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1.1 Introduction to Momentum Transport
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Momentum transport deals with the transport of momentum which is responsible for flow in
fluids. Momentum transport describes the science of fluid flow also called fluid dynamics. A few
basic assumptions are involved in fluid flow and these are discussed below.

No slip boundary condition

This is the first basic assumption used in momentum transport. It deals with the fluid flowing
over a solid surface, and states that whenever a fluid comes in contact with any solid boundary,
the adjacent layer of the fluid in contact with the solid surface has the same velocity as the solid
surface. Hence, we assumed that there is no slip between the solid surface and the fluid or the
relative velocity is zero at the fluid—solid interface. For example, consider a fluid flowing inside
a stationary tube of radius R as shown in Fig 7.1. Since the wall of the tube at r=R is stationary,
according to the no-slip condition implies that the fluid velocity at r=R is also zero.

Fig 7.1 Fluid flow in a circular tube of radius R

In the second example as shown in Fig. 7.2, there are two plates which are separated by a
distance h, and some fluid is present between these plates. If the lower plate is forced to move
with a velocity V in x direction and the upper plate is held stationary, no-slip boundary
conditions may be written as follows

M
_—
T Fluid flow H
y
® i —_—

Fig 7.2 Two parallel plates at stationary condition
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y=0,v =v

yv=H,v =0

Thus, every layer of fluid is moving at a different velocity. This leads to shear forces which are
described in the next section.

1.2 Newton’s Law of Viscosity

Newton’s law of viscosity may be used for solving problem for Newtonian fluids. For many
fluids in chemical engineering the assumption of Newtonian fluid is reasonably acceptable. To
understand Newtonian fluid, let us consider a hypothetical experiment, in which there are two
infinitely large plates situated parallel to each other, separated by a distance h. A fluid is present
between these two plates and the contact area between the fluid and the plates is A.

A constant force F1 is now applied on the lower plate while the upper plate is held stationary.
After steady state has reached, the velocity achieved by the lower plate is measured as V;. The
force is then changed, and the new velocity of the plate associated with this force is measured.

The experiment is then repeated to take sufficiently large readings as shown in the following
table.

Table No 7.1 Applied force vs. velocity
F vV | F/A v/h
F; vy |Fi/4 | vi/h
Fs | vy | Fy/d | vy/h
F; \vy | Fy/4 | vi/h
Fs \vse |FJA4 | vi/h
Fs |vs | Fs/4 | vs/h

F}‘T v?? Fﬁu’; v;?/h
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If the F/A is plotted against V/h, we may observe that they lie on a straight line passing through
the origin.

|
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h

Fig 7.4 Shear stress vs. shear stain

Thus, it may be said that F/A is proportional to v/h for a Newtonian fluid.

I g
_,:’:_

A h

It may be noted that it is the velocity gradient which leads to the development of shear forces.
The above equation may be re-written as

:>F1GCV1_U_5"”I

4 h-0 Ay

In the limiting case, as h — 0, we have
F v,
or 2
C:b}
av

-
4 4 dy

where, i is a constant of proportionality, and is called as the viscosity of the fluid. The quantity

4
F

yX. .
F/A represents the shear forces/stress. It may be represented as -, where the subscript x
indicates the direction of force and subscript y indicates the direction of outward normal of the
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dv

X

surface on which this force is acting. The quantity g or the velocity gradient is also called
the shear rate. p is a property of the fluid and is measured the resistance offered by the fluid to
flow. Viscosity may be constant for many Newtonian fluids and may change only with
temperature.

Thus, the Newton’s law of viscosity, in its most basic form is given as

-y v,
¥x = d}

Here, both ‘+’ or ‘—’ sign are valid. The positive sign is used in many fluid mechanics books
whereas the negative sign may be found in transport phenomena books. If the positive sign is

T T
used then 2 may be called the shear force while if the negative sign is used yx. may be
referred to as the momentum flux which flows from a higher value to a lower value.

'x

T, =+tU — Shear force

— Momentum flux

r;,:c S

The reason for having a negative sign for momentum flux in the transport phenomena is to have
similarities with Fourier's law of heat conduction in heat transport and Ficks law of diffusion in
mass transport. For example, in heat transport, heat flows from higher temperature to lower
temperature indicating that heat flux is positive when the temperature gradient is negative. Thus,

a minus sign is required in the Fourier's law of heat conduction. The interpretation of <" as
the momentum flux is that x directed momentum flows from higher value to lower value in y

direction.

The dimensions of viscosity are as follows:
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_ Force/Area MLT™'L™
“ dvx LT_IL_I
dy

The SI unit of viscosity is kg/m.s or Pa.s. In CGS unit is g/cm.s and is commonly known as poise
(P). where 1 P = 0.1 kg/m.s. The unit poise is also used with the prefix centi-, which refers to
one-hundredth of a poise, i.e. I cP = 0.01 P. The viscosity of air at 25°C is 0.018 cP, water at
25°C is 1 cP and for many polymer melts it may range from 1000 to 100,000 cP, thus showing a
long range of viscosity.

— ML'T™

1.3 Laminar and turbulent flow

Fluid flow can broadly be categorized into two kinds: laminar and turbulent. In laminar flow, the
fluid layers do not inter-mix, and flow separately. This is the flow encountered when a tap is just
opened and water is allowed to flow very slowly. As the flow increases, it becomes much more
irregular and the different fluid layers start mixing with each other leading to turbulent flow.
Osborne Reynolds tried to distinguish between the two kinds of flow using an ingenious
experiment and known as the Reynolds’s experiment. The basic idea behind this experiment is
described below.

1.4 Reynolds’s experiment
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Water tank

Dye injector

Thread like shar

(Laminar flow)

Fig 7.5 Reynolds’s experiments

The experiment setup used for performing the Reynolds's experiment is shown in Fig. 7.5. The
average velocity of fluid flow through the pipe diameter can be varied. Also, there is an
arrangement to inject a colored dye at the center of the pipe. The profile of the dye is observed
along the length of the pipe for different velocities for different fluids. If this experiment is
performed, it may be seen that for certain cases the dye shows a regular thread type profile,
which is seen at low fluid velocity and flow is called laminar flow. when the fluid velocity is
increased the dye starts to mixed with the fluid and for larger velocities simply disappears. At
this point fluid flow becomes turbulent.

For the variables average velocity of fluid v, 4, pipe diameter D, fluid density p, and the fluid
viscosity p, Reynolds found a dimensionless group which could be used to characterize the type
of fluid flow in the tube. This dimensionless quantity is known as the Reynolds number. From
the experiment, It was observed that if Re >2100, the dye simply disappeared and the flow has
changed to laminar to turbulent flow.

)0 vz._ m‘gD
)u,’.

Re =
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Thus, for Re <2100, we have laminar flow, i.e., no mixing in the radial direction leading to a
thread like flow and for Re >2100, we have the turbulent flow, i.e., mixing in the radial direction
between layers of fluid.

In laminar flow, the fluid flows as a stream line flow with no mixing between layers. In turbulent
flow, the fluid is unstable and mixes rapidly due to fluctuations and disturbances in the flow. The
disturbance might be present due to pumps, friction of the solid surface or any type of noise
present in the system. This makes solving fluid flow problem much more difficult. To understand
the difference in the velocity profile in two kinds of fluid flows, we consider a fluid flowing to a
horizontal tube in z direction under steady state condition. Then, we can intuitively see the
velocity profile may be shown below

For laminar flow, it is observed that fluid flows as smooth stream line and all other components
of velocity are zero. Thus

v, = vz(r)

3 =4

For turbulent flow, if we observe the fluid flows at a local point. It is observed that fluid flows in
very random manner in all directions where these local velocities may be the function of any
dimensions.

S

¥ =yvir;z.0.1)

;
¥, =W Er. 21}

Thus, we see that for laminar flow there is only one component of velocity present and it
depends only on one coordinate whereas the solution of turbulent flow may be vary complex.
For turbulent flow, one can ask the question that if the fluid is flowing in the z direction then why
are the velocity components in r and 6 direction non-zero? The mathematical answer for this
question can be deciphered from the equation of motion. The equation of motion is a non-linear
partial differential equation. This non-linear nature of the equation causes instability in the
system which produces flow in other directions. The instability in the system may occur due to
any disturbances or noise present in the environment. On the other hand, if the velocity of fluid is
very low the deviation due to disturbances may decay with time, and becomes negligible after
that. Thus the flow remains in laminar region. Consider a practical example in which some cars
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are moving on the highway in the same direction but in the different lanes at different speeds. If
suddenly, some obstacle comes on the road, then if the car's speed is sufficiently low, it can move
on to other lane smoothly and come back to its original lane after the obstacle is crossed. This is
the regular laminar case. On the other hand, if the car is moving at a high speed and suddenly
encounters an obstacle, then the driver may lose control, and this car may move haphazardly and
hit other cars and after that traffic may never return to normal traffic conditions. This is the
turbulent case.

1.4.1 Internal and external flows

Depending on how the fluid and the solid boundaries contact each other, the flow may be
classified as internal flow or external flow. In internal flows, the fluid moves between solid
boundaries. As is the case when fluid flows in a pipe or a duct. In external flows, however, the
fluid is flowing over an external solid surface, the example may be sited is the flow of fluid over
a sphere as shown in Fig. 8.1.

Fig 8.1 External flow around a sphere
Boundary layers and fully developed regions

Let us now consider the example of fluid flowing over a horizontal flat plate as shown in Fig.

8.2. The velocity of the fluid is * before it encounters the plate. As the fluid touches the
plate, the velocity of the fluid layer just adjacent to the plate surface becomes zero due to the no
slip boundary condition. This layer of fluid tries to drag the next fluid layer above it and reduces
its velocity. As the fluid proceeds along the length of the plate (in x-direction), each layer starts
to drag adjacent fluid layer but the effect of drag reduces as we go further away from the plate in
y-direction. Finally, at some distance from the plate this drag effect disappears or becomes
insignificant. This region where the velocity is changing or where the velocity gradients exists, is
called the boundary layer region. The region beyond boundary layer where the velocity gradients
are insignificant is called the potential flow region.

10
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X (keeps on growing with x)
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Fig 8.2 External flow over a flat plate

As depicted in Fig. 8.2, the boundary layer keeps growing along the x-direction, and may be
referred to as the developing flow region. In internal flows (e.g. fluid flow through a pipe), the
boundary layers finally merge after flow over a distance as shown in Fig. 8.3 below.

;‘.::.“‘““5 fiow Fully developed flow
region /
/
""1{[]'
Bl
Vr, 2)

Fig 8.3 Developing flow and fully developed flow region
The region after the point at which the layers merge is called the fully developed flow region and
before this it is called the developing flow region. In fact, fully developed flow is another
important assumption which is taken for finding solution for varity of fluid flow problem. In the
fully developed flow region (as shown in Figure 8.3), the velocity vz is a function of r direction
only. However, the developing flow region, velocity vz is also changing in the z direction.
Main axioms of transport phenomena
The basic equations of transport phenomena are derived based on following five axioms.

e Mass is conserved, which leads to the equation of continuity.

¢ Momentum is conserved, which leads to the equation of motion.

¢ Moment of momentum is conserved leads to an important result that the 2nd order stress

T
tensor ~  is symmetric.

11
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¢ Energy is conserved, which leads to equation of thermal energy.

e Mass of component i in a multi-component system is conserved, which leads to the
convective diffusion equation.

The solution of equations, resulting from axiom 2, 4 and 5 leads to the solution of velocity,
temperature and concentration profiles. Ones these profiles are known, all other important
information needed can be determined. We first take the axiom -1. Other axioms will be taken up
one by one letter on.

There are three types of control volumes (CV) which may be chosen for deriving the equations
based these axioms.

¢ Rectangular shaped control volume fixed in space

In this case, the control volume is rectangular volume element and is fixed in space. This method
is the easiest to understand but requires more number of steps.

