UNIT 111
DET AND FFT

3.1 Frequency-domain representation of finite-length sequences:
Discrete Fourier Transform (DFT):
The discrete Fourier transform of a finite-length sequence x(n) is defined as

N-1
Ni(k) = Y r(nye P 02k < N1
k=0

X(K) is periodic with period N i.e., X(k+N) = X(k).

Inverse Discrete Fourier Transform (IDFET):
The inverse discrete Fourier transform of X(k) is defined as

N-1
1 '
z(n) = & Y X(k)e*™ /N g<n< N-1
k=0

For notation purpose discrete Fourier transform and inverse Fourier transform can be
represented by

X‘(k) = DFT [z(n)]
z(n) = IDFT [X (k)]

Formula:
N—1 .
X(k) = E x(n)e 727N
n—=—~0

| Nl .
xr(n) = N E X (k)el?™~N
k=0

Where K and n are in the range of 0,1,2...... N-1
For example, if N=4

K=0,1,23
N=0,1,2,3



Alternative Formula:

N-—1
n=0
1 N—1
xr ( -n,) = N Z X ( f»,) Wkn
k=0

3.2 Properties of DFT:

Periodicity property:

If X(k) is the N-point DFT of x(n), then
X(k+N)=X(k)

Linearity property:

If X1(k)=DFT[x1(n)] & X2(k)=DFT[x2(n)], then
DFT[a1x1(n)+axx2(n)]=a1X1(k)+a2X2(k)

Convolution property:

If X1(k) = DFT[x1(n)] & X2(K) = DFT[x2(n)], then

DFT[x1(M(N) xz(n)] = X1(K)X2(K)
Where @ indicates N-point circular convolution.

Multiplication property:

If X1(K) = DFT[x1(n)] & X2(k) = DFT[x2(n)], then
DFT[xa(nx2(n)] = (WN)X1(KN) Xo(K)]
Where @ Indicates N-point circular convolution.

Time reversal property:

If X(K) is the N-point DFT of x(n), then

DFT[X(N=n)] = X(N—k)



Time shift property:

If X(K) is the N-point DFT of x(n), then

—j2mmk/N

DFT[x(n-m)] =e X(K)

Symmetry properties:

If x(n)=xr(n)+jxi(n) is N-point complex sequence and X(K)=Xr(K)+jX(K) is the N-
point DFT of x(n) where xg(n) & x;(n) are the real & imaginary parts of x(n) and Xr(k) &
Xj(k) are the those of X(k), then

()  DFT[X (]=X (N-k)

(i) DFT[x (N-n)]=X (k) .

(iii)  DFT[Xr(M]=(1/2)[X(k)+X (N-K)]

(iv)  DFT[xi(m]=(1/2j)[X(k)-X (N-K)] .

(V) DFT[Xce(N)]=XR(K) where X¢e(n)=(1/2)[x(n)+x (N-n)]
(vi)  DFT[Xco(M]=jXi(k) where xco(n):(1/2)[x(n)—x*(N—n)]

If x(n) is real, then

Q) If x(n) is real, then
a X=X (N=k)
b.  Xgr(K)=Xr(N-k)
(i) If x(n) is real, then
a) X(K)=X (N-K)
b) XRr(K)=XR(N-K)
c) Xi(K)=-Xi(N-k)
d) [X(K)I=X(N-K)|
e) [X(K)I=X(N-K)|
f) 2ZX(k)= —2X(N-K)
(i) DFT[Xce(n)]=XRr(K) where xce(n)=(1/2)[x(n)+x(N-n)]
(i) DFT[Xco(N)]=jX (K) where X¢o(n)=(1/2)[x(n)—x(N-n)]

Problem 1:
Find the DFT of a sequence x(n)={1,1,0,0} and find the IDFT of Y(K)={1,0,1,0}

Letusassume N = I, = 4.

N-1
We have X (k) = Z z(n)e 32 k/N | —0,1,...,N—1
n=0
3
X(0) = Z z(n) = z(0) + z(1) + z(2) + z(3)
n=0

=14+14+04+0=2



| 3 ; : :
;?Y'i__‘;; 1) = Zz(n)e")m/i’ = :c(O) 1 z(l)e‘j’/i’ + w(2) e—im + a:(3) e-j31r/2
30 5 M - , .

