigen value
2 -1 3



Solution: We know that sum of the eigen values = Sum of the main diagonal elements
=6+3+3 =12

Given 44 = 2,4, = 8,43 =7

Therefore, 4; + A +A; =12=24+8+4;=12= A;=2

Therefore, the third eigen value = 2

8 -6 2
3. If 3and 15 are the two eigen values of A= |—-6 7 —4], find | A|, without
Z -4 3

expanding the determinant

Solution: Given 4; =3 and A = 15,45 =7
We know that sum of the eigen values = Sum of the main diagonal elements
=l +A;+A;=8+7+3

=34+154+4;=18= A;=0

We know that the product of the eigen values = | A |

= (3)(15)(0) = | 4] = |4l =0

3 10 5

-2 -3 -4
3 3 7

4. If 2,2, 3 arethe eigen values of A = , find the eigen values of AT

Solution: By the property “A square matrix A and its transpose AThave the same eigen
values”, the eigen values of AT are 2,2,3

3 -1 1
5. Two of the eigen values of A=|—-1 5 —1] are 3 and 6. Find the eigen values of
1 -1 3

}1_1
Solution: Sum of the eigen values = Sum of the main diagonal elements = 3 +5+3 = 11
Given 3,6 are two eigen values of A. Let the third eigen value be k.

Then, 3+ 6 + k=11 = k = 2 Therefore, the eigen values of A are 3, 6, 2

By the property “If the eigen values of A ared,, 1,,43, then the eigen values of A1

”

bl
w | =
=

1 . -
are— the eigen values of A~ are

1
A‘_J‘i:.l‘ls y o

CAYLEY-HAMILTON THEOREM
Statement: Every square matrix satisfies its own characteristic equation
Uses of Cayley-Hamilton theorem:

(1) To calculate the positive integral powers of A



(2) To calculate the inverse of a square matrix A

Problems:

1. Show that the matrix [; _12] satisfies its own characteristic equation

-2
1
5 = Sumof the maindiagonal elements= 1+1=2

Solution:Let A =E ] The characteristic equation of A is 1 — 5,1+ S, = 0 where
S,= |4l =1-(-4)=5
The characteristic equation is A2 — 24 +5=10

To prove A2 —24+51 =0

w=aw=[ 7l 71=[7 T

seanesi= [3 -E S 9-0 -0

Therefore, the given matrix satisfies its own characteristic equation.
11
2. Verify Cayley-Hamilton theorem for the matrix A = [1 Oj and hence find its
inverse.

Solution: The characteristic polynomial of A is p(A) =A2-A-1.
A2 — 2 1
11
2 1)(1 1y(1 O 0 0
A2-A-I= - - =
1 1)1 0)\0 1 0 0

A2-A—-1=0,

Multiplying by A * we get A—I1-A1=0,

A=Al
a0 1
1 -1
1 -1 4

3. Verify Cayley-Hamilton theorem for the matrix A=|{3 2 —1|and hence find
2 1 -1

is inverse.

Solution: The characteristic polynomial of Ais p(A) =A3-2 A2 -5\ + 6.



6 1 1 11 -3 22
A*=7 0 11|,A°=|29 4 17
3 -1 8 16 3 5

To verify A3—2A2—-5A+61= 0 -------mmeem- (1)

A3-2A2-5A+61=

11 -3 22 6 1 1 1 -1 4 1 00
29 4 17|-227 0 11-53 2 -1{+6/0 1 O
16 3 5 3 -1 8 2 1 -1 0 01

1
o O O
o O O
o O O

Multiply equation (1) by A 2
WegetA2—-2A —-51+6A1=0
6AT=51+2A-A?

1 00 1 -1 4 6 1 1
6A'=50 1 0(+2(3 2 -1|-|7 0 11
0 01 2 1 -1) (3 -1 8

1 -3 7
=-1 9 -13
1 3 -5
1 -3 7
A‘lz1 -1 9 -13
0 1 3 -5
-3 1 -3
. Verify Cayley-Hamilton theorem for the matrix A=| 20 3 10 |and hence
2 -2 4

find its inverse and A 4.
Solution: The characteristic polynomial of Aiis p(A) = A3-4A2 -3\ +18 =0.

