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UNIT I

IMAGE TRANSFORMS

Need for transform

2D Orthogonal and Unitary transform and its properties

1D & 2D DFT — Properties — separability,translation, periodicity, conjugate
symmetry, rotation, scaling,convolution and correlation

Separable transforms

e Walsh

e Hadamard

e Haar

e Discrete Sine
e DCT

e Slant

e SVD

e KL transforms .



Need for transform

The need for transform is most of the signals or images are time domain signal (ie)
signals can be measured with a function of time. This representation is not always best.
For most image processing applications anyone of the mathematical transformation are
applied to the signal or images to obtain further information from that signal.

2D Orthogonal and Unitary transform and its properties

As a one dimensional signal can be represented by an orthonormal set of basis vectors,
an image can also be expanded in terms of a discrete set of basis arrays called basis
images through a two dimensional (image) transform. For an N X N image f(x,y) the
forward and inverse transforms are given below

N-1N-1

g )= ST(uv.x.v)f(x.v)
x=0 y=0
N-1N-1

f(x.y)=3 TI(x.v.u.v)g(u.y)
u=0 v=0

where, agam, T(w.v.x,y) and 7(x,y.u.v) are called the forward and inverse
transformation Kernels. respectively.
The forward kernel 1s said to be separable if
T(uv.x,y)=T.x)T, (. y)
It 1s said to be symmetric if 7, is functionally equal to T, such that
T(uv.x.y) =T (u.x)I;(v.y)
The same comments are valid for the mverse kernel
If the kernel T(w.v,x.v) of an mmage transform is separable and symmetric, then the

N-1N-1 N-1N-1
transform g(w.v)=3 ST(uv.x.»)f(x.v)=3 TL(u.x)L(v.y)f(x.y) can be written in
x=0 y=0 x=0 y=0

matrix form as follows

g= I, i -Lf
where f is the original image of size Nx N, and T, 1san Nx N transformation matrix
with elements 7, =7;(7.7). If. in addition, 7, is a unitary matrix then the transform is
called separable unitary and the origmal image 1s recovered through the relationship

f= LJ 'E'Z;

Fundamental properties of unitary transforms



The property of energy preservation

In the unitary transformation

:l_f

|Tg

it is easily proven that

-~

2 -
lel” =2

Thus, a unitary transformation preserves the signal energy. This property is called
energy preservation property. This means that every unitary transformation is simply a
rotation of the vector f in the N - dimensional vector space.

The property of energy compaction

Most unitary transforms pack a large fraction of the energy of the image into relatively
few of the transform coefficients. This means that relatively few of the transform
coefficients have significant values and these are the coefficients that are close to the
origin (small index coefficients).

1D & 2D DFT

Any function that periodically reports itself can be expressed as a sum of sines and
cosines of different frequencies each multiplied by a different coefficient, this sum is
called Fourier series. Even the functions which are non periodic but whose area under
the curve if finite can also be represented in such form; this is now called Fourier
transform. A function represented in either of these forms and can be completely
reconstructed via an inverse process with no loss of information.
Th«? discrete Fourier ;;ansform (DFT) of a séquence {u (n),n=0,...,N~1} is
defined as , :
N-1 S :
vik)= 2 u(m)W§, k=0,1,..., N-1
n=0 ) ) . .

where

Wy A exp{ ﬂﬁw}

The inverse transform is given by

1N B
u(n) =.ﬁk§0 viOWY",  n=0,1,...,N-1



The two- dxmensmnal DPT of an'N X N image {u (m, n)} is a se
deﬁned as . ..

N-~TN=-1

D=3 3 ummWEWE,  0=klsN -1

m=0n=0

and the inverse transform s
N - Ihwl

"u(rrx'k).“—l— > 2 vk !)WV‘"”W"’ . O=mn =N-—-1
’ ﬂf k=0 [=0 ' :
The two-dlmensmnal unitary DFI pair is defmed as
N lN 1 | | _
v(k, z)—~—2 >, u(m,n)W - 0=kI=N  1
m On=0 )
N=tN=1 | |
u(m,n )-——2 > vk, I)W"""W“" 0O=smn=N-1
’ }Jk 0 l=0

In matrix n_otation this becomes | |
| V =FUF

The propert:es of the two-dimensional ynitarv DFT are qu:te similar to the one-
dxmenqmnal case and are summarized next.