¢ Irregular shaped control volume element fixed in space

In this case, the control volume can be of any shape, but it is again fixed in space. This method is
somewhat more difficult than the previous method as it requires little better understanding vector
analysis and surface and volume integrals.

® Material volume approach

In this case, the control volume can be of any shape but moves with the velocity of the flowing
fluid. This method is most difficult in terms of mathematics, but requires least number of steps
for deriving the equations.

All three approaches when applied to above axiom, lead to the same equations. In this web
course, we follow the first approach. Other approaches may be found elsewhere.
Axioms-1

Mass is conserved

Consider a fluid of density p flowing with velocity L as shown in Fig. 8.4. Here, p and L
are functions of space (x,y,z) and time (t). For conversion of mass, the rate of mass entering and
leaving from the control volume (net rate of inflow) has to be evaluated and this should be equal
to the rate of accumulation of mass in the control volume (CV). Thus, conservation of mass may
be written in words as given below

rate of accumulation of rate of inflow of mass rate

mass in control volume into control volume out

12
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Fig 8.4 Fixed rectangular volume element through which fluid is flowing

The equation is then divided by the volume of the CV and converted into a partial differential
equation by taking the limit as all dimensions go to zero. This limit effectively means that CV
collapses to a point, thereby making the equation valid at every point in the system.

Let m and m+Am be the mass of the control volume at time t and t+At respectively. Then, the
rate of accumulation,

cm O
T = —(pAxAyAz
= a:(’o VAZ)

In order to evaluate the rate of inflow of mass into the control volume, we need to inspect how
mass enters the control volume. Since the fluid velocity has three components vx, vy and vz, we
need to identify the components which cause the inflow or the outflow at each of the six faces of
the rectangular CV. For example, it is the component vx which forces the fluid to flow in the x
direction, and thus it makes the fluid enter or exit through the faces having area AyAz at x = x
and x = x+Ax respectively. The component vy forces the fluid in y direction, and thus it makes
the fluid enter or exit through the faces having area AxAz at y =y and y = y+Ay respectively.
Similarly, the component vz forces the fluid to flow in z direction, and thus it makes fluid enter
or exit through the faces having area AxAy at z = z and z = z+A z respectively.

The rate mass entering in x direction through the surface AyAz is (pvxAyAz|x), the rate of mass
entering in y direction through the surface AxAz is (pvyAxAz|y) and the rate of mass entering
from z direction through the surface AxAy is (pvzAxAy|z). In a similar manner, expressions for
the rate of mass leaving from the control volume may be written.

Thus, the conservation of mass leads to the following expressions

13
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-

s (PAxAyAz) = [pvx&yaz | . - PV, AvAz | o pv,.ﬂxrﬂz‘ - pv,ﬂx&z‘ i R
Py ¥ ‘ ¥ y+y

Dividing the Equation (8.1) by the volume AxAyAz, we obtain

op { (v A% ) i } 1 (pl"a') |J' —(p‘lﬁ}_) |,1-+_*g- . { (pv,)
or Ax Ay

AP
Az

Note that each term in Equation (8.2) has the unit of mass per unit volume per unit time. Now,
taking the limits Ax -0, Ay —» 0 and Az - 0, we get

A TECATIG N ATETATIN I

EI Ax— ﬁ:{: _"El'—bu' ﬂl} Az—0

'

and using the definition of derivative, we finally obtain

op | d(pv,) 2 o(pv,) 5 (pv,)
ot ox Oy oz

Equation (8.4) is applicable to each point of the fluid. Rearranging the terms, we get the equation
of continuity, may be written as given below.

8p O & &
—+—(pv.)+—(pv,)+—(pv.)=0
=t L) > (pv,) +—(pv,)

We need not to derive the equation of continuity again and again in other coordinate system (that
is, spherical or cylindrical). The idea is to rewrite Equation (8.5) in vector and tensor form. Once
it is written in this form, the same equation may be applied to other coordinate system as well.
Thus, the Equation (8.5) may be rewritten in vector and tensor form as shown below.

t +V.(pr)=0

-

Vector and tensor analysis of cylindrical and spherical coordinate systems is not done here, and
can be looked up elsewhere. Thus, the final expressions in cylindrical and spherical coordinates

14
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are given as below.

cylindrical coordinates (r, 8, z)

¢ 1 ¢ c
L+ 1Z (prv)+ = (pre)+ = (pv,) =0
ot rd elv) oz

Spherical coordinates (r, 0, ¢)

cp 10 1 c . 1 o
T Apre Y ——  (pysin@yt— - -{pr)=10
) 2 -r(p ) Fsin @ @9(p ¢ ) rsin @ @g}(p )

Equation of continuity in terms of substantial derivative

The second term in Equation (8.6) may be broken into two parts as shown below. Partial
derivative present in the Equation (8.6) can be converted into substantial derivative using vector
and tensor identities.

§£+uvp+p

vy Vy=0

ot
In the above equation, the first two terms may be combined using the definition of substantial
derivative to obtain the following equation.

I)p

= ‘,UT v=>0

Dt
In some cases, the fluid may be incompressible, i.e. density p is a constant with time as well as
space coordinates. For example, water may be assumed as an incompressible fluid under
isothermal conditions. In fact, all liquids may be assumed as incompressible fluids under
isothermal conditions. For this special case, the equation of continuity may be further simplified
as shown below

Va=0 (pis constant)

The above equation for an incompressible fluid does not mean that the system is under steady
state conditions. The velocity of the fluid may still be a function of time. It only implies that if
the velocity of the fluid changes in a particular direction (x, y or z) then it should also change in
the other directions such that mass is conserved without changing its density. The equation of
continuity provides additional information about the velocity profile and helps in solution of

15
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1.5 EQUATION OF MOTION.
Internal and external flows

Depending on how the fluid and the solid boundaries contact each other, the flow may be
classified as internal flow or external flow. In internal flows, the fluid moves between solid
boundaries. As is the case when fluid flows in a pipe or a duct. In external flows, however, the
fluid is flowing over an external solid surface, the example may be sited is the flow of fluid over
a sphere as shown in Fig. 8.1.

Fig External flow around a sphere
Boundary layers and fully developed regions

Let us now consider the example of fluid flowing over a horizontal flat plate as shown in Fig.

8.2. The velocity of the fluid is * before it encounters the plate. As the fluid touches the
plate, the velocity of the fluid layer just adjacent to the plate surface becomes zero due to the no
slip boundary condition. This layer of fluid tries to drag the next fluid layer above it and reduces
its velocity. As the fluid proceeds along the length of the plate (in x-direction), each layer starts
to drag adjacent fluid layer but the effect of drag reduces as we go further away from the plate in
y-direction. Finally, at some distance from the plate this drag effect disappears or becomes
insignificant. This region where the velocity is changing or where the velocity gradients exists, is
called the boundary layer region. The region beyond boundary layer where the velocity gradients
are insignificant is called the potential flow region.

Ve / Ve
y V_ — Boundary layer
X (keeps on growing with x)
' I L ]

Fig External flow over a flat plate

16
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As depicted in Fig. 8.2, the boundary layer keeps growing along the x-direction, and may be
referred to as the developing flow region. In internal flows (e.g. fluid flow through a pipe), the
boundary layers finally merge after flow over a distance as shown in Fig. 8.3 below.

ﬁ:::"’i“g Hlow Fully developed flow
V.lr)

z
Vilr, 2)

Fig Developing flow and fully developed flow region

The region after the point at which the layers merge is called the fully developed flow region and
before this it is called the developing flow region. In fact, fully developed flow is another
important assumption which is taken for finding solution for varity of fluid flow problem. In the
fully developed flow region (as shown in Figure 8.3), the velocity vz is a function of r direction
only. However, the developing flow region, velocity vz is also changing in the z direction.

Main axioms of transport phenomena

The basic equations of transport phenomena are derived based on following five axioms.
® Mass is conserved, which leads to the equation of continuity.
e Momentum is conserved, which leads to the equation of motion.

¢ Moment of momentum is conserved leads to an important result that the 2nd order stress

T
tensor ~  is symmetric.

e Energy is conserved, which leads to equation of thermal energy.

® Mass of component i in a multi-component system is conserved, which leads to the
convective diffusion equation.

The solution of equations, resulting from axiom 2, 4 and 5 leads to the solution of velocity,
temperature and concentration profiles. Ones these profiles are known, all other important
information needed can be determined. We first take the axiom -1. Other axioms will be taken up
one by one letter on.

There are three types of control volumes (CV) which may be chosen for deriving the equations
based these axioms.

17
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¢ Rectangular shaped control volume fixed in space

In this case, the control volume is rectangular volume element and is fixed in space. This method
is the easiest to understand but requires more number of steps.

e TIrregular shaped control volume element fixed in space

In this case, the control volume can be of any shape, but it is again fixed in space. This method is
somewhat more difficult than the previous method as it requires little better understanding vector
analysis and surface and volume integrals.

® Material volume approach

In this case, the control volume can be of any shape but moves with the velocity of the flowing
fluid. This method is most difficult in terms of mathematics, but requires least number of steps
for deriving the equations.

All three approaches when applied to above axiom, lead to the same equations. In this web
course, we follow the first approach. Other approaches may be found elsewhere.
Axioms-1

Mass is conserved

Consider a fluid of density p flowing with velocity L as shown in Fig. 8.4. Here, p and L
are functions of space (x,y,z) and time (t). For conversion of mass, the rate of mass entering and
leaving from the control volume (net rate of inflow) has to be evaluated and this should be equal
to the rate of accumulation of mass in the control volume (CV). Thus, conservation of mass may
be written in words as given below

rate of accumulation of rate of inflow of mass rate

mass in control volume into control volume out

18
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Fig 8.4 Fixed rectangular volume element through which fluid is flowing

The equation is then divided by the volume of the CV and converted into a partial differential
equation by taking the limit as all dimensions go to zero. This limit effectively means that CV
collapses to a point, thereby making the equation valid at every point in the system.

Let m and m+Am be the mass of the control volume at time t and t+At respectively. Then, the
rate of accumulation,

dm 0O
= — (pAxAyAz
Py a:(’o VAzZ)

In order to evaluate the rate of inflow of mass into the control volume, we need to inspect how
mass enters the control volume. Since the fluid velocity has three components vx, vy and vz, we
need to identify the components which cause the inflow or the outflow at each of the six faces of
the rectangular CV. For example, it is the component vx which forces the fluid to flow in the x
direction, and thus it makes the fluid enter or exit through the faces having area AyAz at x = x
and x = x+Ax respectively. The component vy forces the fluid in y direction, and thus it makes
the fluid enter or exit through the faces having area AxAz at y =y and y = y+Ay respectively.
Similarly, the component vz forces the fluid to flow in z direction, and thus it makes fluid enter
or exit through the faces having area AxAy at z = z and z = z+A z respectively.

The rate mass entering in x direction through the surface AyAz is (pvxAyAz|x), the rate of mass
entering in y direction through the surface AxAz is (pvyAxAz|y) and the rate of mass entering
from z direction through the surface AxAy is (pvzAxAy|z). In a similar manner, expressions for
the rate of mass leaving from the control volume may be written.

Thus, the conservation of mass leads to the following expressions

19
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-

s (PAxAyAz) = [pvx&yaz | . - PV, AvAz | o pv,.ﬂxrﬂz‘ - pv,ﬂx&z‘ i R
Py ¥ ‘ ¥ y+y

Dividing the Equation (8.1) by the volume AxAyAz, we obtain

op { (v A% ) i } 1 (pl"a') |J' —(p‘lﬁ}_) |,1-+_*g- . { (pv,)
or Ax Ay

AP
Az

Note that each term in Equation (8.2) has the unit of mass per unit volume per unit time. Now,
taking the limits Ax -0, Ay —» 0 and Az - 0, we get

A TECATIG N ATETATIN I

EI Ax— ﬁ:{: _"El'—bu' ﬂl} Az—0

'

and using the definition of derivative, we finally obtain

op | d(pv,) 2 o(pv,) 5 (pv,)
ot ox Oy oz

Equation (8.4) is applicable to each point of the fluid. Rearranging the terms, we get the equation
of continuity, may be written as given below.