5 TEEATEL oo OF
=1+ il masn |0
‘ 0032 3sm2

T R
B J ; |
3 . o3 -
X(2) =) z(n)e ™ =2(0) +x(1)e”" + 2(2)e™ % +z(3)e
s _
=1+cosw—jsinm
=1-1=0

X@) = 23:3(“)8""""/ 2 _ 2(0) + z(1)e /2 + 2(2)e " + z(3)e I/
' n=0

+ cos 3 jsi 5
i =1+j L4
- X(k) {2,1-35,0,1+ 5}
R N—-l

f._f”) = Z Y(k)e?*/N n—0,1,...N-1

72 Y(k) n=0,123



3
1 9
k=0

y(1) = :11- [Y(O) +Y(1)e™?2 + Y (2)e)™ + Y(3)ei3"/2]
= %[1 + 0+ cosm + jsinm + 0]
=%u+o—1+m=o

¥(2) = % [Y(0) + Y(1)e'™ + Y (2)e??™ + Y (3)e*"]
= %[1 + 0 4 cos 27 + j sin 27 + 0]
= {1 +0+1+0]=03

¥(3) = [me+yuwﬂﬂ2+ywwﬂr+ymyﬂﬁﬂ‘

1
4
= %[1 +0 + cos 3 + j sin3m + 0]
1
= Z[14+0+(-1)+0] =0
¥(n) = {0.5,0,0.5,0}

Problem 2:

Find the DFT of a sequence

z(n) =1 for0<n<?2
— (0 otherwise

For (i) N=4 (ii) N=8.Plot | X(K) |and L X(K)
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Fig: frequency response of x(n) for N=4




frN=8

The periodic extension of x(n) i

‘ 18 sho

! M( N — L zeros). Wn in Fig. 3.7 can be obtained by adding

.H

::1&(0)=$(1)=.'L'(2)=1 and :I:(’n)=0 for 3Sn<7

7
KD Y k0.7
n=0

Fork =0

X(O)-zz(ﬂ)
X(O)-1+l+l+0+0+0+0+0 3

Therefore, | X (0)] =3 £X(0) =0

Fork =1
7
X() = Zw(n)e"""/ 4
' "‘-o‘ l
-0 3200 2
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Fig: frequency response of x(n) for N=8




Convolution:

Two types

1.Linear Convolution
2.Circular Convolution

1.Linear Convolution

Formula:

e ]

y(n) =a(n) xh(n) = Y z(k)h(n - k)

k=—mo
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method 2:

2.Circular Convolution

The methods used to find the circular convolution of two sequences are
1) Concentric circle method 2) Matrix multiplication method

1) Concentric circle method

Given two sequences z1(n) and xz(n), the circular convolution .
quences x3(n) = xy(n) @ 72(n) can be found by using the f i

1. Graph N samples of x;(n) as equally spaced points around
counterclockwise dircction. -

2. Start at the same point as z; (n) graph N samples of =3 2 (R
points around an inner circle in clockwise direction, y.

3. Muliiply corresponding samples on the two circles and sur
produce output. :

4. Rotate the inner circle one sample at a time in cot tere ) X
£0 to step 3 to obtain the next value of output. B

5. Repeat step No.4 until the inner circle first sample lm“ o
of the exterior circle once again. e



Problem 3:

Find the circular convolution of two finite duration sequences x;(n) = {-1,-2,3,-1} x,(n) ={1,2,3}
+ lind circular convolution, both sequences must be of same length

il two zeros to the sequence xa(n) and use concentric circle me
i vonvolution.

-1 xy(1)

x4(2)

W points of x;(n) on the
L in the counterclockwise di-

Mivsponding samples on the : -1 xy(4)
il 1o obtain

the inner circle in counterclockwise direction by one sample, multi
i samples to obtain y(1).
-1

-1
(D1 4+ (=2)0+ 3(0) + 3(—=1):  w(2) = 3(1) + 2(—1) + 1(—2) + 0(3) + -

| temaining samples by repeating above procedure until the inner circl
up with the first sample of the exterior circle.

-1 .
v(3) : (_0‘)1 +3(=1) + 2(=2) + 1(3) + (~1)(0); ¥(4) = 0(1) + 0(=1) 4 (-8
= -] M (1

() = {8,-2,-1,~4,~1}



Matrix Method

zl(n) = {lo -1. "'2- 3v —1}' |
_ x2(n) ={1,2,3,} |
By adding two zeros to the sequence wz(n),'wcbfh'ﬂ” , o

a2(n) to 5.
Now

zg(n) 3. {11 2,3, 0, 0)

22(0) x2(4) 2(8) 22(2) 2a(1)] [23(0
22(1) 22(0) z2(4) 3(3) 2(2) 3:8 :
72(2) (1) z4(0) z9(4) x5(3) 21(2) ] = |
22(3) 22(2) xa(1) 22(0) zo(4) w3 |y
22(4) 72(3) 22(2) 22(1) a,(0) z)(4)