Symmetric, unitary.
L FT=F, Fl=gF* =FEL"
 Periodic extensions. |
| vik +N,1+N)y=v(k ), V&I
uim + N, n —fN)=u’(m, n), Vm, n |
Sampled Fourier spectrum. K a(m,n)=u(m,n),0 smn=N~-1, and
i(m, n) = 0 otherwise, then , : ' :

2wk 2%
U( NN

) DFT{u(m n)}= v(k 13!
where U (w1, wy) is the Fourier transform of 4 (m, n) |



‘Fast transform. Since the two-dimensional DFT is separable, 1€ trans-
formation of . - - is equivalent to 2N one-dimensional unitary DFTs, each of
which can be performed in O(N log: N) operations via the FFT. Hence the total

number of operations is O (N* log: V).

Conjugate symmetry. " The DFT and unitary DFT of real images exhibit
conjugate symmetry, that is,

v (%: k,%ril) = p* (_1_\’2_: k,%il), Oﬁlk,lﬂﬂ—l

THE DISCRETE COSINE TRANSFORM (DCT)

This is a transform that is similar to the Fourier transform in the sense that the new independent
variable represents again frequency. The DCT is defined below.

C(u) = a(u)xfilf(x} COS

x=0

{(23( +Dum

= —‘ w=01....N—-1
2N

with a(u) a parameter that is defined below.

J’- N1V u=~0
alu) =

la.e'l_.-"'}v' u=1.....N—-1

The inverse DCT (IDCT) is defined below.

N-1 Nl ;
f(x)= 2 a(u)C(u)cos ﬂ
u=>0 l_ 2N

Two dimensional signals (images)

N-1N-1 T2y P 2y * 7
C(r.v)y=a(u)a(x) > > fx.v)cos Cx+Durx cos w
x=0 y=0 ' L 2N 2N
N-1N-1 . [ (2x+Du=x | (2Zv+1)vr
Flx.v) == T aluwya(v)C(u.v)cos ————" |cos| ———————
' wu=0 w=0 I_ 2N 2N

Properties of the DCT transform

The cosine transform is real and orthogonal.

e The cosine transform is not a real part of the unitary DFT.

e The cosine transform of a sequence is related to the DFT of its antisymmetric
extension

e The cosine transform is a fast transform

e The basis vectors of the cosine transform are the eigen vectors of the symmetric
tridiagonal of Toeplitz matrix



e The cosine transform is close to the KL transform of first order Markov
sequences. The cosine transform has very good to excellent energy compaction
property of images,

The DCT is a real transform. This property makes it attractive in comparison to the
Fourier transform.

The DCT has excellent energy compaction properties. For that reason it is widely used
in image compression standards (as for example JPEG standards).

There are fast algorithms to compute the DCT, similar to the FFT for computing the
DFT.

Sine Transform
The N > N sine transform matrix ¥ = {({k, nit,
form (DST), is defined as

also called the discrele sgle fOEns-

{2 . wlk +1)n +1) o= N —1
Ilj[k:n-:.=ﬂ|ll_|ﬁ|r+]_ﬁln N+ 1 ) 0= » 1T
The sine transform pair of one-dimensional sequences is defined as
_-2— - . "'I'F(k + 1:}(” + .1} - k £N 1
wik) = 1\'%—: nEI:I i) 52 N . =
'y L |
v . ik +1}n + 1) D=n=<=N—1
— K .
w(ri) 1"II|IN+1E¥,;.VE ) sin N1 :

Properties of the Discrete Sine Transform

e The sine transform is real, symmetric and orthogonal.

e The sine transform is not the imaginary part of the unitary DFT.

e The sine transform of a sequence is related to the DFT of its antisymmetric
extension

e The sine transform is a fast transform

e The basis vectors of the sine transform are the eigen vectors of the symmetric
tridiagonal of Toeplitz matrix

e The sine transform is close to the KL transform of first order Markov sequences.
The sine transform has very good to excellent energy compaction property of
images,



Hadamard Transform

In a similar form as the Walsh transform, the 2-D Hadamard transform is defined as
follows.