8p O & &
—+—(pv.)+—(pv,)+—(pv.)=0
=t L) > (pv,) +—(pv,)

We need not to derive the equation of continuity again and again in other coordinate system (that
is, spherical or cylindrical). The idea is to rewrite Equation (8.5) in vector and tensor form. Once
it is written in this form, the same equation may be applied to other coordinate system as well.
Thus, the Equation (8.5) may be rewritten in vector and tensor form as shown below.

t +V.(pr)=0

-

Vector and tensor analysis of cylindrical and spherical coordinate systems is not done here, and
can be looked up elsewhere. Thus, the final expressions in cylindrical and spherical coordinates

20
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are given as below.

cylindrical coordinates (r, 8, z)

¢ 1 ¢ c
L+ 1Z (prv)+ = (pre)+ = (pv,) =0
ot rd elv) oz

Spherical coordinates (r, 0, ¢)

cp 10 1 c . 1 o
T Apre Y ——  (pysin@yt— - -{pr)=10
) 2 -r(p ) Fsin @ @9(p ¢ ) rsin @ @g}(p )

1.6 Equation of continuity in terms of substantial derivative

The second term in Equation (8.6) may be broken into two parts as shown below. Partial
derivative present in the Equation (8.6) can be converted into substantial derivative using vector
and tensor identities.

ap
—+vNo+ oV v=0
Y VNVOT OV

In the above equation, the first two terms may be combined using the definition of substantial
derivative to obtain the following equation.

Dp

+ p"\,_"l =il
Dt

In some cases, the fluid may be incompressible, i.e. density p is a constant with time as well as
space coordinates. For example, water may be assumed as an incompressible fluid under
isothermal conditions. In fact, all liquids may be assumed as incompressible fluids under
isothermal conditions. For this special case, the equation of continuity may be further simplified
as shown below

Vi =0 (pis constant)

The above equation for an incompressible fluid does not mean that the system is under steady
state conditions. The velocity of the fluid may still be a function of time. It only implies that if
the velocity of the fluid changes in a particular direction (X, y or z) then it should also change in
the other directions such that mass is conserved without changing its density. The equation of

21
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continuity provides additional information about the velocity profile and helps in solution of
equation of motion.

Solution of momentum transport problem by shell momentum balances

Here, we solve few simple problems of fluid mechanics with simple geometries by using the
shell momentum balance approach. This will lead to greater understanding of various terms
involved in the application of conservation of momentum in fluid given in Equation (9.1)

Flow through circular tube

Flow of fluids through a circular tube is a common problem, encountered frequently in different
fields of engineering. Consider an incompressible, Newtonian fluid, flowing through a horizontal
circular tube as shown in Fig. (10.1). Assume that the fluid flow is laminar and under steady state
conditions. Determine the velocity profile and average velocity of the fluid using shell
momentum balance approach.

solution procedure

Assumptions

¢ Fluid density and viscosity are constants.
e System is in steady state.

¢ Laminar flow (simple shear flow).

e Newton's law of viscosity is applicable.

¢ Fully developed flow.

V(1)

AL

A
w

L
Fig Laminar flow in a horizontal pipe
Intuitively guess the velocity profile
Since the flow is steady and laminar, we may intuitively say that the velocities in r direction and
B direction are zero. Due to steady state conditions, the fluid velocity in z direction, vz, is not

dependent on time t. Furthermore, due to the axisymmetric geometry fluid flow the velocity vz is
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independent of 6. Thus,

Vs 0 = 008 iR 2, 8LE)

¥
V.=V (FZ

By applying the equation of continuity in cylindrical coordinates

&;:D

éz
Hence,
v.=v(F)

Since the fluid is flowing in z direction, we may conclude the following.

¢ Since vr=0, r directional momentum balance is not important.
e Since v6=0, 0 directional momentum balance is again not important.

¢ Since vz#0, z directional momentum balance is most important.

1.7 Equation for circular pipe:
The control volume should be decided very carefully. The geometry and size of the control
volume should be taken according to the geometry of the system and based on the conditions
given in the problem. In this case, the geometry of the pipe is cylindrical, hence we use the
cylindrical control volume. The fluid is flowing in the z direction but velocity is changing only in
r direction. Therefore, the control volume is taken in such a way that the variable thickness of the
control volume is in the r direction. As the flow is not dependent on z and 8 coordinates, we may
choose any dimension in z or 0 directions. This means that z may be any length. It may be L/4,
7 T T T
L/2 or L. In a similar manner, any value of 6 may be taken. tmaybe2 or or /2or /4.
However, in the r direction, we need to take the differential thickness dr. These arguments leads
us to a control volume as shown in Fig. (10.2). The length of the cylindrical shell is L which is
equal to length of pipe and thickness is dr.
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Tz
r+dr

-
E

n Trz

zZ

Fig 10.2 Control volume for flow through pipe
Momentum balance
As discussed earlier, the shear stress/forces may be written in two ways:
e Taking shear stress as actual shear forces.
e Taking shear stress as momentum flux.
Here, we show that both methods lead to the same final results for velocity profile.
Momentum balance using shear stress as shear force

Momentum flux entering the control volume by convection

_( pv: 2xrdr)

z=0
Momentum flux leaving the control volume by convection

( pt-'_f 27rdr)

Since the pipe is horizontal, the force due to gravity is zero. No other body forces are acting on
the control volume.

Surface forces
e Pressure force: Fluid is flowing in z direction only. So pressure forces which are working
on the surface normal to z direction are

Pressure force at z=0 is
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R2rrar| (10.5)
Pressure force at z=L is
- B27rdr|_, (10.6)

e Shear forces: The shear stress tensor in cylindrical coordinate is given below.

Trr rrﬁ Trz
Tg 4 T&g Tﬁ_
Tzr TzE Tzz

Among all 9 components the first column of stresses are important for r directional flow, the
second column of stresses are important for 0 directional flow, and the third column are
important for z directional flow. Since the fluid is flowing in the z direction, only the third
column needs to be considered. Since the Velocity gradient is present only in the r-direction, only

" needs to be considered, the remaining two terms are not significant. Now, we need to decide
the direction in which the shear forces are acting. Recall

I,=0,1

il

g
Where the unit vector '~ is the outer normal of a surface and if it is in positive direction then

Iﬂ is also positive while if it is in negative direction then Iﬂ is shown as negative direction.
Therefore, '~ (as a force) is positive at r+dr and negative at r as shown in Fig. 10.2.(Note: the

first index, z, in '~ from right to left indicates the direction of force and second index, r,
indicates the surface on which it acts).

Accumulation term: Due to steady state system, the rate of accumulation of momentum equals to
zero .
General momentum balance is given below

(" rate af momentum | [ rate af mo mentum |

- leening CV ;+[JZapph'ed forces |

[ rate af accummudation | _
. : |=| entering CV
\of momentumin CV. | | _ _
® | by comvection 4% by comvection o

or in this case
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0 = (m 27rdr)|,_, — (. 27vdr)|,_, + 0 + P, 27rdr
T PLZHFdF =+ (THZWL) |r+c."'r = (rrzzm‘z") |r

Since the velocity is constant along the axial direction as shown in Equation (10.2), the first two
terms in Equation (10.8) are cancel out and we are left with following Equation.

B = QEE[(rmr)Lerr — (rrzr)L] + B2xrdr — B 27rdr

Vo i
Dividing by = /*/ dr , we have

:Pﬂ, = i (z.r)|. =t}
L rdr

0

As dr - 0, the Equation (10.10) may be rewritten as given below.

T_
(Note that, '“is a function of r only which means we get the total derivative instead of the
partial derivative.)

dir,r) —-r(B—-B)
d L

Further integrating the Equation (10.11) once with respect to the variable r, we obtain

_ ?”'_ (PI}_PL)
= 2 L

+Cl
or

r e (P, — PL)_|_Q
2 L v

Here, c1 is a constant of integration. Equation (10.12) shows that if r=0, the value of " will be
infinite, which is physically not possible. Therefore, c1 must be zero. Hence,
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. _ r&B-R)
= 5 %

Now, by applying Newton’s law of viscosity, and taking ' as force, we obtain

Momentum balance using shear stress as momentum flux

Now, we will employ the second method where shear force are considered as momentum flux.
To indicate the direction of momentum flux, we draw the arrow in r direction and find where this
arrow enters the control volume and also leaves the control volume as shown in Fig (10.3). Thus,

e
the momentum flux enters the control volume through the surface 2  rL at r=r and leaves
I
through the surface 2  rL at r=r+dr.
Momentum flux
Heaving
rI. T™Momentum flux
) Comingin
z
Fig 10.3 Momentum flux applied on control volume
Thus,
Momentum flux atr =r is
(7, 27rL)), (10.15)
Momentum flux at r = r +Ar is
(7.27rL)| . (10.16)

(Note: when we consider ' as the momentum flux, first index, z, indicates the direction of
momentum flux, while the second index, r, indicates the direction of flow of momentum flux
from higher to lower value. Subsequently, it will become clear that if we follow the coordinate
system’s directions and assume momentum is flowing in this direction, the sign convention for
momentum flux is automatically taken place.)
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In this case, momentum balance in Equation (9.2) may be modified as shown below

_ rate of momentum rate of momentum
rate of accummulation _ ] _ ] ,
. ... |=| entering CV —| leaving CV H ¥
of momentum in CV ; y
| by convection by convection
rate of viscous rate of viscous
+| momentum —| momentum
entering CV Jeaving CV

Here, the shear stress are taken into account as momentum flux. The pressure and gravity are the
only applied forces.

Substituting various terms in above equation, we obtain

0 =0+ (F-P)2mdr+ (g,2nl)| - (7, 277L)|
Dividing by 2,?2'?"@"?" we obtain

(B-F)
0 = (rh_r)L— e 1) .+ 5 -

Again as dr — 0 Equation (10.17) leads to

o_ d@n ®-B)
rar i

or

dr,n) _(B-P)
dr ¥

By integrating the Equation (10.18), we have
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(Pﬂ_ PI_)

et Shigpatn
21 r

As we discussed earlier, c1 should be zero. Therefore,

T:z :(Pu_ PL)F
2L,

Now applying Newton’s law of viscosity where shear stress is taken as momentum flux, we
obtain

#dvz :_(PD_ PL);‘"
dr 2L

Equation (10.14) and (10.20) are identical and hence show that both methods finally lead to the
same result.
To obtain velocity profile we further integrating the Equation (10.21)

(PD_PL)FE

: 2yl 2

Here c2 is the second constant of integration which may be determined by using appropriate
boundary condition.

Boundary condition

By no-slip boundary condition
vz=0 at r=R
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Substituting the value of c2 in Equation (10.22), we finally get

1"2 | (Pﬂ. = P]_) (RE _FE)
4ul

’

Note: c1 can also be calculated by using the boundary condition in terms of velocity vz: i.e., vz is
finite at r=0
dv, -
d;"' =0
or - (since the velocity profile is symmetric about r=0).
Thus, the velocity profile for flow through pipe is given by the following expression

Vo= ——
Aul R’
The maximum velocity of the fluid will be exhibited at the centre of the pipe and is given by
— P
v = | M R?

Ima z lr=0—
4ul
Alternatively, the velocity profile may also be expressed in terms of the maximum velocity as

4

r
V.= 1-—

z,max T
' R

The average velocity of the fluid in the pipe is the average of all local velocities. Thus, this may
be calculated by estimating the volumetric flow rate through the pipe and then dividing it by the
cross sectional area of the pipe. The total volumetric flow in the system is

0=|dQ

where, dQ is the volumetric flow rate from small cylindrical strip of thickness dr.