23 6 7 65 27 19
A= 20 9 10 | A®=| 140 27 70
-38 -12 -10 ~146 -54 -—46

To verify A3—4A2 —3A+ 18 | = 0 -----m-m-m-—- (1)



A3-4A2-3A+181=

65 27 19 23 6 7 -3 1 -3 1 00
140 27 70 |-4] 20 9 10 |-320 3 10(+180 1 O
-146 -54 -46 -38 -12 -10 2 -2 4 0 01

0 0O

=10 0 O

0 0O

Multiply equation (1) by A *
WegetA2-4A-31+18A1=0
18A1=31+4A-A2

1 00 -3 1 -3 23 6 7
18A*=30 1 0[+420 3 10|-| 20 9 10
0 01 2 -2 4 -38 -12 -10

-32 -2 -19
=/ 60 6 30
46 4 29
-32 -2 -19
At = 1 60 6 30
18
46 4 29

Multiply equation (1) by A
WegetA4—4A3 -3 A2+ 18A=0

A4=4A3 +3A%-18A

65 27 19 23 6 7 -3 1 -3
A*=4 140 27 70 |+3 20 9 10 (-18 20 3 10
-146 -54 -46 -38 -12 -10 2 -2 4

383 108 151
=| 260 81 130
-734 -216 -286

zZ -1 z
. Verify Cayley-Hamilton theorem, find A* and A~ *when A=|-1 2 —1]
i -1 z

Solution: The characteristic equation of A is 1% — §;4%* + §,4— 53 = 0 where

51 = Sumof the maindiagonal elements =2+ 2+2 =6



53 = Sumof the minirs of the maindiagonal elements =3+ 2+3 =8

Sa= 4| =24-D+1(—2+D+2(1-2)=23)-1-2=3

Therefore, the characteristic equation is A* — 642+ 81 —3 =0

To prove that: 43 —6424+84—-31=0

2 -1 2][2 -1 2
Al=|-1 2 —4[—1 2 -1
1 -1 2]l1 -1 2
7 -6 9][2
A= A%A)=|-5 & —5] [—1
5 -5 7111
A3 —pAZ 484 -3
29 -—28 38
= [—22 23 —23] —
22 =22 29
0 0 0
=F 0 4:0
0 0 0

To find A%;

(I) > A®—64%2+84—-31=0=A*=6A2—8BA+ 3]

Multiply by A on both sides, 4% = 64% — 847+ 34 = 6(642 —84 + 31) — 842+ 34

|

|

7 -6
=|-5 6
5 =5
-1 2
2 1=
-1 2
42 —-36
—30 36
30 30

29
—22
22

54

—38|+
42

—-28 38
23 -28
-22 29
16 -8
-8 16
8 -8
(2)

Therefore, A* = 36A4% — 484 + 18] — 8A4% + 34 = 2842 — 454 + 18I

7 -6 9 2 -1 2 1
Hence, A*=28|-5 & —6|—45|-1 2 —-1|+18|0
5 =5 7 1 -1 2 0
196 —168 252 Qi —45 ag 15 0
= |—1440 168 —168|—|—45 Qg —-45(+ (0 18
140 —140 196 45 —45 ag 0 0
To find A™%:
Multiplying (1) by A7*, 42 — 6A+ 81 — 3471 =0
=34 1=42 64+ 8]
7 -6 9 2 -1 2 1 0 0
=341=|-5 6 —-6|—-6|-1 2 —-1|+8|0 1 0
5 -5 7 1 -1 2 o0 1
7 -6 9 —12 6 —12 8 0 0 3
=|-5 6 -—-8|—| 6 —-12 6 |+|0 8 0|l=]1
5 -5 7 —6 6 —12 0 0 8 —1

16
—a| -

16

0 0

1 ﬂ]

01

0 124 —123
{]] = [—95 96

18 95 —95

162
—123
124

|






