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Fourier Transform

Complex Fourier Transform (Infinite)

Let f(x) be a function defined (-eo,20) and be piece-wise continuous in each finite partial
interval then the complex Fourier transform of f(x) is defined by

FIF() = F() = == f()e"* dx

Inverse Fourier Transform
1 (oo i

f(X) = EI_OOF(S)B Lsx dS
Properties of Fourier Transform
1. Linear Property

F{af(x) + bg(x)} = a F{f(x)} + b F{g(x)} where F is the Fourier transform
2. Shifting Theorem

If F{f(x)} = F(s)then F{f (x — a)} = e®*F(s)

3. Change of Scale property

F{f(x)} = F(s) then F{f(ax)} = rjd F( ) wherea # 0

s
a
4. Modulation Theorem
F{f(x)} = F(s)then F{f (x)cosax} = %[F(s —a)+ F(s+ a)]
Convolution Theorem
Definition

The convolution of two functions f(x) and g(x) is defined as

1 (0e]
fl)*glx) = \/T_nf_mf(t)g(x — t)dt



SATHYABAVA UNI VERSI TY UNIT |11 SMIri1201 ENG NEERI NG MATHEMATI CS | I |
Page 3

Fourier Transform of Convolution of two functions

The Fourier Transform of Convolution of f(x) and g(x) is the product of their Fourier
Transform

fx)*gx) = F(s).G(s) = F{f(x)}.F{g(x)}
Perseval’s Identity

If F(s) is the Fourier transform of f(x) then
I21f()2dx = [7 |F(s)|2ds
Infinite Fourier Cosine Transform
2 [e's)
FAf(0)} = \/;fo f(x)Cos sx dx

Inverse Fourier Cosine Transform

f(x) = \/gfooof(x)Cos xs ds

Infinite Fourier Sine Transform

Fif()} = \/gfooof(x) Sin sx dx

Inverse Fourier Sine Transform

2 (oo A
Fey= 217700 sinxs ds
Properties of Fourier Sine and Cosine Transforms

1 Linear Property

Felaf (x) £ b g(x)} = aF{f ()} £ bF{g(x)}

Filaf(x) £ b g(x)} = aF{f ()} £ bF{g(x)}
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2 Modulation Property

Ff (OSinax} = 2 [F.(s — @) = F.(s + a)]

F{f (x)Cosax} = Z[F(s + a) + F(s — a)]

FAf (¥)Sinax} = S[F(a+5) + F(a —s)]

FAf(x)Cosax} = S[F(s + a) + F.(s — a)]
3 F{f(a)} = 2 (%)

4 F{f (a0} = 2 F ()

a

5 Identities

If Fc (s) and G¢(s) are the Fourier cosine transforms and Fs(s) and Gs(s) are the
transforms of f(x) and g(x) respectively then

) O fg@dx = [7 F.(s) Ge(s)ds
i) fjooof(x)g(x)dx = fjooo F,(s) Gs(s)ds

i) Jy IfG)Pdx = [TIE()Ids = [ IE(s)I7ds
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PROBLEMS

Problen 1 If the Fourier transform of f(x) is F(s) then, what is Fourier transform of

f (ax)?
Solution:

)
F(s)=F(f(x)=—— j f (x) € dx

1 T _ iSX
F(f(ax))zzjf(ax)e dx
Put t =ax
dt = adx

1 7 dt
F(f S is(t/a)
(f(@0)= = [ f e
1 1 75 -
== _= f |st/ad
R Zﬂjw (1) dt

Problem 2 Find the Fourier sine transform of e**.
Solution:

F(f (x)):\/g [ f(x)sins dx

0
Fs(esx):\/g J'e’3"sinsxdx
T 0
—3X @
:\/z{sirg(—:%sinsx—scosx)}
T 0
= 2(_s -1 e¥sin bx dx= € asinbx—bcosbx| |.
7 \s+9 a’+b?