= [ v, 2mrdr

By substituting the value of v z from equation (10.27), we have
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:Jw'zm 1— Fq 2xrdr
R-

-
I
)

By integrating the equation (10.30) from r=0 to r=R, we obtain

R #
= I 28V, . | T ——5 |dr
3 R

or
& R
- I‘J
— 2:3-1!23&21’ TREE s
2 4R
/]
Thus,
S " Rz
Q=7av,,__

3

and average velocity is

or
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Fig 10.5 Velocity profile in horizontal pipe

We can also find the radial distance at which the local velocity of fluid flow equals the average

velocity. For this, substitute into Equation (10.26), we obtain

Of g o (10.34

Finally , the volumetric flow rate in terms of pressure drop is as follows

0=y o ﬂ-(p[r ) (10.35)
o 8ul
£ = 7® - P) D! (10.36

128uL

Equation (10.36) is known as the Hagen — Poiseuille equation. Thus, if the pressure drop is
given, we can calculate the volumetric flow rate in the pipe and vice-versa. This equation can
also be used for the calculation of viscosity in capillary flow viscometer. However, it may be
noted that Hagen — Poiseuille equation is valid only for fully developed laminar flow. Therefore,
when this equation is used for various calculations there may be some errors due to developing
and exiting flow at both ends of the pipe. Hence, this equation has to be modified for real
situations.

Friction factor

The friction factor is a dimensionless number, which provides an idea about the magnitude of
shear stress produced by a solid boundary as fluid flows. This is defined as the ratio of shear

stress at the wall and the kinetic energy head of the fluid, . Here, p is the density
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IOV
and £ is the average velocity of fluid. The friction factor is thereby defined as
f=5—
Lo
PV smp

where, 0w is the shear force per unit area on the wall of the tube. This may be calculated as
shown below

fu==(~%ala)

Here, first minus sign is used as the inside surface of the tube wall has outer normal in the
negative r direction and second minus sign is used because Zis treated here as momentum

r
flux. If ~ "is treated as actual shear force then positive sign would have to be taken. For fully
developed laminar flow, the velocity profile is parabolic and is given by

p2
v, =V, |- 7

Evaluating the velocity gradient at the wall (r=R), we have

dv 2v

Z e Z max

dr s . R

Thus, the shear stress considered as momentum flux is given by

dav, y 2uv,

T = — ]
L 3 dr =R R

or

i :2mzm = 2M%_ Pl)i :—(%_ a)R
BT IR 4ul. R 2L

The friction factor may now be calculated as shown below
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{(Pﬂ_ PL/}R
. SRV BRGNS
ipvs {P{(Pﬂ = PL)RE pRvm.g
2 e SulL
or
16 u 16
f = 2 o
phv.. .. Re

Equation (11.7) shows that the friction factor in laminar flow region depends only on the
Reynolds number. Clearly, the friction factor is also a dimensionless number.

Friction factor in turbulent flow

Smooth pipe

/ Rough pipe
27

Fig 11.1 Smooth and rough surface of pipe

In turbulent flow, the friction factor also depends on the surface of the pipe. A rough pipe leads to
higher turbulence than a smoother pipe, so that the friction factor for smoother pipes is less than
that for rougher pipes. The ratio of surface roughness height (€) to pipe diameter (D) is used to
quantify the “roughness” of the pipe surface. In practice, the shear stress on the wall may be
calculated by measuring the pressure drop across the pipe for a given flow rate. Thus, friction
factor may be calculated as the function of Reynolds number and plotted on a log-log plot for a
given surface roughness. The curves are different for different surface roughness as shown in
figure. (11.2). The collection of these f-Re plots is called Moody Chart as shown in figure below,
and can be used for estimating the friction factor for given flow parameters.
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Moody Chart

o
—

s ST £/D = 0.03
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= "

| Laminar —
. E 0.011 Turbulent

k= g
= E/D=0

=y smooth pipes

0.001 . .
100 10.000 106 10%

Reynolds Number

Ref: http://www.brighthub.com/engineering/civil/articles

Solution of some more fluid flow problems by shell momentum balance approach

In this section, we solve a few more fluid mechanics problems in simple geometries using the
shell momentum balance approach. The detail procedure, which was also used in previous
example, is outlined below.

1) Make a diagram of the flow geometry with the appropriate coordinate system

2) Specify all necessary assumptions

3) Intuitively assume the velocity profile

This is an important step for solving these problems. In laminar flow, the fluid flows in parallel
layer without mixing. Thus, it is easy to guess the non-zero components of velocities by
intuition.

4) Apply of the equation of continuity to modify the velocity profile

5) Determine the non-zero shear stress component(s)

Since the shear stress components depend on the velocity profile, the non-zero shear stress
components may now be determine.

6) Determine control volume and make shell momentum balance for the control volume

Draw control volume in system diagram according to system shape, size and problem statement.
The selection of proper control volume is very important to solve problem correctly. The control
volume should be select in such way that it can be easily integrated for whole system. The
differential length of control volume should be taken in direction of changing velocity.

Write momentum balance equation for the control volume. The shear stress may be considered as
shear force or as momentum flux, both provide the same results as shown in previous example .
Write down all surface and body force acting on the fluid carefully. Finally obtain a appropriate
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differential equation and integrate.
7) Boundary conditions

Use appropriate boundary conditions which help us to determine the constant of integration in
above step.

1.8 Falling film on an inclined flat surface

An inclined surface of length L and width W is situated at an angle B to the vertical direction as
shown in Fig. (11.3). A Newtonian fluid is freely falling on the surface as a film of thickness 6.
Assuming the flow to be laminar, determine the velocity profile, flow rate and shear force on the

surface by the fluid.

Solution

Fig 11.3 Laminar flow on an inclined surface

Assumptions
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¢ Constant density, viscosity

e Steady state

¢ Laminar flow (simple shear flow)
¢ Fully developed flow

¢ Newton's law of viscosity is applicable

Assume velocity profile
The fluid is flowing in the z direction, hence only the z component of velocity is non-zero. Thus,
we may assume

X

v. and
v, =v,(x,

= 0 V= 0
%3 Z,i)

-

We may further assume that vz does not depends upon y coordinate. Since the flow is steady, vz
does not depend on time. Thus,

V.=V, (sz)

Using the equation of continuity in the cartesian coordinates for constant fluid density, we have

Equation (11.11) indicates that vz does not depend on the z coordinate. Thus,

=", tJC)
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There are nine components of the shear stress as shear force or momentum flux, namely

Tn Ty Te—> acting on x surface
Tx Ty Tz—> acting on y surface

T Ty T—> acting on z surface

T
Since vz is only the non-zero velocity, and also it is the function of x coordinate , is the only

significant component of shear stress and we need to write momentum balance only in z
direction. Because the pressure is same at both ends of the inclined plane, there is no pressure
force on the fluid. Now, we can solve this problem by assuming shear stress as a shear force or
shear stress as momentum flux.

I
Assuming as momentum flux
Draw a control volume of length L, width W and differential thickness dx.

Momentum Y=W
Out

Fig 11.3 Control volume for falling film problem
Momentum balance in x direction

Rate of momentum flux entering CV due to viscous transport at

X = LWrHL

Rate of momentum flux leaving CV due to viscous transport at

x+he=LWT_

HAx
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Gravity force acting on fluid in z direction

= (LWAx)(pg cosf3)

Rate of momentum flux entering in CV due to convective transport
=(pv,Wdx v, )|z=ﬂ

Rate of momentum flux leaving from CV due to convective transport

=( pv.Wdx v2)|2=L

Now, when above terms are substituted for z-momentum balance, we obtain

(o, |, (o, | +IMTz |~z ) + (L) (pg casfp) = 0

Since the velocity vz does not depends on z coordinate, the first two terms cancel out and we
obtain

Lz | —| )+ (LWAx)( pg cospp)=0

Dividing Equation (11.19) by volume of the control volume (LWAX), we have

(rx: L{ _rxz Lr—d_x/j
Ax

+ (pgcosfi)=0
As Ax - 0, The Equation (11.20)simplified to
AT
e PEEes
dx

The Newton’s law of viscosity (here, shear stress is defined as momentum flux) is given by
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dv:
rIZ —= i
dx
d( 2
= L—,u—] =pgcos 5
or
dj‘p’z
T — = cos
g Ay
or
d'v: _ [ pgeosp
&’ i

By integrating the Equation (11.25), we have

@__[pgcasﬁ\!

xX+c
dx g g
or
(pgcos B x°
12—=—L‘ﬂg—’3]—+cfx+c;
L 2

The above equation requires two boundary conditions for determining c1 and c2.
Boundary conditions
1 At x=0 the liquid surface is in contact with air where the shear stresses at both gas liquid

phases should be equal. Thus,

T.‘cz (air) . = T.‘cz (liguid) "

Since both may be assumed Newtonian fluids, we have
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x={ x=0

where pg is the density and pg is the viscosity of air. Thus

d"L"z

. ,-':-fgﬁ'g dl":{ar’r,‘
dx

=0 MPp  dx

]

x

Since, pg and pg is much smaller than p and p, and Equation (11.30) may be approximately
written as

dv:
dx

=0
Substituting above boundary condition in Equation (11.26), we obtain

;=

2. At x=6 no slip boundary condition may be applied, i.e.,

at

Thus, from Equation (11.27), we get

Gz_[pgﬁmﬁjﬁj

. e
J7, 2

or

c

i
F

_(pgcos B &’
J7i 2

Finally the velocity profile is obtained as
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e
F —

( pgcos B\ x° i pgcos ff
L U 2 % 2

or

T
Falling film "Assuming ** as shear force"

Now, we again solve the same problem (falling film over an inclined plane) by treating shear
stress as a shear force. For this purpose, we take the same control volume as before.
For momentum balance in z direction, all terms are same as before except the terms for shear

s
forces. Here, represents the force in z direction acting on the surfaces which have normal in
x direction. Shear force is positive if the outward normal is in positive direction and negative if
normal is in negative direction. Thus,

shear force at x=x is

LWz,

Shear force at x=x+Ax is

W |

)

The z momentum balance for this case is as follows

LW (T, |w_r = |q JH(LWAx)f pg cosf) =0

Dividing Equation (12.3) by the volume of control volume WLAXx, we have

fr.| =z

= lprax i |.T !

Ax

+(pgeosf)=0

As Ax - 0 Equation (12.4) leads to

T
= =— Ccos
= pgceos
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Now, substituting the Newton’s law of viscosity for shear stress as a force

Therefore,

n
"

d’v,
p—F=—pgcosf
dx

Equations (11.24) and (12.7) are the same, which show that both approaches provide the same
answer.

Maximum velocity

It is clear from Equation (11.37) that the maximum velocity is given by

p pgdcos B
2

Average velocity and volumetric flow rate of falling film

vz is the linear velocity in z direction. Hence, the volumetric flow rate can be determined by
integrating it over the cross section of flow (W§).Thus,
)

= j j v dxdy
From Equation (11.37), we get
Wa 2 2
ﬂ§5 cos 3
o- {22 15 |t
00 2H o
By integrating Equation (12.10), we find

W gﬁj cos f
3 u

0=

To obtain the average velocity, we divide the volumetric flow rate by the cross sectional area.
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or

Force acting on solid surface due to the fluid

o

=g

w
I+ (+f;-; ] dvdz
0

o R

(Note: in Equation (12.14), first ‘+’ sign shows the direction of the normal of the inclined surface
and second ‘+’ sign is taken since shear stress is defined as shear force). Thus,

F=pgoLW cosf3

In this lecture, we have once again seen that the shear stress tensor may be assumed as a shear
force or as a momentum flux. In either case, we finally obtain the same expression for the
velocity profile. The only difference is that when we treat shear stress as a shear force, it is
included in the summation of all forces term in the momentum balance equation, while when we
treat shear stress as momentum flux, it is written as momentum entering and leaving by the
viscous transport. From now onwards, we will treat shear stress as momentum flux as it is more
consistent with what we see in heat transfer as Fourier’s law of heat conduction and in mass
transfer as Fick’s law of diffusion. Thus, in transport phenomena (Momentum transport, Heat
transport, and Mass transport) for the basic transport laws we have minus sign in front the
relevant gradient implying fluxes flow from higher values to lower values.