Represent the sequence z3(n) in N' x N matri [
form and multiply to get Vg‘)) X N matrix form and zy(n) hc cx

Represeat the sequence z3(n) in V x V matrix form and sxoe) i o
form and multiply to get yzn)) in AV x N matrix form and xi(n) hf ,

za(n) z1(n
1003 2 2 yin)
2100 3 =1 -9
3210900 =2 = =5
050 9 548 =1 <

y(n) = {8,~2,~1,-4,~1}

Problem 4:
Perform the circular convolution of the following sequences

x(n)={1,1,2,1}, h (n)={1,2,3,4} using DFT and IDFT method.

we know X3(k) = X, (k) Xa(k)

N -1
X (k) = z zy(n)e 12*kn/N  —0,1,...N -1

n=0

Givenzi(n) = {1,1,2,1} and N = 4

3
X0 =Y zi(n)=14+1+24+1=5

n=0

3
D) = 3 =i (w1 524 5=

n=0
3

Xi(2)=> _zi(n)e ™ =1-1+2-1=1
n=0

3
X1(3) = E :1’1(")6_’3"‘/2 =14+j—-2—-3=-1
n=0

xl(k) hmcas (5’ _lv lv —l)
N-1 ' 4
Xa(k) = 3 za(n)e >N k=0,1,...N -1
n=0



1+2+43+44=10
pa(n)e ™2 =14 2(=3) +3(=1) +40) = -2 +52
‘..‘z" > 2 :

ca

+30) +4(-)=-2

Ans: x3(n) = {13,14,11,12}

Problem 4:

Determine the output response y(n) if h(n)={1,1,1}; x(n)= {1,2,3,1}
by using i)Linear Convolution ii) Circular convolutioniii) Circular
convolution with zero padding

i)Linear Convolution
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(iii) Circular Convolution with Zero pf’dd":ﬁ
To get the result of linear convolution
appropriate number of zeros to both sequences:

h circular convolution we have tq adg

W
No — —»(M - 1) zeros appendeq

P
2(n) = 11:2,8,1, 0.0}

== ) 01 O’ 0
h(n) {l’ 1, 1 \/}
(L -1) zeros appended

%0 0 0 1 1P  [Y
1 00 0 1§ 3
Sy 1 0 b 03816
b a1 10 ollal 16
Tl e e w1 L 4
o0 0 121 1] b

y(n) = {1,3,6,6,4,1}



Fast Fourier Transform (FFT) algorithms:

Fast Fourier Transform (FFT):
Computing an N-point DFT using the direct formula

N-1
—j2n(n/N)k

X(K)=2x(n)e
0<k<N-1n=0

requires N? complex multiplications and additions. This results in large computational time
for large N values. Fast Fourier transform is an efficient way of computing an N-point
DFT reducing this required computational time.

Several algorithms were developed to meet this based on several factors. The radix-
2 algorithms were developed based on the factors that the N-point DFT is periodic with
period N and N, for most cases, is an integer power of 2.

Radix-2 FFT algorithms:
3.4 Decimation-In-Time (DIT) FFT algorithm:

The algorithm in which the decimation is based on splitting the sequence x(n) into
successively smaller sequences is called the decimation-in-time algorithm.

The N-point DFT of a sequence x(n) is given by

N-1
X(K)= 2o X)W, OSSN~ wmememmmememememem e 1)
n=0

where W= e 3@ x (k) iis periodic with period N i.e., X(k+N)=X(k).
Splitting Equ(1) into two, one for even-indexed samples of x(n) and the other for odd-
indexed samples of x(n), we have

X(k) = Zx(n)WNnk + Zx(n)WNnk - (2
n even n odd

Substituting n=2n for n even and n=2n+1 for n odd, we have

N/2-1 N/2-1
X(K) = 2xn)Wy2™ 4
2x@n+)Wy K n=0 n=0



N/2-1 N/2-1
X(K) = 2xmWrE™ + WK Zx@entywy 2™

n=0 n=0
N/2-1 N/2-1
X(K) = 2x@n)Wi2™ + Wi 2x(@n+1) W™ woeemeemeeemeemeeceae S— 3)
n=0 n=0

Letting x(2n)=x10(n) and x(2n+1)=x11(n), we have

N/2—-1 N/2-1
K K K
X(k) = leo(n)WNIZH + Wy 2X11(n)WN/2n
n=0 n=0
K
X(k) = X10(k) + WN™ X11(K) (4)

where X10(k) and X11(k) are N/2-point DFTs given by

N/2-1

_Z nk
X10(K) = Zix10(MWny72 -, 0<KS(N/2)=1 ---mmmmmmmmo- - (5)
n=0
Yaaln) = x(n), 00n0(N2) 11 (6)
N/2-1

_Z nk
X11(K) = Zix11(MWny2 -, 0<KS(N/2)=1 --mmmmmmmmmo- - (7
n=0
X12(M) = X(2N+1), ONK(N/2)—1 =wcrrommrmrmemrmemmemesem e em e s e en e en e (8)

and hence X10(k)=X10(k+N/2) & X11(k)=X11(k+N/2).