Problen 3  Find the Fourier sine transform of f(x)=e™, a>0. Hence deduce that

8

0

XSina X T __,
j S—Ox=—¢€
1+X 2

0
Solution:

F(f (x))z\/g]zf(x)sinsxdx
Fs(eax):\/g Ieaxsinsx dx

-z (ei7)
r \s?+a’

By inverse Sine transform, we get

f (X):\/%I F.(s)sinsx ds

27 [2( s :
:\/;j\/;(serazjgnS)(ds
0
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2 ¢ ssinsx
f(x)=— ds
() mys+a’
T T ssinsx
—f(x)= ds
2 () !:sz+a2

T ¢ ssinsx
—e¥= ds
2 J;52+a2

Put a=1 x=«a
T oa _ ss;nsxdS
2 o S +1
Replace ‘s by * x’
T ssinsx T,
J' - dx=—¢e".
v 1+ X 2

Problem 4 Provethat F. [f

Solution:
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cosax]——[F (s+a)+F.(s-a)].

- Fcl:f (x)]:\/% ]jf(x)cossx dx

F.[ f (x)cosax]|= \/z T f (x)cosaxcossxdx

cos(a+s)x+cos(a—s)x

2

SHIC

}dx

:E{\EQ f (x)cos(s+a) xdx}+%{\/gz f (x)cos(s-a) xdx}

:%[Fc(s+a)+ F.(s-a)].

Problem 5 Find the Fourier cosine transform of f (x) :{

Solution:

cosx, O<x<a
0, x>a |

F(f(x)) \/7J' X)cossxdx = \/Ej'cosxcossxdx
0

s(s+1)x+cos(s-1)x
2

:\Eic

sm(s+1)x+sm

(s
s+1 S

-1

1 sm(s+1)a+sm

—1)x_a

ax

o

, provided S=1, S=-1.

|
| _
{ ( s_—ll)a

N2 s+1

Problem 6 Find F, ( ) and F (

Solution:
)= R L0

F.(xe d
ax d —ax
)= Fle™]

dsFS[f(

F.(xe

:i{\/zje‘axsinsxdx}
ds| Vg
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2 Ere)- s

F et )= S Re ] = R0 () = L(%(1 (1)
-2 Ffovomna

8 et ]

Problem 7 If F(s) isthe Fourier transform of f (x) , then prove that the Fourier transform of
e™f (x) is F(s+a).

Solution:
F(s)=F( :%j f (x) €™ dx
1 T ax ISX
F( x :Tjé f( dx
e a+SXf X
@_L ()
=F(s+a).

Problem 8 Find the Fourier cosine transform of e +3e7*.
Solution:
Let f —e¥* 43"

\/7j cossxdx

F, [e*ZX + 3e*x] = \/:{J'ezx cossxdx + T3ex COSSX dx}
T 1% 0

\F[ 2 3 }
=, [|= + .
| +4 $+1

Problem 9 State convolution theorem.
Solution:
If F(s) and G(s) are Fourier transform of f (x)and g(x) respectively, Then the Fourier

transform of the convolutions of f (x)and g(x)isthe product of their Fourier transforms.
e FLE()*g(x)]=F[f(x)]F[a(x)]

Problem 10 Derive the relation between Fourier transform and Laplace transform.
Solution:

_xt
Consider f (t){% ot

), t>0
, t<0 _(1)

The Fourier transform of f (x) isgiven by

t)edt

F[f(t)]z%if
j )€t
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=g (t)dt

e "g(t)dt where p=x-is

L(g(t)){: L( f(t)= et (t)dtﬂ

L x Laplace transform of g(t) where g(t) is defined by (1).

oz

. Fourier transform of f (t)=

Problem 11 Find the Fourier sine transform of 1

\/7J' x)sinsx dx
FS(%) \/7] sinsx dx

Let sx=0
sdx=dg; 6:0—> x

[J-alans
B s

Solution:

Il
alm
7\
N
N—

Il
N

Problem 12 Find f (x) if itssinetransformis €*,a> 0.
Solution:

Fs(f(x))=F(S)

Given that F )) g™

\/7IF smxdx
\/7[e sinsxds
2 e*® ) N
:\/;{m(—asmsx—xcos sx)}
0
- (5e)
rla?+x?)
o 2

Problem 13 Using Parseva’s Theorem find the value of (zx—z)zdx,a> 0. Find the Fourier
ol X +a

%

transform of €. a>0.