Falling film on the outside of a circular shell

In an experiment, a fluid flows upward through a small circular shell and then flows downward
out side the tube under laminar conditions as shown in Fig. 12.2. We need to set up a relevant
momentum balance and determine the velocity profile, mass flow rate and the force acting on
outer surface of the tube.
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SRR THTY
aR i

Fig 12.2 Falling film outside the circular tube
Assumptions

* Density and viscosity are constants.

¢ Steady state.

¢ Fully developed laminar flow.

¢ Newton’s law of viscosity is applicable.
Non-zero velocities

Fluid is flowing in the z direction due to gravity. There is no driving force in the 6 direction and a
solid surface is present in the r direction. Therefore, we may intuitively assume that

v,=v,(r,z)
v, =0
v.oo= 0

g 10 10 v A .
(v )+ — (v )+—(pv. )=0
a ror B r 06 e &'Jm‘)

or
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-

p—(v,)=0

-

From Equation (12.18), we obtain that vz is independent to z. Therefore,

Choose a control volume in the film of differential thickness dr and length L (it is a cylindrical
shell).

(P V2TrAr v, g

. deld

4

> Telrrar
<

r+dr

Vil

(p szl'[‘l'&l' Vz )Iz-l.
Fig 12.3 Control volume for falling film outside the circular tube
There are nine components of shear stress tensor. Since the fluid is flowing in z direction and it is
T.?'I
a function of r only, we may argue as before is the only important component of the shear

stress tensor. The other components are insignificant for momentum balance in z direction. The
momentum balance in z-direction is given below.

Momentum balance for control volume
Convective momentum entering the control volume at z=0 is

(pv,27rAm, )|, (12.20)

Convective momentum leaving the control volume at z=L is

(v, 27rAry, )|_=I (12.21)
Shear stress as momentum flux entering the control volume at r=r is
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(2mrLr, )| _ (12.22)

Shear stress as momentum flux entering the control volume at r=r + Ar is

(27, ) (12.23)

r=r+Ar

{Note: If you consider shear stress as momentum flux, then it always flows in the positive
direction of axes}

Fluid is flowing only due to gravity and may be written as

(2xrAvLpg) (12.24)

Substituting above terms, we obtain

(v, 2mDiv, )| _, {2, )| _, H2mlr, )Lﬂ ~2mir, )|;=;+3 +2mNlLog =0

Since velocity, vz, is not dependent on the z, the first two terms in above equation are equal and
cancel out, leaving the following equation for momentum balance.

(2mrlr, ) _ —(27rlt )| _ . +2°arArLpg = 0

¥

Dividing Equation (12.26) by volume of control volume 2mrArL , we obtain

—FrT

b FZ

rAr

(Frrz i+ Ar /}

~—PEg
As dr— 0, Equation (12.27) reduces to

10

——(rr,)=—
a )=—pg

L2022 ))=pg
rer dar
After integration we obtain
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&, __pgr &
dr 25 ¥
and

w:
1
I

=—"=+¢,Inr+c,
17

L

C . .
Here, Zand €zare the constants of integration.
Boundary conditions

1. r=aR we have the air water interface where we may assume that

dv _
dr

(The explanation is given earlier in Lecture 11.)
Substituting the above boundary condition in Equation (12.31), we obtain

- pga‘?R‘?
2

= 0

2. Atr =R, no slip boundary condition is applicable. Thus,
= ()

Using this boundary condition, we obtain

e
i pER —c,;InR

4u

v

Z|p=R

or,

_PgR  pga Xk R
44 2U

Therefore, the velocity profile is given by

o PE +ﬂga‘R ferﬂga’R _pga’R ]

; 4u 2u 4u 2u

nk

or
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v-zﬂ I- s +2a’ln l
" 4 u R R

Maximum velocity

Atr = aR, the velocity is maximum. Thus,

v :png [I—af +2a23na]

Z_ e
' 4u

!

1.9 Flow through Annulus

A Newtonian fluid is flowing in a narrow slit (B<<W<<L ), formed by two parallel plates as
shown in Fig. (13.1), due to the combined effect of both gravity and pressure. Determine the
velocity profile, average velocity, and mass flow rate for laminar and steady flow.

P,

e

B

H Va([x)

P

Fig 13.1 Laminar flow in narrow slit
Assumptions
¢ Density and viscosity are constant.
¢ Steady state.

e Laminar Flow(simple shear flow).
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e Newton's law of viscosity is applicable.

Fluid is flowing in the z direction due to both gravity and pressure difference. Therefore, vz is
the only important velocity component. As the slit is very narrow (B<<W<<L ), we may assume
that end effects are negligible in y direction and vz is not a function of y.

Thus, intuitively we assume the velocity profile as,

v, =v,(x:2)

V.= 0

v, =0
Now, using the equation of continuity in cartesian coordinate system
dpo 0 0 0

~ (v +— (o )+ — () =0
B e g e g

or

oz

Therefore,

v, =1, (x)

. . XE . .
From above velocity profile, we may conclude that is the only important shear stress
component. We now select a cuboidal control volume of dimensions L, W, Ax, as shown in Fig.
13.2 (Note: differential thickness is chosen in x direction)
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(ov, whx v, } .0

N B

s
z
W

i x

L]

i o

; ]

i weclx

[ ]

H

i B

; > .

]

[ ]

E T;u: J EE Tk.! I:#ﬂ.

; —_— —

[ ]

: W

Ll

(p v, whx v, )|

Fig 13.2 Control volume for laminar flow in narrow slit.
Momentum balance in z direction

Convective momentum entering the CV at z=0 is

( pv, W Axy, )| (13.5)

z=0

Convective momentum leaving the CV at z=L is

2=l (13.6)

(v WA )
Momentum entering CV by viscous transport at X=X is
(LW+T, J‘x=x (13.7)

Momentum leaving the CV by viscous transport at x=x+AX is
(LWr_)|_..  (13.8)

Pressure force at z=0 is

ffvix (13.9)
Pressure force at z=L is
_P,W Ax (13.10)
Gravity force on CV is
pPEAXLW (13.11)

Substituting these terms into the momentum balance in z direction, we get
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(J[h?zw"ﬁxvz) Iz=0 fil} (‘ﬂ{?w‘&wz} L;L+ (‘LWTEJ L‘=r A (‘LWF.PZ) L=r+ﬂr
+hwAc—Bwie+pghdW = 0

Since, vz is not a function of z, the first two convective momentum terms represented by
Equations (13.5) and (13.6) are equal and hence cancel out from the above equation and we get

(DVt,)|_—(DWr, )| +Bpw!x—Bwic+pghd WV = 0
Dividing Equation (13.13) by the volume of the control volume AXLW , we obtain

(7,

x _TE

x+£n’) " ‘F} _"IE'
A £

—PE

Combining the pressure force with gravity, and taking the limit as Ax — 0, we have

253 )_((B;-—szff@))—fﬁ +P§Zf’£))]
Cffl Xz

' 3
or
d . B.—F
_(IE)}_ cl cl
dx i 3
== gar
where,
d P_—-P
E(IE}: LA x+c,
X
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or

dvz R:L P

— = x+c
H Y 7 1

and finally after integration, we get

Brda X o
1,? — Rl i

z M 2 ﬂ )

Boundary conditions are

av _

i

d:-'f x=0

1. At x=0, the velocity profile must be symmetric. Therefore,
or

c, =0
Z — 0
2. At x=B, no slip boundary condition is applicable. Thus,
or
2
& Psf;' _‘Pcl B
=

ul )2

Thus, velocity profile may be written as

Pcﬂ_PcL 32 X Y

”i= J g

=1 & 12 &

Equation (13.23) describes the velocity profile in the narrow slit.
Mass flow rate and average velocity
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Mass flow rate = Volumetric flow rate x Density

B

=99 v, dxdy
B

By substituting the value of velocity from Equation (13.23), we have

T (BB (2) M}
e Al 32 B .

L

or

L pW(‘P:ﬂ_P{:L)Bj
_E ;

Average velocity = Volumetric flow rate/ Area of cross section

m

WPy =Fu) B
= IEE
2BW

or

Annular flow with inner cylinder moving axially

In a wire coating machine, a wire of radius kR is moving into a cylindrical hollow die. The
radius of the die is R , and the wire is moving with a velocity v0 along the axis. The die is filled
with a Newtonian fluid, a coating material. The pressure at both ends of the die is same. Find the
velocity distribution in the narrow annular region. Obtain the viscous force acting on the wire of

length L . Also, find the mass flow rate through the annular region.
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Welr)

kR
z
Pﬂ - b =

Vilr)

W

Vo

W

Tl

A

L

Fig 13.3 Annular flow with the inner cylinder moving axially

Assumptions
® density and viscosity are constant
¢ steady state.
¢ laminar (simple shear flow).

¢ Newton's law of viscosity is applicable.

Velocity components

The fluid is moving due to the motion of the wire in z direction so vz is the only important

velocity component. There is no solid boundary in 8 direction, and the flow is steady, therefore
vz will not depend on 0 and t. Hence,

=¥ (?", 2)

Now, applying the equation of continuity in cylindrical coordinates

dp 10 10 0 :
L2 (o, ) +=—(pv,)+=(pv,) =0
af r@rmr} F"Egplﬂj azplzj
dv _
2 =0
a4 dz
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Thus,
v, = w.0r)

r
Iz

This result indicates that is the only significant shear stress among the 9 components for

momentum balance in z direction. Now, consider a control volume of differential thickness dr

and length L at a distance r away from the center. We may write the momentum balance in z

direction.
T (Tﬁ{ —
(pv; 2rArv,)|— § 5 (pv; 2MrAV,)
5 r+dr
%
P (2Lt )y Yo P,
I IkR r —
%. ........... P i P . e o

Fig 13.4 Control volume for annular flow with the inner cylinder moving axially

Convective momentum entering at z=0 is

Convective momentum leaving at z=L is

(pv,2arAry, )| _,

Momentum entering control volume by viscous transport at r = r is

(2rrlt, ).,

Momentum leaving control volume by viscous transport at at r = r +Ar is

(2‘RT L r;z') L=r—;'-r
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Now, the momentum balance over the control volume is below
(pv2mv,) |, A 2wt ) | H 2wl )| 2wl ), ,.,,= 0

Since velocity vz is not dependent on z coordinate therefore the convective terms represented by
equations (13.29) and (13.30) are equal and hence cancelled out. Leaving with the following
equation,

(Cmlz )| (2wt )|_. ., =0

2arArL

Dividing equation (13.34) by volume of the control volume,

-(rrrz |r _rr}‘z L—dr) — ()
rAr

Taking the limit as dr — 0, we have

C;. . . . , . .
where {is an integration constant. Now, using Newton’s law of viscosity, we get

dv: ¢,
_‘H = A
dr F
or
¢,
v, =——=Inr+c,
1

where €2is another integration constant.
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Boundary conditions are

atr=kR, 'z 0 (13.40)
or
v, = ~S kR + C;
/i
and atr =R, Vv =0 (13.42)
or
c, = “LinR
7
From Equation (13.41)

V= iR+ InR

7, 7,
or
V= %I n £
or
Vol

ks

By substituting the value of c1 into Equation (13.39), the velocity profile may be obtained as

5 v, Inr " v, InR
inf(1/k) In(1/k)

or
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v  infri R}

v, In(i/k)
Mass flow rate in the annular region

E

b

R
w=p I I v rdrd@
0 kR
or
2 . R
e Y [rfn[i}fr
n & & R
or

:ﬁRzﬁ"b (1-K) _2
2 |in(l/k)

Drag force acting on the wire may be calculated as

F=2nkRL+(—_)| .