Since X10(K) & X11(k) are periodic with period N/2, X(k) can be computed directly
form Equ(3) only for 0<k<(N/2)-1 and X(k) for N/2<k<N-1 are computed as follows.
X(k+N/2) = X10(k+N72) + Wy E™N2 %01 (k+N72)

jm

(<N12) _ K (VD) =y K g

Since Wy =— WNk, we have

X(k+N/2) = X10(K) — WN Xq1(K) -roremremmmemmemmememeememmee e )

A similar procedure will decompose the two N/2-point DFTs, X19(k) & X11(K) into
four N/4-point DFTs as follows.

2k
X10(K) = X20(K) + WN™ X21(K) (10)



T T (N (12)

O O R T GO R O (o R —— 12)

2k
X11(k+N/4) = X22(K) = WN™"X23(K) ==mmmmmmmmrrrmmmmmmm oo (13)
for 0<k<(N/4)-1 where Xoq(K), X21(K), X22(K) & X23(k) are N/4-point DFTs given by

N/4—1

X20(K) = 22%20(N)Wja™, O<KS(N/&)—1 —<eremememeememeee S — (14)
n=0

X20(N) = X10(2N), O0LNLK(N/A) =1 —-mmmmmmm oo oo oo e (15)
N/4—1

X21(K) = 2%21(NWpja™, O<KS(N/A)—1 mremememmmemees S — (16)
n=0

X21(N) = X10(2N+1), 0SNK(N/A) =1 mmmmmmmmmm oo e (17)
N/4—1

X22(K) = 2x20(N)Wiyja™, O<KS(N/&)—1 —wemememememmemeen S (18)
n=0

X22(N) = X11(2N), 0SNK(N/A) =1 -mmmmm e e (19)
N/4—1

X23(K) = 2%2a()Wja™, O<KS(N/4)—1 —<emememememmemeen S (20)
n=0

X23(N) = X11(2N+1), 0SNK(NSA) =1 —-mmmmmmmmmm e (21)

If N=2", where 1 is a positive integer, then the algorithm terminates after rth cycle of

procedure i.e., after rth decomposition. After rth decomposition, we will have N 1-point DFTs,
which are the sequence values themselves.

Decomposition of 8-point DET using DIT FET algorithm: Butterfly Chart:
A similar procedure for an 8-pt DFT

7

X(K) = 2x(mwg™,
0<k<7 n=0

will terminate after 3rd decomposition and will lead to the following sets of equations:



After 1St decomposition:

X(K) = X10(k) + Wg* X11(K), k=0,1,2,3
X (k+4) = X10(K) - Wg* X11(K), k=0,1,2,3

X10(n) = x(2n), n=0,1,2,3 i.e., X10(N)={x(0), x(2), x(4), x(6)}
x11(n) = x(2n+1), n=0,1,2,3 i.e., x11(n)={x(1), x(3), x(5), x(7)}

After 2nGI decomposition:

X10(K) = Xo0(K) + W™ Xp1(k), k=0,1

X10(k+2) = Xa0(K) — W™ Xa1(K), k=0,1

X11(K) = X22(K) + Wg™ Xp3(k), k=0,1

X11(k+2) = Xz2(K) - Wg™ Xa3(K), k=0,1

X20(n) = X10(2n) = x(4n), n=0,1 i.e., Xoo(nN)={x(0), x(4)}
X21(n) = X10(2n+1) = x(4n+2), n=0,1 i.e., X21(n)={x(2), x(6)}
X22(n) = x11(2n) = x(4n+1), n=0,1 i.e., X22(N)={x(1), x(5)}
X23(n) = X11(2n+1) = x(4n+3), n=0,1 i.e., x23(n)={X(3), x(7)}

After 3rol decomposition:

K
X20(K) = X3o(k) + W84 Zf(sl(k), k=0
Xoo(k+1) = X30(k) - W X31(K), k=0
X21(k) = X32(k) + Wg Zf(ss(k), k=0
Xa1(k+1) = Xza(k) - Vg = X33(k), k=0
X22(K) = X34(k) + Wg ~ X35(k), k=0
X22(k+1) = X34(K) - \(4\/k8 X35(K), k=0
X23(K) = X36(k) + Ws if(w(k), k=0
X23(k+1) = X36(k) — Wg " X37(K), k=0

x30(n) = x20(2n) = x(8n), n=0 ie., x30(n)={x(0)}
x31(n) = X90(2n+1) = x(8n+4), n=0 i.e., x31(n)={x(4)}
x32(n) = X21(2n) = x(8n+2), n=0 i.e., x32(nN)={x(2)}
x33(n) = X21(2n+1) = x(8n+6), n=0 i.e., x33(n)={x(6)}
X34(n) = X22(2n) = x(8n+1), n=0 i.e., x34(n)={x(1)}
X35(n) = X22(2n+1) = x(8n+5), n=0 i.e., x35(n)={x(5)}
x36(n) = X23(2n) = x(8n+3), n=0 i.e., x36(nN)={x(3)}
x37(n) = X23(2n+1) = x(8n+7), n=0 i.e., x37(n)={x(7)}

X30(k) = x30(n) = x(8n), k=0 & n=0

X31(k) = x31(n) = x(8n+4), k=0 & n=0
X32(K) = x32(n) = x(8n+2), k=0 & n=0
X33(k) = x33(n) = X(8n+6), k=0 & n=0
X34(K) = x34(n) = x(8n+1), k=0 & n=0
X35(K) = x35(n) = x(8n+5), k=0 & n=0
X36(K) = x36(n) = x(8n+3), k=0 & n=0
X37(K) = x37(n) = x(8n+7), k=0 & n=0

or simply



X30(0) = x(0)
X31(0) = x(4)
X32(0) = x(2)
X33(0) = x(6)
X34(0) = x(1)
X35(0) = x(5)
X36(0) = X(3)
X37(0) = x(7)

Butterfly Chart: The flow graph used to compute an N-point DFT using FFT algorithms
pictorially is often called the butterfly chart. The basic butterfly chart for DIT FFT algorithm
is shown below.

X — XtAy

y x-Ay
A -1

The butterfly chart for the DIT-FFT decomposition of an 8-point DFT has been shown below.



q(0) X Q(0) = q(0) + ¢(1)
q(1) Q(1) = q(0) — q(1)

N A

A two-point DFT

z(6) O 0,

7 N

A complete eight-point radix-2 decimation-in-time FFT.

3.5 Decimation-In-Frequency (DIF) FET algorithm:

The algorithm in which the decimation is carried out with respect to the pseudo
frequency index, k.

The N-point DFT of a sequence x(n) is given by

N-1

X (K)=2x(n)WN™, 0<k<N-1 ----- S———
n=0

where W= e 7@™N) (k) is periodic with period N i.e., X(k+N)=X(k).
Splitting Equ(1) into two about the midpoint of x(n), we have

N/2-1 N-1
X(K)=2x (W™ + 2x(mW™, 0<ks<N-1 S ——
n=0 n=N/2

Substituting n=n+N/2 in the second summation, we have

N/2-1 N/2-1

X(K)=2xWN™ + 2x(n+N2)WTNVDK ocieaN-1
n=0 n=0



N/2-1

X(K)=2[x(n) + Wy
n=0

(N2 (neNi2) | W™, 0<keN-1

Since WN®N2k=g-iernnn2k=g-ikr=(-1)k, we have
N/2-1
Y] 3] B ——— @)
n=0

Splitting Equ(2) into two, one for even-indexed values of X(k) and the other for
odd-indexed values of X(k), we have

N/2—1
X(even K)=X(2k)= ZLx(n) + (D)X x(N2)]

N/2-1

X(even K=X2K)=X[x() + x(+N2)]
W2 n=0



N/2-1

X(even k):X(Zk):Xlo(k):leo(n) WN/gnk, 0<k<N/2-1 (4)
n=0

Where

x10(M)=[X(M) + X(n+N2) |, 0NN oeeemeeeeme e 5)

And

N/2-1

X(odd k)=X(2k+1)=2 [ x(n) + (-1) @ x(nni2) | wy"@ D

n=0

N/2-1

X (odd ky=X(2k+1)=2 [ x(n) - x(n+N/2) | Wi wiy2™

n=0
N/2-1

X(0dd K)=X(2k+1)=X11(K)=2x11(n) W2, 0<k<N/2—1 ©)

n=0
Where
xll(n):[x(n) - x(n+N/2)] N e N2 — (7

Following the procedure in a similar way for x10(n), X11(n), X10(k) & X11(k), we have