Solution:
Parseval’ sidentify is [ |f (x)|"dx= [ |F(s) ds

2
Result: F, (e ):\/;szaz}
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© © 2
ey i)

2
2{(3 )de:Z.([(\/;Szfaszs

Problem 14 Find the Fourier sine transform of f (x)

Solution:
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1 O<xx<l

x>1

The Fourier sine transform of f (x)isgivenby F,( f (x)):\/zj f (x)sin sx dx
4 0

=\/%{stin sx dx +IOsinsx dx}z

E{—COSS+}}_ g[i_coss

T S S TLS S

Problem 15 Find the Fourier transform of €®! a> 0

Solution:
1 K iSX
F(f(x)):Ej f (x)€dx
1 7 —a)X jsx
=—— | e e¥dx
Nrd)
:ije’ﬂx‘ (cossx+isinsx)dx

oz -

2
=

—00

X cossx dx

Z%[Oew
_alx 2 a
F(e ):E(aﬂszj'

e cossx dx [ J' e snsx dx=0, odd function}



SATHYABAVA UNI VERSI TY UNI'T |11

o0

F[f(x)]=ﬁ£f(
[dex+j( 1X) 'Sxdx+.|'0dx}

E(a—|x|)(cossx+isinsx)dx

X) €%dx
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[ J'asi nsx& |Xsinsxareodd functi ons}

1 5 i
By inverse Fourier transform f I e '™ ds.
\/27r i
. ,as
o 2sin® —
1 2 2 |
=—|.|— e '¥ds Put x=0
N 21 '[O\/; s
5% sinzazS
f(0)=;j s
a wsmz(azsj
T
—= ds
4 ;[ s
Put a=2
0 = 2
fzj'sm Sds [ .. sisadummy variable, we can replaceit by ‘t']

0

2(sint) T
i.ej(—j dt ==

Ut 2

—x2

Problem 17 (i) Provethat e 2 isself —reciprocal with respect to Fourier transform.

o ) 1 |x|§
(i) Find the Fourier transform of ~ f (x) =
0, |¥>
Solution:
(I) f( ) —>< /12

F(s)=F(f(x))

a tsins
. Hence evaluate j—ds.
a S
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© i i2s?
_ ; J-e_x JoHisxE— > o
\ 77'-—00
1 = (x-is)® -
=——|€ % e? dx
\/277."[0
X—is
Let = X=00=>Yy=00
NG y
dXZ\/Edy X=—-00=>Y=—0w
F(s) =ije’y2e’§’2\/§ dy
2r
2e—52/2 0 )
= e’ dy
Jr g
_ 26_5 2 T P dy: 2e_52/2 ﬁ
Jr % Jr
F(s) —e¥'?je e*'%js salf reciprocal hence proved.

(ii). Fourier transform of f (x)is

0

F(f(x)):%:[) f (x)€e>dx

= .T e**dx

S‘ [N S‘ [N %‘ [
S S S

1
O ey ;{:'—'9’

Q

cossxdx

=—jl cossx dx

Jor
f]

0

S

(cossx—isinsx)dx

(-.sinsxisanodd fn.)

[
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By inverse Fourier transforms,

f(x):%ﬂ I;F(s)e“sxdx

= \/;_ T\/zgnsas(cosy—isiny)dx
Tt T

00

1Tsinas sinas

S

cossxdx—(0) [ sinsxisodd}

sinas
S

jcossxds

Problem 18. Find the Fourier cosine transform of f(z) defined as

x for <<l
o]

2—x for l1<z<2
0 for x>2

Solution. By definition of Fourier Transform
Flf@) = = [ f@e* i
1

2
x cos st dx +/ (2 — x)cos sz da:}
1

1 . 2
sm ST COS ST sinsr  cossx
- (2—x) +
s 52
0 1

sms COSS—COSO sins  cos2s — cos s
( =) (0 mT )