Fo2nii| u®
dr

=i

By substituting the value of velocity vz, we obtain

F Zfﬁkﬂﬂﬁi 1-'GM
dr| " In(1/k) |

Finally, we obtain the expression for drag force as
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o 2L uv,
In(1/k)

1.10 Flow of two immiscible fluids between two parallel plates

Two immiscible liquids are flowing in between two adjacent, parallel plates. Solve the problem
for velocity profile and mass flow rate.

F

W

Fig 14.1 Flow of two immiscible fluids between a pair of horizontal plates

Assumptions

¢ Density and viscosity are constants.

¢ Steady state.

¢ Laminar (simple shear flow) fully developed.

¢ Newton’s law of viscosity is applicable.

Since fluid is flowing in z direction only, therefore vz is the only non-zero velocity component.
We can assume that end effects are negligible in y direction and hence, vz is not a function of y.
thus,

v, =v,(x, z-] (1

0
O — S

Now using equation of continuity for Cartesian coordinate system
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» 6. .8 o,
S s Y s FE T aw i—
dv
Zi— 0
- dz

which implies that

Mo s (I)

XE . .
As before, we may concluded that is only important shear stress component for momentum
balance in z direction. Choosing a differential strip of thickness dx and length L as a control
volume, we have

A I I B R

(PV,WAXV,) g —5
—>

7% Fi 71

X A

Fig 14.2 Control volume for Flow of two immiscible fluid between a pair of horizontal plates
Momentum balance in control volume

Convective momentum entering CV at z=0 is

( pv,whxv_ )|, (14.5)
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Convective momentum leaving CV at z=0 is

(pv. WAy, )|, (14.6)
CEFET )]
Momentum entering CV by viscous transport at Xx=x is i L {14'?}
Momentum leaving CV by viscous transport at x=x+Ax is (LW )b {14' 8}
Pressure force at z=0 is
P,Axw (14.9)

Pressure force at z=L is
-P, Axw (14.10)

The equation for momentum balance can be written as

(pv,whxv, )|, — (pyv,wAxv, )L, + (LWt )} _.— (LWt )|\ T WA —Ppu

As before, convective terms cancel out and Equation (14.11) reduces to the following equation.
(LW ), (LWt )| s tEWAX—PwAx= 0

Dividing Equation (14.12) by volume of control volume AXLW, we obtain

Ax F

Now, as Ax — 0 Equation (14.13) becomes

du 0 (BB
)

After substituting Newton’s law of viscosity in Equation (14.14) and integrating it, we obtain

Fd -
B=H 1% 6
V:=— |
AL 2

This equation is valid for both regions. Therefore,
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e R e S i
ML )2 g 7

= :{Pﬂ _E]i +£x+cf
ML )2 p

Here, superscript (1) represents the phase-1 and superscript (2) represents the phase-2.

Boundary conditions

There are four boundary conditions needed to solve the problem and given below

Ly 0vi=v
2. x==b, v =0
3. x=+b,v:=0

ahx ah:’
Gl

This leads to the solution
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= ok

C;rj _ Cf;

i e *FL_PL\'-EJz 2u’ \'

1 2#}}_-./’ #.i'+#z-)lll

: _I,f'Pﬂ PL\'-E iif#}_fuz\i

="\ L. o A\

and

i Bl b [ H‘-J;f—;f“‘-f_[ff

z 1 1 1 1
\24L ) (\p'+p' ) \pf'+4 )b E:'f}_
g ' 4 2]

(BB |24 (£ =# ()

* \NZ2uL ) \p+pd ) \ g )b \B)
\ \ \ |

1.11 Derivation of equation of motion

UNIT |

In this section, we derive the equation of motion, which may be used for solving any fluid

mechanics problem. This equation is based on axiom 2, i.e.,
consider a control volume having volume Ax,Ay,Az fixed in

According to the momentum conservation equation,

"
I

\ momentum in control volume )

LY

Rate of accumulation of

'k_

the momentum is conserved. We
space.

"’r Net rate of inflow of

momentiin J?_T comectio

 Net rate of inflow of u
)
. by viscous transpor

+ ( Pressure forces)+ ( For

64



SCH1309 TRANSPORT PHENOMENA UNIT |

Az

Ax

X

Fig 15.1 Cubical control volume fixed in space
Momentum balance in x direction

Rate of accumulation of x directed momentum in control volume

¢

( pAXAVAZYY )
ci

Net rate of inflow of x directed momentum into CV by convection from x-phases
[r’ v AzAy v, ]x—[f pv. A=Ay H‘x] i

Net rate of inflow of x-momentum into CV from y-phases

= |:r‘ Py, ANAZY, ]y —|:r‘ oy, AvAz n'x]ﬁﬂy

Net rate of inflow of x-momentum into CV from z-phases

= [( v, Axdy v, .= (o, Axdyv,] ,.s

Net rate of inflow of momentum into CV due to viscous transport
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T T T
b b =

oy pe! =
L =|T i i
Fx F¥ Je
\ar -y el

In all shear stress component, the second index shows the direction of momentum flux and first

index shows the direction in which the momentum is flowing. For example, ** denotes the x
directed momentum flowing in y direction. Therefore, the x directed momentum fluxes are

™~ ~ s

MM and e Thus,
Net rate of inflow of x directed momentum by viscous transport from x phase are
= (1, Az4v) | — (7,Az4V) |, .
Net rate of inflow of x directed momentum by viscous transport from y phase are
55 (ENAXJZ)LJ — (fyx;lx;lz) |y+4y

Net rate of inflow of x directed momentum by viscous transport from z phase are

=( 7, AXAY) |, — (1,434 |

+.a2
Net pressure force in x direction =
(PAyAz) | —(PAvAz)|, . (15.9)
Gravity force in x direction =
CRAxAyAz g, (15.10)

Adding all the above terms and dividing by the volume of control volume Ax,Ay,Az and finally
taking the limits,
Ax -0, Ay - 0,and Az — 0, we obtain
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;';xl I'Jrzr @
o & o & & & & &

Apv,) |Ay) Ay) &) | |0, Ot, or .
& ’ | § o8

The above equation is the x component of equation of motion in cartesian coordinate system.
Similarly, for y-direction

Ay y = 5o I e e yiat o Y g, [
), J .- J , / 7 ) T 1T 1T -l
oy, _ c.fpt;.y_Jrcrgywy APy, )| 9% 9%, 05 | g
ct c v c= x o & | A
and for z-direction
A o N ov v vy ) o ovy - AT Ar 2
o) _ | APy of P,V Loy | | 95 +~'-’ z, 9% | 9
ct cx cv oz dx oy 05 c

The above three equation may be combined in vector tensor form as

o oV )

%
ot
In above form, the equation of motion may be used in any coordinate system.

==V.(pvv)=-V.1-Vp+ pg

Equation (15.14) may be written in substantial derivative form as shown below

of pv)

ot

+V.(pvv)=-NrI-Vp+pg

. = . . .
if ~ and = are the two vectors. We may use the following vector identity.

V(X2 )=x.¥Z2+Z(V.X)

X J.[:‘T = N
Now, replace ~ by " ~and = by =~ *then we have

Viix)=V.{pv)=powv N+ (V.onv)
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also,

| |
BEBY o 5 0 o 08 (15.

ct ct ot

After substituting Equations (15.17) and (15.18) in Equation (15.14), the equation of motion
reduces to

do oy
?é+ PE+P‘£’-?‘£’+‘£’(?-PI’)= G

Rearranging the terms on the left hand side, we have

2 )
;?E;“ + 1‘-?1} + 1‘{%+ \% ﬂt} E=NE-YP+ 08

But from the equation of continuity

=

°p . V.pr=20

ar T

Hence,

ol =+vW |=—Nz1-Vp+ pg

,E.'IT T o =

or

v

—=-V.r-Vp+ pg
g R

Equations (15.20) and (15.21) are the generalized form of equation of motion without any
assumption and may be applied to any coordinate system. The detailed form of this equation in
cartesian, cylindrical and spherical coordinate system is given in Appendix-3.

Navier Stokes Equation for incompressible Newtonian fluid

The equation of motion may be further simplified by substituting the Newton’s law of viscosity

for the momentum flux term appearing in the equation of motion.
For a one-dimensional system where
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-
g
r v a'u -
C"’ 5
where, " represents x directed momentum flowing in the y direction However, in general, for

a three dimensional flow, all 9 components of shear stress may be important. Thus,

B B
L B T
sz Tzvr Tzz

= T ..
Here, Tox , Y and  # are the normal stresses and the remaining are shear stress.

Axiom 3: Moment of momentum is conserved

This axiom 3 leads to a very simple conclusion that the shear stress tensor is symmetric in nature.

The derivative itself is lengthy and is not reproduced here. Tis symmetric implies that

Cyy =y
rIZ = rZI
I-'l'Z' = I-Z"l'

Newton’s law of viscosity may now be generalized as given below. Again, the basis for this
representation is not shown here, but it may be found in any standard books in fluid mechanics.

3 — pAa +§‘a(?};}5r§§r

where,
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Hence, we have the nine components of shrear stress as

] 1

w2
] | e Tt T
H e 3!55“,,,

Ty =202+ ?ﬂ?-l’

&2 5
51,:( & L
Ty =Ty =—H - ok =
: : cy cx
v 51-3,.
B, — & =] — g
' oy &

™
1
I

ov, i ov,
I e -

XZ z
oz ox

The detail form of Newtons law of viscosity in all coordinate system is given in Appendix- 01.
Now, consider the situation when an incompressible fluid is flowing only in x direction and

depends on y coordinate only. In such a case, we have Y :1'1’[-} ".-l, Y =0 and 'z :G. We can

easily see that for this case,

I‘H:T ey I‘Z :0

W
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o T Xy Tyx . Tyx |
and only significant components of stress are and “  .Also, the expression for - s
the same as given earlier as Newton’s law of viscosity. For rectangular coordinate system,

substituting the value of

in the x component of equation of motion, we obtain

(Vi), - o[ 2 2, 2

cx cy cz

=y

Assuming that p and p are constant, we obtain

or
.

Odcdv, 06y OOV, O0dv 00ov, 00y
= Ml g o e TR S o

xox Ovdy oy okde ozdx ok ix
or

dv. Gv. Tv. dlov oOr e
i »"u - 2 &l - 2 * - 2 +-\_ ) i - *

cx cy gz x| ox dy oz

Therefore,
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Can
Lo
Cax
b
Cap
o8]

or

or

= (?{ ),1- = “u?gl.-i
similarly

—(V.r), =V,

Therefore, in vector and tensor form
-(Yz)=uY"y

Thus, the equation of motion reduce to

P == Nprpd w o pg

Dx =
Equation (16.25) is known as the Navier Stokes equation and is used for solving problems
involving Newtonian fluids of constant density and viscosity. For non-Newtonian and
compressible fluids, the generalized form of equation of motion given earlier must be used. The
detailed forms of the equations of motion along with Navier Stokes equations in cartesian,

cylindrical and spherical coordinates are given in the Appendix-03.
Solution of momentum transport problems using Navier Stokes equation

In this section, transport problems involving Newtonian fluids are solved by making use of the

equation of motion or Navier Stokes equation. We will firstly solve the falling film problem and
flow through a circular tube for comparing the solutions obtained earlier by using the shell
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momentum balance method. We will then proceed to solve some more fluid mechanics problems.

1.12 Falling film on an inclined surface

Fig 17.1 Falling film on inclined surface

This problem was solved earlier by the shell momentum balance technique. We will now try to
solve this problem by using the Navier Stokes equations.