Forward
1 N-1v-1
H(u.v)= - > er[\\ 1) H( 1)(5 i (00 () +B; (V) By (UJ]_ N =2"qr
N x=o »=0 _i=0
1 N-1N— T(bw)b (2)+8; (V)8 (V)
Huv)=—73% th*r WI(=D=
N x=0 y=0
Inverse
Fx, 1)_% i i (. 1) 1_[( 1), (n)+b(1}b(L)}:| ete.

Properties of the Hadamard Transform

e The Hadamard transform is real, symmetric and orthogonal.

e The Hadamard transform is a fast transform

e The Hadamard transform has very good to excellent energy compaction property
of images,

Properties are almost similar to that of Walsh transform.

The Hadamard transform differs from the Walsh transform only in the order of basis
functions. The order of basis functions of the Hadamard transform does not allow the
fast computation of it by using a straightforward modification of the FFT. An extended
version of the Hadamard transform is the Ordered Hadamard Transform for which a
fast algorithm called Fast Hadamard Transform (FHT) can be applied.

Walsh Transform

The Walsh transform is defined as follows for two dimensional signals.

. 1 Ny |
155 (”‘1.): - Z Z‘){'{x 1)|:H[- ])(5 (2B, g s (u)+ b(.})b_b«(‘n} or
W y i=0

-1
T(br(‘:lbr 1 (B (B (V)

W (u.v) = f(x VI—1)-°

LME
" l’]|

The inverse Walsh transform is defined as follows for two dimensional signals.



N-1N-1 n—1
flx.v)= ir > ZIi’-’(u.1')[1_1(—1}(5"("'jb-*'l""(”}"b"'("')"”“-'-*("))J or

IV w=0 v=0 i=0
=1
n I_ N-1N-1 Z(b_- (-T}brz—l—.- (”)_‘b.- {-‘l)bﬂ—l—f (1'))
[ y)=—3% TWu.v)(-D=
N u=0v=0

Properties of the Walsh Transform

e The Walsh transform is real, symmetric and orthogonal.

e The Walsh transform is a fast transform

e The Walsh transform has very good to excellent energy compaction property of
images,

e [ Unlike the Fourier transform, which is based on trigonometric terms, the Walsh
transform consists of a series expansion of basis functions whose values are
only or and they have the form of square waves. These functions can be
implemented more efficiently in a digital environment than the exponential basis
functions of the Fourier transform.

e [1 The forward and inverse Walsh kernels are identical except for a constant
multiplicative factor of for 1-D signals.

e [ The forward and inverse Walsh kernels are identical for 2-D signals. This is
because the array formed by the kernels is a symmetric matrix having orthogonal
rows and columns, so its inverse array is the same as the array itself.

e [1 The concept of frequency exists also in Walsh transform basis functions. We
can think of frequency as the number of zero crossings or the number of
transitions in a basis vector and we call this nhumber sequency. The Walsh
transform exhibits the property of energy compaction as all the transforms that
we are currently studying

e [1 For the fast computation of the Walsh transform there exists an algorithm
called Fast Walsh Transform (FWT). This is a straightforward modification of
the FFT.

Karhunen-Loeve Transform or KLT

The Karhunen-Loeve Transform or KLT was originally introduced as a series
expansion for continuous random processes by Karhunen and Loeve. For discrete
signals Hotelling first studied what was called a method of principal components, which
is the discrete equivalent of the KL series expansion. Consequently, the KL transform is
also called the Hotelling transform or the method of principal components.