S S

ok
3 3 3 3 3

00825—20058—1—1]

52
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Problem 19

. . ethr g < x < b
Find the Fourier transform of f(x) = 0 r<a andz>b
Solution.
1 o ;
Fif(z)] = — x)e" dx
@) = o= @

ezkmelsx dx

e
) m/ e

_ 0 Z)ﬁ [ei(k —:s)b _ ik + s)a]
+ s s

Problem 20. State and Prove convolution theorem on Fourier transforms

Statement: The Fourier transforms of the convolution of f (x) and g(x) is the product of their

Fourier transforms.

F(f(x)*a(x)=F[f(x)]F[a(x)]

Pr oof:

F(f*g)

N
R)

g e— 38
—~

*g)(x)e™dx

f(t)g(x—t)dt € ax

ﬁ‘l—\
)
é'-—.S

_.,
—_
~—
N—

ﬁr—\ ﬁl—\

1\4‘ ]

I
8

x—t) e~ dxdt

é'—-S
«
—_

—h
/‘\

Tg X—t)€ 'Sxdedt

NI NI, NI, DN, DN, NP
S|~ 5]~ §~ 5~ 5§~ §
é'—uS é'—uS é'—.S é'—.S é"—tS é'—.S

= f(t)e"dtG(s) [ F (g(t)) =G(s)]
=F(f*g9)=F(s)G(s) [ F(f(1)=F(s)]
Problem 21
Find the Fourier transform of f(x)= {az ; X, |XI ; Z and hence evaluate

0 J(smt ttcostjdt (i) T[sint—tcostj &t

3
0 t
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Solutions

Fourier transform of f (x) is
1 0
x f £5%dx
0+ j(a2 'Sxdx+ 0}

i @w

[I a?—x? cossx+isinx)dx}

NN
3\

T a - X )cossxdx[ (a - X )smsmsan odd fn]
0

e

SII’]SX —COSsX

SZ

—sinsx

S3

(a*-x

1) 2

|
|

2acosas 2asinas
3

S
2acosas+2sinas

sinas—ascosas

F(s): 2.|= :

S
==

By inverse Fourier transforms,
i

! TZ\/;(smas ascosasj(cosy—isiny)ds

%%%

{
[o
{ 2

s)e dx

f(x) =EI inas-— ascosascossxdx
7T —00
Put a=1
2 _%sins—scoss 1-x%, ¥
f(X)=—x2| —————cossxds f(x)=
()= 2x2] 1 {(){O .
Put x=0
Lsins— f(0)=1-0
f(O):ﬁjgnS ;scossdS { (0) }
T S =1
4% sins—scoss
l=—|————d
71'[ s S

0

Z:T sint-t cost
4, t

Hence (i) is proved. Using Parseva’s identify

i\F(s)fds:Df(x)f dix

dt

SMr1201 ENG NEERI NG MATHEMATI CS 11|
Page 14

)

(.. the second termsis on odd function)

<1
>1
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Solutions
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smas ascosasﬂ ds:je|a2—x2|dx
-a

(SI ns— scossj

i
e

2 1

2x§j(—9” S_SSCOSS) ds=2[ (1~ x)°dx

T 0 S 0

/o 2 5 3k
16 ¢( sSihs—scoss X 2X
—|| ——=— | ds=2| x+———
Ty S 4 3 o
© - 2
j(sns—fcossj ds:ﬂxz(gjzi
) s 16" \15) 15
Put a=1
Puts=t

0 a 2
I(WJ it :115. Hence (ii) is proved.

0

Problem: 22

. . 1-|¥,
Find the Fourier transform of f(x)= 0

.. Tsin®t 2sintt

(.)j = dt .