N/4-1
X10(K)=Z [ x10(n) + (~1)" xa(neN/4) | W™, OSKENIZ-1 wensreeeeemmseneeeecne ®)
n=0
N/4-1
X11(K)=2 [x11(n) + (1) xq2(neN/4) | W™, OSKENIZ-1 wenroeeeeemmeeee e ©)
n=0
N/4-1
X1o(even k):X10(2k):X2o(k):2X20(n) WN/4nk, 0<k<N/4-1 (10)
n=0

where



X20(n)= [xlo(n) + X10(n+ N/4)] B R | R —-mmemnmeee- (11)

N/4-1
X1o(odd k):X10(2k+1):X21(k):Zx21(n) WN/4nk, 0<k<N/4-1 (12)
n=0
Where
2n
x21(M)=[x10(n) — X20(n+N2) | W, OSNENJA-L wermmreeemmeneemeee e (13)
N/4-1
X11(even k):X11(2k):X22(k):sz2(n) WN/4nk, 0<k<N/4-1 (14)
n=0
Where
] LT O R R 2] [N ——— S (15)
N/4-1
X11(odd k):X11(2k+1):X23(k):Zx23(n) WN/4nk, 0<k<N/4-1 (16)
n=0
Where
2n
xz3(n):[x11(n) - x11(n+N/4)] WnN", 0<n<N/4-1 - (17)

If N=2', where r is a positive integer, then the algorithm terminates after rth cycle of

procedure i.e., after rth decomposition. After rth decomposition, we will have N 1-point DFTSs,
which are the sequence values themselves.

Decomposition of 8-point DET using DIF FET algorithm: Butterfly Chart:
A similar procedure for an 8-pt DFT

7

XK =  Zx(Wg™,
0<k<7 n=0

will terminate after Srd decomposition and will lead to the following sets of
. st .
equations: After 1™ decomposition:

3

X(even  K)=X(2K)=X1o(K)=2x10(n) W™,

k=0,1,2,3 n=0



3

X(odd  K)=X(k+1)=X11(K)=2x11(n)  Wa™,

k=0,1,2,3 n=0
where
X10(n)= [x(n) + x(n+4)], n=0,1,2,3

i.e., Xx10(N)={x(0) + x(4), x(1) + x(5), X(2) + x(6), x(3) + x(7)}

X11(n)= [x(n) - x(n+4)] Wgn, n=0,1,2,3
e, xuM={[xO) - x@IWs’, [x(1) - x(B)IWs", [x©2) - x(6)]Ws’, [X(3) -

x(7)]W83 } After 2nOI decomposition:

1
X1o(even K)=X10(2K)=X20(K)=2ux20(n) W™,
k=0,1 n=0
1
X100dd  K)=X10(2k+1)=Xa1(K)=2ax21(n) W™
k=0,1 n=0
1
Xy1(even  K)=X11(2K)=Xo(K)=2ux2o(n) W™,
k=0,1 n=0
1

X11(0dd  K)=X11(2k+1)=Xo3(k)=2ux3(n) W™
k=0,1 n=0

where

X20(n)= [xlo(n) + xlo(n+2)], n=0,1

i.e., X20(nN)={x10(0) + X10(2), X10(1) + X10(3)}
xa1(n)=[ x10(m) - xa0(n+2) ] We?", n=0,1

i.e., x21(n)={[x10(0) — X10(2)]W80, [x10(1) - X10(3)]W82}



X22(n)= [X11(n) + X11(n+2)], n=0,1

i.e., X22(N)={x11(0) + x11(2), X11(1) + x12(3)}

X23(Nn)= [X11(n) = X11(n+2)] Wg™", n=0,1
i.e., X23(n)={[x12(0) — x11(2)]Ws", [x11(1) — X11(3)]Wg }

After 3rol decomposition:

Xoo(even K)=Xz0(2K)=Xz0(K)=2x30(n) W1, k=0 n=0
Xop(odd k):Xzo(Zk+1):X31(k)=ZX31(n) Wlnk, k=0 n=0
_ I nk o
Xa1(even K)=X21(2k)=X32(k)=2£x32(n) W1 ™, k=0 n=0
Xo1(0dd K)=Xo1(2k+1)=X33(K)=2x33(n) W1, k=0 n=0
Xpo(even K)=Xo2(2k)=X34(K)=2x34(n) W1 k=0 n=0
X22(0dd K)=X2(2k+1)=X35(K)=2x35(n) W1, k=0 n=0
Xo3(even K)=Xo3(2k)=X36(Kk)=2x36(n) W1, k=0 n=0