Lete; and L, i LU1,2,11,n, be this set of eigenvectors and corresponding eigenvalues of C, , arranged in
descending order so that A4, =4, for i=12.....n—1.Let 4 be a matrix whose rows are formed
from the eigenvectors of C, , ordered so that the first row of 4 1s the eigenvector corresponding

to the largest eigenvalue, and the last row the eigenvector corresponding to the smallest
eigenvalue.
Suppose that 4 1s a transformation matrix that maps the vectors x's mto vectors y's by using

the following transformation
y=Akx-m,)
The above transform is called the Karhunen-I oeve or Hotelling transform The mean of the y

vectors resulting from the above transformation 1s zero (try to prove that)
m,=0
the covariance matrix 1s (try to prove that)
C,=4C, 4

and C, 1s a diagonal matrix whose elements along the mam diagonal are the eigenvalues of C,

(try to prove that)

The off-diagonal elements of the covariance matrix are 0, so the elements of the y

vectors are uncorrelated.
Lets try to reconstruct any of the original vectors x from its corresponding y . Because the rows
of A are orthonormal vectors (why?), then 4~ = 4" . and any vector x can by recovered from
its corresponding vector y by using the relation
Properties of the Karhunen-Loeve transform
Despite its favourable theoretical properties, the KLT is not used in practice for the
following reasons.

e Its basis functions depend on the covariance matrix of the image, and hence they

have to recomputed and transmitted for every image.
e Perfect decorrelation is not possible, since images can rarely be modelled as

realisations of ergodic fields.
e There are no fast computational algorithms for its implementation.

Harr Transform

The harr function hy(x) are defined on a continuous interval, x € [0,1], and
for k= 0 to N-1, where N=2", The integer k can be uniquely decomposed as

K= 2P+q-1



Where 0<p<n-1
g=0,1 for p=0 and 1=q<2”.
For example, N=4 we have

[ kjo 1 2 3

plo o1 1

glo 11 2

The harr function can be defined as

Che @ Bhee)=—=> xe[o,1].

VN
1
7 g—1 qg—3
_ 2°2 3 =x <———2p
A (x)2h,,x " g -3 q
k() pq() \/— 2P > <»x<2p
0, otherwise for x € [0 1]
For N=8.The harr transform is given by
_ Sequency
11 1 1 1 1 1 1] o
1 1 1 1-1-1 -1 -1 1
VZIVZ-VZ-VZ 0 0 o0 0| 2
e =L 0 0 0 0VZIVZ-VZI-V2| 2
r=33 2-2 0 0 0 0 0 o0} 2
0O 0 2 =2 0 0 0 0 2
0 o 0 0 2 -2 ] 0 2
L0 0 0 0 0 0 2 =2 2

Properties of Harr transform

The Harr transform is real and orthogonal.

The Harr transform is a fast transform

The basis vectors of the Harr transform are sequency ordered

The Harr transform is close to the KL transform of first order Markov sequences.
The Harr transform has poor energy compaction property for images

Slant transform

The NxN slant transform matrices are defined by the recursion



1 0| 1 ol 1
| o | | 0
& b | ~a. b, |
; 0 |l Ty -2 F 0 Iy -2
S, =4 | |
A I R IR
01 I . E 0 =1 .
_bn 'ﬂn-I | bn aﬂr I
- | I E——
| 0 | f:mpz I 0 I L -2

-

F—

A

&
|

1
.=

-

|

=

L

The 4x4 slant transformation matrix is obtained as

Properties of slant transform

images

SIL L Sl o

11
=1 =3
V5 VS
-1 1
3 =1
V5 V5

The slant transform is real and orthogonal.
The slant transform is a fast transform
The basis vectors of the slant transform are not sequency ordered for n=3.

The slant transform is close to the KL transform of first order Markov sequences.
The slant transform is very good to excellent energy compaction property for

Sequency

0
1

2



Questions for Practice:-

TWO MARKS:
1. What is meant by image transform?
2. What is the Need for transform?
3. Write note on unitary transform
4. List out the properties of Unitary transform
5. List out the applications of DCT
6. Mention the properties of Slant Transform
7. Write the transform pair of DST
8. What is hadamard transform? Mention it’s applications
9. Write down 2D DFT
10.Write notes on SVD.
12 MARKS:
1. Explain the various properties of 2D DFT.

2. Explain about DST and DCT.
3.
4. Explain (a) Walsh (b) Harr transform

Briefly explain Hadamard and Slant Transform