0

Solution:

The Fourier transform of

:%I f (x)€® dx

SMI1201 ENG NEERI NG MATHEMATI CS 111
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1
and hence find the vaue of

<X X
A
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1
Il |x| (cossx+isinsx)dx

)
Tj 1- |x| cossxdx[ (1-|x|)sinsxisanodd fn.]
T{ smsx _1)(cosszsxj}1
T{ coss } 0

(1) By inverse Fourier transform

T'[ F(s)e™ds
S

17 (1 oSS
ﬂ —00

fx:

j cossxds (... Second term is odd)

f(x)=2]

4 0
Putx=0

2 ¢(1-coss
1—|O|=;.[( 52 jds
0

[
S 2

0

(1— COSS

2

j cossxds
S

°j32$in2(s/2) T

S-S 2

put t=s/2 ds=2dt
TZSintZd T

o (2t)° 2

tsin t /1

{ g =y

(i) Using Parseval’ sidentity.

T F (s)‘2 ds= _]] f (x)‘zdx

Nf (1‘;‘535)}2 ds:.t(l—|x|)2 dx

2 ¢ (1-coss 1 2
~ ( j ds—jl(1—|x|) dx
4

T

1-coss

SZ

|
I j ds :ZE(l— x)2 dx

S

) o ]
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sinz(sj 4
EI 22 ds=g;Lett=s/2,dt=§
T S 3 2

167 S'ntj 2t =2
2

Ty 3
0 . 4

16 (smtj dt:E

167 t 3

i(stntj dt_g

Problem 23 (i) Find the Fourier sine transform ofeli. Hence prove that
I(Xgnoéxjdx=£e“,a>0.
oL 1+ X 2

(i)Find the Fourier sine transform of e®(a>0).Hence find (39)F;(xe™) and

(b) . (ﬁj |
X

Solution:

(|)F \/7j smsxdx
X‘ \/7]exsmsxdx
\/7]e sinsxdx = \/E( S jsinsxdx
1+ &

Result: J-eax sinbxdx =

a’ +b?

By Fourier sineinversion formula, we have

25 :
=.]—|F d
‘/”1[ .(s)sin sxds
- 27 12( s .
e’= /—J' /—(Hszjsm sxds

B J-ssmsx
T §°+1

ssinsx T s
I ——ds=—¢
y S +1 2

]’issinaa T

put x=a

—ds=—¢*
5 1+S 2

Replace Shy x

 _—dx==e2?
1+ X? 2

(i) . F \/ETf )sinsxadx
T

J-xsmax T
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e
w|lat+s?

By Property

Rl f (0] =~ [ R (1(9)]

o[ x ()] R (1)

(@ ToFind Fc[xe‘aX]
ax d ax
Fc[xe ]=£Fs(e )
e
S ds|Vr\s’+a®)]
:\/Z a2+52—252_
™| (a? +s)2
F.[xf ()]= \f[
(b) To find F{e }
X
F(f(x)) [T—asmstdt
[T:snstdt

Diff. on both sidesw.r to ‘s we get

a’-s
a+s

-(9)

(jas{—sns}dt
:\Hmm

\/7je cosst dt

d—F( \/7J'e cosst dt ‘\E(staZJ

Integrating w.r. to ‘s’ we get

CREE
=J% s (3

—tan”
But F(s)=0When s=0..c=0 from (1)

~F(s)= \/gtanl (gj

ds+c

(—asinsx—scossx)}: 3( S 2)

SMIr1201 ENG NEERI NG MATHEMATI CS | 1|
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\/7]—smst dt {'.je‘axcosbx dx:%}
0 b +a
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Problem 24 (i) Find the Fourier transform of & ** Hence prove that e 2 is sdf reciprocal
with respectto Fourier Transforms.

(i) Find the Fourier cosine transform of x"'. Hence deduce that 1 is self-reciprocal

Jx

under cosine transform. Also find F { 1

f)

Solution:
(i) F[f(x)]z%zf X) €dx
‘Ti
:Tz sk gy

Consider a®x* —isx

o w5 (2]

. 2 2

is S
=l ax—— | +—; ~(2
(ax 2aj +4a2 (2)

Sub: (2) in (1) ,We get

e[ 1 ]ﬂ A

= |— g4 = Lett:ax—i—s,dtzadx
T a 2a
F[e‘azxz}: L gz {'.J‘e‘tzdt:\/;}
av2r b
1 _522
= @4 —(3
™ (3)
1.
Puta=—in (3
NG