Xo3(odd k):X23(2k+1):X37(k):ZX37(n) Wlnk, k=0 n=0
where

X30(n)= [Xzo(n) + Xzo(n+1)], n=0

i.e., x30(n)={x20(0) + X20(1)}

x31(n)= [Xzo(n) = Xzo(n+1)] wg™", n=0

i.e., x31(n)={[x20(0) — X20(1)]Wg"}

xa2(n)=[ x21(n) + x21(n+1)] n=0

i.e., x32(N)={x21(0) + x21(1)}



xaa()=x21(n) - xz1(n+1)] W™, n=0

i.e., x33(n)={[X21(0) — X21(1)]Wg }

X34(n)= [Xzz(n) + X22(n+1)], n=0

I.e., X34(n)={[x22(0) + x20(1)1}

X35(n)= [Xzz(n) - x22(n+1)] ws™", n=0
e., Xas(n)={[x22(0) ~ x2(1)Ws'}
X36(N)= [X23(n) + x23(n+1)], n=0

i.e., x36(n)={[x23(0) + x23(1)1}

X37(n)= [X23(n) - x23(n+1)] wg™", n=0

ie., xa7(n)={[x23(0) — X23(1)]Wg'}

Butterfly Chart: The basic butterfly chart for DIF FFT algorithm is shown below.

X X+y

y (x-y)A
-1 A

The butterfly chart for the DIF-FFT decomposition of an 8-point DFT has been shown below.
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Problem:

Compute the 8 point DFT of the sequence by using DIT and DIF algorithm

z(n]={1 0<n<7

DIT Algorithm:

le factors associated with butterflies can be found as

- 1 1 - -— . 1
LWy = 0.707 - 0.707; W2 = —j. W§ = —0.707 - j0.707

Toput
MOy =) 2

Ad) =)
M) =1
LIRS
M=
A=
A=)
M) =1 W‘:

e © © =

S o

X (k) = {8,0.0,0,0,0,0,0}

Problem:

Find the IDFT of the sequences X(K)={4,1-j2.414, 0, 1+j0.414, 0, 1-j0.414, 0,1-j2.414 }
using DIF Algorithm



X'©@=d
X'()=14+j2414
X'@)=0
X'G)=1+j0414 _y
X'@=0
X'(S)=1-jo414
X'6)=0
X'(N=1-j2414

The output 8z°*(n) is in bit reversal order.
" Therefore

3(") e 2 {1’ 1,1,1,0, 0,0, 0}

Problem : T e 3
X(k) = {10,—2 + j2,-2, -2 — j2}
using DIT algorithm. "
Solution

Then twiddle factors are W0 = 1; W} = —j
8

X0 =10
X'@)=2
X(1) =-2-25
X' @) =-2+j2

The output Nz*(n) is normal order.
Therefore z(n) = {1, 2, 3,4}.



3.6 Linear filtering through DET (FET):

Linear filtering refers to obtaining the output, y(n) of a linear, time-invariant
(LTI system with impulse response, h(n) to an input, x(n). This process is often termed
as the convolution sum as shown in the following figure.

_[LT1 System with
" limpulse response, h(n)

x(n) y(n)=x(n)*h(n)

v

Let us first make the following assumptions:
(i) x(n) is a sequence of length P defined for 0 <n <P-1 and

(i) h(n) is a sequence of length M defined for 0 < n < M-1.
The convolution of x(n) and h(n) called the linear convolution is computed through
DFT (FFT) as follows:

Step(1): Choose N>P+M-1 (such that N=2" where r is a least positive
integer). Step(2): Form the sequence xl(n) by padding N—P zeros to x(n).

x(n) 0<n<P-1
1
X" (n)=

0 P<n<N-1

Step(3): Form the sequence hl(n) by padding N—M zeros to x(n).

) h(n) 0<n<M-1
h™(n)=
0 M<n<N-1

Step(4): Compute the N-point DFTs (FFTs), X (k) and H'(k), of x'(n) and h'(n) i.e.,
N-1

X )=2x mywn™
k=0,1,2,...,N~1 n=0
N-1

H (k)=2h (mWN"™,
k=0,1,2,...,.N-1 n=0

where Wn=exp[—j(2r/N)].
Step(5): Compute the required output y(n) for 0 < n < P+M-2 by computing IDFT of
the product, Xl(k)Hl(k) and retaining the first P+M-1 values of the result.

y'(n) 0<n<P+M-2
y(n)=



0 otherwise



Overlap-add method:
Let us first make the following assumptions:
Q) x(n) is a long sequence of length P>>M defined for 0 < n < P-1 and
(i) h(n) is a short sequence of length M defined for 0 <n <M-1

Step(1): Choose a convenient, positive integer L>1.
Step(2): Segment the long sequence x(n) into r* sequences, each of length L. Let the

segmented sequences be Xg(n), X1(n), X2(n),..., Xr-1(n) where, in general

x(n+kL), n=0,1,2,...,L-1
Xk(n) =

0, otherwise
for k=0,1,2,...,r-1.