We are again required to make the same necessary assumptions as done earlier using the shell
momentum balance technique. We postulate the non- zero components of the velocity and from
there, determine the non-zero components of the shear stress tensor. These steps are the same as

s \ T
A L frs
earlier and lead us to conclude that ~ i ( J and is the only important component of
shear stress. We now use the Navier Stokes equation in cartesian coordinates as given in
Appendix-03.

pg.= 0 (17.1)

X component is
y component is
pg e {7 {1?.2}

Z component is

d 4 V=
£

R

rpg, =
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where

g, = geosp

Integrating Equation (17.3), we have

ah- :

e X+C,
- — geos B)x+c,
and

v,=—{gcosB)x+c,x+c,

The boundary conditions are also the same as used earlier,

at
dv:
s — = 0
=1, ==
and
at
x=o0v.=10

This leads to the solution for velocity profile, as

2

21 o

i

& cos x
1= b p -
which is same as obtain earlier using shell momentum balance approach.
Fluid flow through a vertical tube

A Newtonian fluid is flowing inside a vertical tube having circular cross section due to pressure
difference and gravity. Solve the problem using the Navier Stokes equations.

74



SCH1309 TRANSPORT PHENOMENA UNIT |

P,

A
A

Wildlld >

z(r)
Py

Fig 17.2 Flow through a vertical circular tube

A similar type of problem (for a horizontal pipe) was solved earlier using the shell momentum
balance technique. Therefore, the initial steps are the same and include making appropriate
assumptions and postulating the non- zero velocity components. As shown earlier, it leads to the
v,=v,(r)

conclusion that e
Now using the Navier Stokes equation for cylindrical co-ordinates, after eliminating all zero
terms, we have r- component of Navier Stokes equation

o5

or

G- component

aP
o Al
ol

Z - component

>  Taf o

— = H+peg. =0
P P

We can combine gravity and pressure forces as to rewrite Equation (17.11) as,
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where, Pc is the effective pressure including the gravity, and is defined as,

P =F—pge v

Note that since pressure changes in only z direction and vz is a function of r only the partial
derivative may be converted to total derivative. Furthermore, in Equation (17.12), the first term
is only a function of z and the second term is only a function of r, i.e.,

F(2) +E() =0

This leads to result that F1 and F2 both are constants as Equation (17.13) is true for all values of
zandr.

F(z) =¢, E(r) = -¢

Therefore,

dP

13

dz .

By integrating the Equation (17.15)

P =cz+ec,

c

Boundary conditions are

at
g—th B
and
at
=T & =L

This leads to the following solution
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or

b

¥ +c,lnr+c,
dul

Vv, =

Boundary conditions are
P |

atr=0, ° =is finite

and

atr=R,
v =1

This leads to

v —%_Elﬁf 5
=\ aar R

which is again similar to what we have seen for a horizontal tube except for pressure difference
term. In fact, it can be shown that the velocity profile given in Equation (17.22) is valid for any
configuration, horizontal, vertical, or inclined, with effective pressure is defined as

1 S e
Tf’( Tgs ) byt dp=2 ’f! &

Radial flow between two parallel discs
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A part of a lubrication system consists of two circular discs and the lubricant flows in the radial
direction. The flow takes place because of modified pressure (p;- p») between the inner and outer
radii r; and r, respectively. Formulate the problem for velocity profile and mass flow rate
through the system.

Fig 19.1 Radial flow in space bt;.tween two parallel circular discs
Assumptions
¢ Density and viscosity are constant
¢ Steady state.
¢ Laminar flow (simple shear flow).

¢ Newton's law of viscosity is applicable.

Velocity profile
The fluid is flowing in the r direction. Hence, the only non-zero component of velocity is v, and

it depends on the both r and z. It will not depend on the 6 coordinate due to cylindrical
symmetry. i.e.,

v, =¥ .\F ) (19.1)

Applying the equation of continuity in cylindrical coordinates

ce 1@ 0 1z =
E—i_}__‘{_p‘r‘r}+__{_ﬁ)15}+;{.m1z.}:0 (19.2)
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or

1 0 :

——{ PV, J=0 (19.3)
r or
or

ol

r or = (19.4)

Thus, { 1." is a constant and which may be a function of the z,
TRl ) (19.5)

Using the r-component of the Navier—Stokes equation in cylindrical co-ordinate systems, we
have

o, EJP+ o(lé “‘-+::?31;
PU— =——tifl| | = —d PV, | 19.6

By substituting Equation (19.5), we get

5 o, EJPJF Iﬁgi.;
= 19.7
e S Py

Equation (19.7) is a second order partial differential equation and may not solve analytically.
However, we may obtain an analytical solution for the limiting case when the flow is very slow
(also called a creeping flow). In such a scenario, we may neglect the convective term (on the left
hand side) in Equation (19.7) and thus, we have

=t (19.8)

Multiplying r on both sides, we have
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aP v,
F—=Fl—

.

or
aP &’F
y—= L b
& &

UNIT |

(19.9)

In Equation (19.9), the left hand side is a function of r only, while the right hand side is a
function of z only. Since this equation is valid for all possible values of r and z, both the terms

should be equal to each other, and in turn equal to a constant,
Therefore,

dP
=i
dar

or

Fy ¥z
dr
j dP =c, | —
Py *r :
or
= Pz B P.r
by =
=
EH‘ = -
b5

Substituting Equation (19.13) into Equation (19.11), we find
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d’F ___P-P
{5 19.14
i h?‘ L ( )

ey

or

F:—EE_};’ 2 he pilie
! I o T = {19' 15}
2uln| =

W7 )

Boundary conditions
No-slip is valid at both the plates. Thus,
at

z=xb,v, =0 (1

¥

By substituting these boundary conditions in Equation (19.15), we have

' :—P‘T_..P‘? b

) 19.17

2u EH‘ Z ( )
| }} /

At z=0, the velocity profile is symmetric. Therefore, this is the second required boundary
condition for the problem

CF

=0 (19.

This leads to the solution
¢, =0

and
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Iy % 2
_A=B g 'z
(5 \ b ) (19
2uln| =
\ F} 7,
or
2
P—P CE
i i 2 Z =
¥ }2 X E} r :
21 f;u‘ - |
\ i 5
Finally, we obtain the velocity profile
i
P-P f 2
n=—th s (2
i s \ O 19
2ru fu‘ — ‘ (
3 I 1
The mass flow rate of at any r in the system must be the same (in fact that was the reason, why
" FI=E
we got " constant for a given in the first place). Select the surface at Z to obtain mass
flow rate
2 +b
W= I Ipv;, |, 7d=dO
0 b
or
e 2
- grtP. - B b p
—ea 4 19.2
uln ‘ . ‘ (
\ J"j ]
A

Parallel — disc viscometer

A fluid is placed in a gap (of thickness B) between two parallel discs of radius R. The lower disc
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- 2
is kept stationary while the upper disc is made to rotate at a constant angular velocity
Formulate the problem for determining the viscosity at low shear rates.

Q

ST

W

o<
W 5

r

Fig 19.2 Front view of two-plate viscometer
Assumptions
¢ Density and viscosity are constant.
® Steady state.
¢ Laminar flow (simple shear flow).

e Newton's law of viscosity is applicable.

Velocity profile

The fluid is sheared in the 8 direction; hence, v; is the non-zero component of velocity. Applying
the equation of continuity in cylindrical coordinate, we obtain

i 48
——{ P =0 (19.

¥y o6

Thus, vy, does not depend on the 0 coordinate, or
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v, = (7, 2) (1¢
For simplifying the problem further, we may assume that for low shear rates
v= wflz) (1

Using the 8 component of the Navier — Stokes equation for cylindrical co-ordinate systems

o s
| [% = (1

a(1d, . 8 flz)
S ) e v 19.
Sor S S }}J — (
or
o z
fg ): 5
0z

After integration, we finally obtain
t J—'. — o Bl . 1
7(2) = ez+e, :

c A .
where “Zand 2 are the integral constant.

Boundary conditions are

at Z:Q Vﬁzﬂor f[Z]:O

b

thus,

=)

-
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andat < — B, L .
f(z) =v/ir =Q (19
This boundary condition leads to the solution
€
z (
and
f Lx
F18 =— ]
Z (
Finally, we obtain the velocity profile
&84
¥y =
3 (

Now, the z-component of the torque exerted on the fluid by the upper rotating disc, may be
calculated as

27

T:Ii — )1 | _g rdrdd (1¢
0o

z

or

T, =7

€2
Thus, by plotting the angular velocity vs torque T, the viscosity may be determined.

85



SCH1309 TRANSPORT PHENOMENA UNIT |

Non-Newtonian fluids

Non-Newtonian fluids are the fluids which do not obey Newton’s law of viscosity. For
describing Non-Newtonian fluids, let’s recall the Newton's law of viscosity experiment. There
are two long parallel plate situated at distance h to each other. Top plate is stationary and bottom

plate is moving with velocity ¥ as shown in Fig. (20.1).

W

Fluid flow h
> W
X —_—m
-

Fig 20.1 Non-Newtonian flow between two parallel plates

s
If a force, F, is applied to move plate, then ( *)

F
fx )
S

and under steady state conditions when h is small and when

dv _
dy

b|aa-:

55
Now, we calculate e by repeating experiments for different applied forces and velocity
achieved by the bottom plate and plotting a graph as shown in Fig. (20.2). Depending on the
nature of fluid, different types of curves may be obtained.

86



SCH1309 TRANSPORT PHENOMENA UNIT |

C))

2
)

(3)

xy

av

ai..

Fig 20.2 Shear stress vs. shear strain diagram for Newtonian and non-Newtonian fluids
1.13 Rheological behaviour of fluids

If fluid shows the behaviour like curve (1) then it is a Newtonian fluid. Other fluids are non-
Newtonian fluids. Curve (2) represents a Pseudo-plastic fluid, curve (3) represents a Dilatant
fluid, and curve (4) represents a Bingham plastic fluid. There are several Theoretical and
empirical models available to describe the rheological behaviour of non-Newtonian fluids. Here,
we discuss some of them, which come under the group of generalized Newtonian models. Basic
equation for a generalized non-Newtonian fluid is given below

dv,
T = -7
¥x ﬂi[}-
Here, . is the apparent viscosity, which is clearly a function of shear rate as may be seen from

Fig. (20.2). Therefore,

Cdv.
”:de:] (20.3)

av

T

If the apparent viscosity increases with increase in shear rate, dy , then the fluid is called

av

¥

Dilatant fluid and if it decreases with increase in shear rate, aﬁ: then fluid is called Pseudo-
plastic fluid. Some fluids require a critical shear stress to initiate the flow. These fluids are called
Bingham fluids. Some important rheological models for non-Newtonian fluids are given below.

87



SCH1309 TRANSPORT PHENOMENA UNIT |

1 Power Law or Ostwald De Waele model

Power law or Ostwald De Waele model is the most generalized model for non-Newtonian fluids.
The expression of this model is given in Equation (20.3)

Cav \["7 v,
T =—m
= L Pt v

! o

n

Here, apparent viscosity * is defined as,

This is a two-parameter model where m and n are the two parameters.

Ifn=1then 7=m
where m is similar to the viscosity of the fluid and model shows the Newtonian behaviour .

If n>1, then 77 increases with increasing shear rate and the model shows the Dilatant behaviour.

If n<1, then 1 decreases with increasing shear rate and the model shows the Pseudo-plastic
behaviour.

Modulus sign

In power law model, modulus sign can be removed according to the value of shear rate.

av

T

1. If ay is positive, then

dv i n-1
aif}_.

n=m

dv

T

2. 1f dy is negative, then
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-1
dvx

v

a

n=m| -

Several fluids do not show single type of rheological behaviour. They show Newtonian
behaviour for a range of shear stress and Non-Newtonian behaviour for some other ranges of
shear stresses. Several models have been suggested for these types of fluids. Some popular
models like Eyring model, Ellis model, Reiner Philipp off model and Bingham Fluid model are
discussed here.