= [eflez} _ e—SZIZ

- e %% s sdlf rec procal with respect to Fourier Transforms.
. 27
R f =,—|f d
(ii). F.(f(x)) ‘/7?'([ (x)cossxdx
F(x") = ET " cossx dx -(1)
¢ T

0

We know that T'(n) = .[ eVy"dy
0

Put y=ax, weget [e™(ax)" adx=T(n)
0
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je’axx”’ldx= F(:])
! a

Put a=

Teimgrige L(N)
- j d sy

r(nj.,

jcossx i sinsx) X" dx= ——~i
0

F(n)( T . ﬂJ_n
=—21 COS—+isin—
s’ 2 2
F(n){ nr nn}
=——~| cOS——isin
s" 2 2
Equating real parts, we get
jx”lmsydx:l,?)cosn—ﬂ -(2)
) S 2
Using thisin (1) we get

F. (X”’l) = \/% Finn) OS%T
1

_JE

SMIr1201 ENG NEERI NG MATHEMATI CS | 1|
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Hence 1 is self-reciprocal under Fourier cosine transform

Ix

Tofind F {ﬁ}

gl

:%IT(cosstsinsx)dx
—cossxdx Thesecond termodd
@I [ ]
Put n =1/2in (2), we get
Tcossxd :F1/2C T
> X Js
_Nr 1 Nz
Js2 2s
2 Jr
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Problem 25 (i) Find f (x) if its Fourier sine Transform is €
s

(if) Usi ng Parseval’s Identify for Fourier cosine and sine transforms of e ®, evaluate

= _dx (b X 4
@ J'(a+x X()I(x+a)zx

Solution:
e—as

(i) Let F(f(x)=—

S

Then f(x) \/7.[—%smsx dx -(2)

\/7J'e cossxds = \/7a v
= 2o
:\Etanl@m ~(2)

At x=0, f (0)=0using (1)

(2) => f(O):\/%tan‘l(O)ch -.c=0
Hence f(x):\/gtan‘l(gj.

(ii) (a)ToflndJ-( de 7
ola +X

2(X)
F(e™) = |S[e™ d
-(e™) ﬂ{e cossxdx
= /E i(—acossx+ssinsx) °°
r|at+s

0

F°(eax):\/§(a2iszj -

By Parseval’ sidentify.
H f (x)|2 dx = Fc (s)|2ds

2
J-e’zaxdx j {\/E } ds, from (1)
’ V7 a®+s°

Bl
—2a| = o(a2+82)2

1 _2a°7 ds

2a m ja’+s

2

i_eJ‘(azcj’:cxz)z _ 47;3 [Re place:s: by x]
0
2
b) Tofind [—>— d
() Tofin '([(a+x)2 g
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\fj ™ sin sxdx
_ ﬁ {H( asinsc— scossx)I
o) 2w

By parseva’ sidentify

0 0

© 7ax 2% 2

!(e )2 dx=;£(a2iszj ds

.t s e z 1

| —(a2+s )dszz{_—ml "2
d

x +a :E (Replace's'by'x’).

SMI1201 ENG NEERI NG MATHEMATI CS | I |
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Problem 26 (i). Find the Fourier cosine transform of e ® cosax

1
ii). Evaluate (a
). (@)- I X +1)(x2+4
sine transform.
Solution:

() F \/7] cossx dx
F (e‘ax):\/;le‘axcossx dx
F°(S):\/g(szia2)

By Modulation Theorem,

F[f( cosax]——[F (a+s)+F.(a-s)]

)dx (®). Ix +a)(x +b2)

F[e cosax — E
ﬂ a+s

1 2] @yt ars |
2 \/; {[a +(a+s)2}[a +(a—s)}

a {4a2+232}

B J2r | st+4at

E [e""x cosax} _ 2a Paz + 32—‘.

Jor ' st +4at

(i) (@) Let £ (x)=e*andg(x)=e?