*r is the smallest positive integer chosen such that rL > P.

Step(3): Choose N>L+M-1 (such that N=2" where r is a least positive
integer). Step(4): Compute the N-point circular convolution

YMm:XMm<)hm)OSnSN—1

using DFT (FFT).
Step(5): Form the sequences ykl(n) by shifting the sequences yk(n) to the right by KL units
for k=0,1,2,...,r-1i.e.,

. yk(n—KL), KL < n < (k+1)L+M-2
yk () =
0, otherwise

Here, the sequence ykl(n) is nonzero for KL < n < (k+1)L+M-2, yk_ll(n) is nonzero for
(k=1)L < n < kL+M-2 and y+ 1(n) is nonzero for (k+1)L < n < (k+2)1l_+M—2. This implies
that the first (M—1) points of y, (n) overlap the last (M—1) points of yk.1 (n) and the last

(M-1) points of ykl(n) overlap the first (M-1) points of yk+11(n) for all k as shown
below:
Step(6): Compute the required output y(n) for 0 <n < P+M-2 as follows:

r—1

y(n):z ykl(n), 0 <n < P+M-2
k=0
Overlap-save method:
Let us first make the following assumptions:

Q) x(n) is a long sequence of length P>>M defined for 0 < n < P-1 and
(i) h(n) is a short sequence of length M defined for 0 <n < M-1

Step(1): Choose a convenient, positive integer L > M.
Step(2): Segment the long sequence x(n) into r sequences, each of length L. Let the

segmented sequences be xg(n), x1(n), ..., Xr-1(n), where, in general,



X[n+kL—(k+1)(M-1)], n=0, 1, ..., L-1

Xk(n)=
0, otherwise

fork=0, 1, ..., r-1.

Xo(n) is chosen such that the first (M—1) points are zeros and the remaining
(L—M+1) points are the first (L—M+1) points of x(n).

x1(n) is chosen such that the first (M—1) points are the last (M—1) points of xg(n) and
the remaining (L—M+1) points are the second (L—M+1) points of x(n).

X2(n) is chosen such that the first (M—1) points are the last (M—1) points of x1(n) and
the remaining (L—M+1) points are the third (L—M+1) points of x(n) and so on.

In general, xk(n) is chosen such that the first (M—1) points overlap the last (M—1) points
of xk-1(n) and the last (M—1) points overlap the first (M—1) points of
Xk+1(n). Step(3): Compute the L-point circular convolution

Yk(n)=Xk(n)® h(n),0<n<L-1

using DFT (FFT). .

Step(4): Form the sequences yk (n) by discarding the first (M-1) points of yk(n) for k=0, 1,
oy =10

Step(5): Compute the required output y(n) for 0 < n < P+M-2 by appending the
sequences ykl(n) in order as follows:

y()={yo (), y1'(n), ... yr-1 (M)}, 0 < n < P+M-2

3.7 Correlation through DFT (FFT):
The correlation of two finite length sequences, x(n) and y(n), each of length, N is the
sequence, ryx(k) given by

N-1

er(m)zz x(n) y(n-m) for
m=0 n=m

N—|m|-1

rxy(m):z x(n) y(n—m) for
m<0 n=0

where the index, m is called the lag. The correlation can be shown to be
Ixy(K)=x(K)*y(=K)

where y(-n) is the folded version of y(n). Hence the correlation can be computes using DFT
(FFT) as follows.

The correlation of a sequence, x(n) to itself i.e., the correlation for the case when
x(n)=y(n), is called the autocorrelation given by



N-1

rxx(m)=2 x(n) x(n-m) for
m=>0 n=m

N—|m|-1

rxx(m):z x(n) x(n-m) for
m<0 n=0

and

rx(K)=x(K)*x(-k)

Given x(n) and y(n), each of length, N

Step(1): Compute (2N-1)-point DFT (FFT), X(k) of x(n).

Step(2): Compute (2N-1)-point DFT (FFT), Y¢(k) of yf(n) where y¢(n) is the folded version
of y(n).

Step(3): Compute the product of X(k) and Y¢(k) and take the inverse DFT (FFT) of the
result.