2. Eyring model

Eyring model is a two-parameter model. The equation of Eyring model is as follow

: 1 dv,
sinh| — |=——
A4 B dy

where A, B are the two parameters.

In Eyring model, if "= — 0 which means very low shear forces, we have

T T

sl L5 T
A A

LR 0, the model shows Newtonian behaviour

A dl-'x
Jx B d},

Therefore, as

A

|
Here, viscosity = *

it s very large, the model shows Non-Newtonian behaviour as shown Fig. 20.3
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Non Newtonian

. region
Newtonian Tuy ¢

region

@,

dy

Fig 20.3 Shear stress vs. shear strain diagram for Eyring model

Therefore, Eyring model may be used for a fluid which shows Newtonian behaviour at low shear
rates and non- Newtonian behaviour at high shear rates.

3. Ellis model

Ellis model is a three-parameter model. The equation of this model is as follows

x| a1
_5 - ‘l @+ ‘r;.:r r;.:r
Here, QD, @ and & are the three parameters .

Here, we consider some special cases,

L1t Pr= 0 then Equation (20.11) reduce to

ﬂi Vx - = @ f
d_]: 0" yx
or
1 dl’x
f-'L'Jc [ e
=g, dy

[+

which is same as Newton’s law of viscosity with as the viscosity of the fluid.
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2. If Py = O,then

Ay o
e |r:.:t’ |ﬁ2 g r;.x

which is similar to a Power law model

3.1f @ >1and " is small then the second term is approximately zero and equation reduces to

which is similar to Newton’s law of viscosity.

4.0 @ <1and s very large, then again, second term is negligible and we have

1 dv_
r, = ——
! @, dy

Which again shows Newtonian behaviour. Therefore, Ellis model may be used for fluids which
show Newtonian behaviour at very low and very high shear stresses, but non-Newtonian
behaviour at intermediate value of shear stresses.
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Newtonian
ion
o w4

MNon Newtonian
region

dv

dy

Fig 20.4 Shear stress vs. shear strain diagram for Ellis model

This type of behaviour may be shown by some polymer melts
4. Reiner Philipp off model

This is also a three-parameter model. The equation of Reiner Philipp off model is as follows,

| |

where, H 0 He and s are the three parameters.

-

In Reiner Philipp off model, if W is very large, the equation reduces to,
dv, I
- = r VX
dy .

or
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which is same as the Newton’s law of viscosity,

If s very small then equation reduces to

» x I

e
&
or
i
T _ =—U
f it
1% d}'

which is also same as the Newton’s law of viscosity. Therefore, Reiner Philipp off model may be
used for a fluid which shows Newtonian behaviour at very low and very high shear stresses but

non-Newtonian behaviour for intermediate values of shear stress. Here, Ho and ‘bgcrepresent
the viscosity of fluid at very low and very high shear stress conditions respectively.

5. Bingham Fluid model

Bingham fluid is special type of fluid which require a critical shear stress to start the flow.
The equation of Bingham fluid model are given below

fﬂ, d‘v‘x
T =it
J d‘v’x d}.
ay| |
if
7.7, (20.19)
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P_,
aj:
n=0 (20.2

A typical shear stress vs. shear rate diagram for a Binghum model is shown below

To
T yx

dv,
To dy

Fig 20.5 Shear stress vs. shear strain diagram for Bingham model
Momentum transport problems involving Power law and Bingham fluids:

In this section, we will solve fluid mechanics problem for Power law and Bingham plastic fluids.
These problems have been earlier solved for Newtonian fluids. We have chosen the same

problems here for better understanding.

Falling film on inclined plane
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Fig 21.1 Falling film problem for non-Newtonian fluid

Initial steps, such as making appropriate assumptions, finding important velocity components,

applying equation of continuity, and determining important shear stress components are similar
v, =v.lx)

as steps seen for Newtonian fluid in lecture 11 and 17. As before " " and is the only

, i .
non-zero velocity component and * is the only important shear stress component.

(Note: Since the forms of shear stress for Newtonian and non-Newtonian fluids are same, the
only difference is the viscosity p for Newtonian fluids and apparent viscosity n for non-
Newtonian fluids and furthermore as non-zero components of velocities are also same, the same

~

components of shear stress are significant for both Newtonian and non- Newtonian fluids.)

r
To solve the problem, we start with the generalized equation of motion in terms of = . Since

the fluid is moving in z direction, discarding all terms which are zero, z-component of the
equation of motion reduces to
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—%mgz =0

g = gcosp

therefore,

rxz :pgcasﬁwrcj

For Power law fluids

i dv_
Iz d‘l{_‘
n—{
n=m S
N

Since vz is decreasing with increasing value of x , the negative sign should be used for removing
the modulus sign, i.e.

or

av,\
g =pml—
%)

By substituting Equation (21.7) in Equation. (21.1), we obtain
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1

) _pgeosf
dx m

% £

. g =t Tﬂ|arr :rﬁf|ﬂm’
By applying the boundary condition, at

which simplifies to

dv

&

dx

x=10

as disused in lecture 11

By substituting this boundary condition in Equation (21.8), we get I~ Therefore,

[_ v, Jﬂ _ pgeos 3 1

m

dx

or

—+]
v, =— pgmsﬁj'c +c,
N

M

Coy . .
Here, < is another integral constant.

Now, using the second boundary condition, at x=6 ,v,=0 , we finally obtain
rd
n |pgcosf = x\n
v = 7 or 1| —
n+l m

Tube flow problem for Power law fluid
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L

V(1)

W

i

W

Fig 21.1 Flow through pipe for non-Newtonian fluid
As we discussed in lecture 10, the only non-zero component of velocity is vz, which depends on
1z

r only. The important component of shear stress is

By applying general equation of motion in cylindrical co-ordinate, we get

N =
oP 10 .
£ 220, )=0
c=z FCor
Equation (21.11) may be further simplified as before
BB T8 .
B S P et ( re, /] =7/
L r

or

By applying the boundary condition, at r=0, velocity is finite, we obtain

i =i g

d

and for power law fluids

)
rrz =m| —
dr

(Note: Since vz is decreasing with increasing value of r, the negative sign should be used for
removing the modulus sign.)
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By substituting Equation (21.13) to Equation (21.12), we get

F

m{ aﬂ;j”:f’f% -B)
a 2.

Integrating above equation, we obtain

]
A=
V. c
: 2Im n+l ?
1
r =R v=:Hq
Now, by applying the no-slip boundary condition at, , we obtain
n+l
syl ) B
) 2Llm n+l
1
Thus,
E
}" M
R

Equation (21.15) represents the velocity profile of freely falling film on an inclined surface for a
Power law non-Newtonian fluid. If we substitute the n=1 and m= in this expression, we get
Equation (10.25) which was derived earlier for a Newtonian fluid.

Tube Flow Problem for a Bingham Fluid
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Y A A A A A

.

A
W

Fig 22.1 Flow through pipe for Bingham fluid

r
As mentioned in the previous lecture, the forms of shear stress ™ for Newtonian and non-
Newtonian fluids are the same. Therefore, Equation (21.12) is applicable for a Bingham fluids
also, i.e.,

=il :—{PG_P‘[’}F
FE ZL

Equations (20.19) and (20.20) may be written for this system

T, =T r
1. For ’# 7 B ), where * ?is to be determine latter,
dv,
=
dr or

V. =1, (constant)

2.For T 2Tp(7 2 1

o e

??::Uﬂ"'—rﬂ
dv

dr

dv,

In Equation (22.2), dr is negative. Therefore, after removing the modulus sign, we obtain
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Ty
— I —
e
dr
Thus,
T, | dv,
Ty =~ ﬂ_ﬂl&—':} e
dr |
or

z

T,=MH e

+7,

Condition for movement of fluid

As we start to pressurize the fluid by imposing pressure difference , fluid does not move initially.
As we continue to increase the pressure difference the fluid may start to move at some critical

pressure difference ( Fo = P’;l). This critical value may be determined by setting

A
Y2 lr=R Y . Thus,

BB
fﬂz{/ aﬂgl S‘u}R

Thus, the fluid will flow if

& G

B
Tﬂi—( ﬂz."L )R

Suppose the pressure difference across the tube exceeds this critical value of pressure (

3

¢ R*‘l) then the fluid will start to flow. Now, under this condition we may calculate the

:fﬂ

i . For r<r0, the velocity gradient is zero and the

value of (r0) where the value of
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fluid flows with a constant velocity. The detail calculation for two different regions r<r0O and r>r0
are given below.

or

_ 2r,L
(PG'_P_[/}

o

For r<r0, we equate Equations (21.12) and (22.4), that is
& . Bd)
e e

d 2L

—‘ﬂ
Finally, we obtain,

fo,._ —(ﬁ)_ﬁ’}rz +c
£}

v=—F

T ou 4uL

0

No slip Boundary condition at r=R , = may be used to calculate c1 as shown below

Substituting this value in Equation (22.11), we get

Finally, the velocity profile is given by
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, =5f‘r—R)+[—( 5 —Pﬁgﬁ}{if
P 4ul. R

. . , .. hB=r<R, o ,
Equation (22.12) gives the velocity profile is region as shown in Fig. 22.2. Equation

(22.9) shows that as we keep increasing the pressure difference (B-1)
on decreasing and the velocity profile changes as shown in Fig. 22.2.

‘o . =1
The value of 10 also depends on e and reduces with it. If we substitute in Equation
(22.12), we obtain the same expression for velocity profile as we had earlier obtain for

Newtonian fluids. This result implies that if the value of pressure difference (B—1) is
significantly high then the Bingham fluid may show behaviour similar to Newtonian fluids.

, the value of r0 keep

:Jl
[]
b b b ! \

P
<
o
T

u\ W

A< Apin » AP > APy, AP2>Ap 1> Apyny

Fig 22.2 Effect of differential pressure flow through pipe for Bingham fluid

Now, we may determine the velocity profile in the plug flow region (r>r0) by substituting r= r0
in Equation (22.12)

G e BB S5 I
vﬂ—ﬂ{’:@ R’}—I{—z&i R‘Jj’ [RJ

Falling film problem for Bingham fluid
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Fig 22.3 Flow on inclined surface for Bingham fluid

As we discussed earlier, the expression of shear stress is same, as we had derived for Newtonian
fluids and Power law fluids in lecture 11 and lecture 21. Therefore, from Equation (21.3)

r,. = pgrcos f
For this system, Bingham fluid model may be written as,

LFor F<T0 x <0,
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Ty
' ey - A
Q ﬂllz
dx
o) 626,
As the critical thickness of film is unknown, (the fluid flows only when ) we may

calculated from Equation (22.17), i.e.,

Ty =Tp, X = or

Ty =pPgS, cos

or
T
i 0
. -
pgcosp
r

From region (1) where 7 and X< 5'5' , we have
av.

R A e U

dx or

Y=y

Ad

20
For region (2) where r=r, and O we have

%o
i=- U + ——
v,
dx
dv,
Here dx is negative. Therefore, after removing the modulus sign and substituting the value

of n in Generalized Newton’s law of viscosity. we obtain,
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z

ck

T, =—\H——Ty p= pgeas Px

or

dv,
—U—= = pgcos Px—rt,
or

a&v. —pgcos Px )
dx H H

Finally, we obtain the velocity profile, as given below

, _ Pgespx T

; Lx+c,
Ho 2
where c2 is an integral constant. By using no slip boundary condition at = "j, i :0, we
obtain
pgcosBS T,
ot B0y
g 2
Therefore,
pooas s & | 5él. a]
i il |f Sy B B
2u o Y7
Sxsé.
Equation (22.22) shows the velocity profile in region . From Equation(22.22), we
X =
may also calculate the velocity of plug flow region by substituting the value . Thus,
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