—X\ _ Ew —X
C(e )_\/;ie cossxdx

:\/z e (—cosx+ ssinsx) °°
| s’ +1 o

dx, using Fourier cosine and
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Ot——8 O«——8 O =8
—_
ml\:

+

|_\

N— D_

—_
0 wn
N

+

N

N—

Il
NG
1
|| D
w|
L 1
S 3
Il
N
TN
wlk
NG

(s° +1)(S +4) 12°

N

X
(b) Tofmdj T )(X2+b2)dx.
Let
(f(x))=e

.9(x)
ot ﬁ‘“m ﬂmJ :
\/7£e NS \/7(5 +b2j )

f (x)g(x) dx:st[f (x)].F.[ 9(x)]ds From(1) and(2)
o) Sz

_2
7T !(52+a2)(32+b2)

ds

Ot——8 O«——8 O«——38
CD\
8
X
o
X
|

S _Ew —(a+h)x
(Fra)ar) Sl

T

.7 X2 e g @ 1”
I'eJ(:(szraz)(szrbz) = 2{ (aer)}0 ~2(a+h)’
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Problem 27 (i). Find Fourier transform of e " and hence deduce that

cosxt . T ol - 2 Z2as
(a)'-([a2+t2dt_2a (0)- F[ } \f( ’

T (s°+a’) '

(i) . Find Fourier cosine transform of e *sinax.

Solution:

(i) Fourier transform of f (x)is

1 o0
f ISX
J2r J;
1 _aly]
=——|e COSSX+1snsx)dx
o=l )
1 7 oo e
=— cossx dx . sinsxisodd fn.
&l 2 J

flev]- 22k -0

(a) Using Fourie rinverse transform,

-ax _ 1 7 ~isx
e=——| F(s)e™ds
L J\f{ }cossx+isinsx)ds
Jor ) a’+s
=EI COSSX [.'.%isan odd fn}
meai+ s°+a
2a | cos vt fup T
=—|5—5dt (Replace's' by 't’)
T °a +t?

le,a‘x‘ =J' cos xt

dt.
2a Y at+t?

(b) . Find Fourier cosine transform of € ® sinax.

ax] . |2 2as
To prove F[xe H] |\/;(2—22

s +a’)
Property:
(X (x)]= () S5
F[xf(x)] |dFdiS
—i dF (e’a‘x‘)
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4 \E a
o ds|Vr ai+s?
\/E -2s \/E 2as
=g, o s =i
ﬂ((aﬂsﬁ) J m (a2+sz)
(ii) Find the Fourier cosine transform of € * sinax.
200
= |—|f d
\/;j (x) cossxdx
F[e‘axsinax} \/7je sinax cossxdx
2 o
\/7 J'e [sm s+a)x-sn(s- ax]dx
s+a s-a .'.je’axsinbxdx:L
2 )2 . a2+b2

+(s+a) a’+(s+a

{(a2 +(s+ a)z)(s+ a)—(s—a)(a2 +(s+ a)z)}

(a2 +(s+ a)z)(a2 +(s—a)2)

2a’s+s® —2as® + 2a® +as® — 2a’s—2s” — s° — 2as’ + 2a° + s“a+ 2sa’ }

4a* + 2a%s’ —4a’s+2a%s’ + s — 2as’® + 4a’s+ 2as® — 4a°s’

- \/Eﬂ

1
J2r

1
Jor

2

2ai-as|  [2[a(2a-)
T 2n | datest | x| 4dat+st
Problem 28 (i). State and Prove Parseval’s Identity in Fourier Transform.
(ii). Find Fourier cosine transform of & %

Solution:
(i) Parseval’ s identity:
Statement: If F(s)isthe Fourier transform of f (), then “f(x)‘zdx:ﬂF(S)2

Proof by convolution theorem F [ f * g]=F (s)G(s)
f*g=F*[F(s)G( s)]

o0

5= | T 00endt=—2 [F(spp(s)e™ ds—(y

—00

Put x=0andg(-t) = f( ) then it follows that G(s)=F(s)
. (1) becomes

[T T = [[FEFET]os

i.e.ﬂf(t)\ dt= ﬂF(s)\zds
|e“ ‘ dx = _UF s)‘zds
(i)

F[f (x)]:\/gz f (x)cossxdx
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o] 2 e osseax
ot as
Te‘xz cossxdx

= Te RPof e'dx
J_ jw e &% dx

=RPof — J' e i

\/_

|
V
v
1
L 1
Il
()
)

Problem 29 (i). Find the Fourier transform of ~ sin ax
X

nax

and hence prove that j dx=4ar .

2sin3(s—2r)

(ii). Find f (x), if the Fourier transform of F(s) is (5—27)

Solution:

() F[f (%) ]f_Tf

sinax 1 %|snax]|
F = €% dx
I }

[Snax}(cossx+sin x) dx
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X

{Ff{gn(a;s)xﬁn(ax—s)

F[sinax}:ﬂ ()

SMI1201 ENG NEERI NG MATHEMATI CS | I |
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de: E[ﬂjtﬁ} ifa+ts>0&a-s>0
T|2 2

ifats>0&a-s<0ora+s<0&a-s>0

By Parseval’ sidentity

Hf(x)‘zdx= HF(S)‘st
oo_w- 2 -
Ismzax 2 2ds=27z[s]::27z(a+a):47ra
.7 sin?ax
|.e.J; v dx = 4ra.
m)Lausﬁij4{gi?§}
- {Zsm:%s} IZsm:Bs R
ﬂ —00
:i 25|n3.s(cossx+iSinsx)dsZEIZSin3scossxdS
2r° S S

(By the property of odd and even function)
2lsin(3 in(3—
:lj{sn( +x)s+sm( x)}ds
T

S S

1, asoneg

1[” ﬂ}ﬁ3+x>0&3 x>0
2 2

T
= if 3+ x>0&3-x<0 or
0 3+Xx<0&3-x>0

.-.J'S'nmxdx=£or—£accordingas m>00rm<0.
5 X 2 2

1 if
:{OH
1 if [x<3
:{OH X>3 (1)
By the shitting property, F {éaxf (x)} =F(s-a)
ef (x)=F*{F(s-a)}

Thus Fl{zgn[:a(s_ Zﬂ)]} = éZ”Fl(wj

-3<x<3
X<-30rx>3

S-2rx S

L [1if|x<3
=€ x
0if |x|>3
2f X < 3

. e
:e|2ﬂx
{o if |x|>3
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Finite Fourier Transform

Let f(x) be function defined on (0,l). Suppose f(x) is sectionally continuous, then
the Finite Fourier sine Transform of f(x) is s function on the set of integers

l
F{f(x)} = j f(x) singdx = F.(p) wherep € Z
0

Also the Finite Fourier Cosine Transform is defied by

l
FAf(0)} = j f(x) cosgdx = F.(p) wherep € Z
0

Inversion formula for sine transform

f() = 2251 F(p) sin 2=

Inversion formula for cosine transform

fG) = 1F0) + 255 F(p) cos B Where F(0) = [ f(x)dx
Problem 1) Find the Finite Fourier Cosine and Sign Transform of f(x) = x?

Solution:

— L,
Fofx?} = [ x* sm@dx

) cos@ sin% cos@
=1\ T )2 T e | T T
i () &) /1,

[ TX [ \? TX 1\3 X
= |—x? —cosp— — 2x (—) sinp— + 2 (—) cosp—]
p l pr l o

l3

Fle?}=— = (1P 4 (1P = 1] if p # 0

p3m3

FAx?} = fol x? Cosgdx

Sinﬂ cosw Sinﬂ
— |2 = pT[l _ _ - l2 pn13
T (57) &) /),
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l

[ X [ \? X [\3 X
= |x? —Sinp—+ 2x(—> cosp—+2(—) sinp—
prT l pTT l pr l 0

203
p2n2

Foix?}=— (=DPifp #0

Exercise 1) Find the finite fourier sine and cosine transform of f(x) = e*in (0, | ).

-x- THEEND  --x--
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