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UNIT –IV  ORDINARY DIFFERENTIAL EQUATIONS 

 
Exact differential equation. 

  A first order differential equation of type ( , ) ( , ) 0M x y dx N x y dy   

is called an exact differential equation if there exists a function of two variables u(x,y) with 

continuous partial derivatives such that  ( , ) ( , ) ( , )du x y M x y dx N x y dy   

The general solution of an exact equation is given by ( , ) ( )u x y f y dy c  ,where c is an arbitrary 

constant 

Test for Exactness  
Let functions ( , )M x y  and ( , )N x y  have continuous partial derivatives in a certain domain D.  

The differential equation  ( , ) ( , ) 0M x y dx N x y dy  is an exact equation if and only if 
M N

y x

 


 
 

 

Algorithm for Solving an Exact Differential Equation  

1. First it's necessary to make sure that the differential equation is exact using the test for exactness:  

M N

y x

 


 
            

2. Integrate M with respect to x keeping y constant  ie Mdx  

3. Integrate those terms in N not containing x with respect to y.ie N Mdx dy
y

 
 
 

    

4. The general solution of the exact differential equation is given by Mdx N Mdx dy c
y

 
   

 
    

Example1. Solve 
4 2 2 3 3 2 2 4(5 3 2 ) (2 3 5 ) 0x x y xy dx x y x y y dy       



4 2 2 3 3 2 2 4

2 2 2 2

5 3 2 2 3 5

6 6 6 6

M x x y xy N x y x y y

M N
x y xy and x y xy

y x

     

 
   

 
 .

M N
the given equation is exact

y x

 
 

 
 



The required solution is given by  Mdx terms of N not containing x dy c    

4 2 2 3 4(5 3 2 ) ( 5 )x x y xy dx y dy c       

5 3 2 2 3 5x x y x y y c     

Equations Reducible to Exact equations. 

Rule1.  
( )1

( )  is function of x alone ,say f x .
f x dxM N

If then I F e
N y x

   
 

  

Rule2.  
( )1

( )  is function of y alone ,say f y .
f y dyM N

If then I F e
M y x

    
 

 

Rule3. 1 2

1
( ) ( ), .If M is of the form M yf xy N is of the form N xf xy then I F

Mx Ny
  


 

Rule4. 
1

0 hom .IfMdx Ndy is a ogeneous equationin x and y then I F
Mx Ny

  


 

 
Example2.   Solve (2 log ) 2 0.x x xy dy ydx    

Solution . Given  (2 log ) 2 0.x x xy dy ydx                             (1) 

                         Here M = 2y,  N = 2xlogx-xy. 

            2 2(1 log )
M N

and x y
y x

 
     

 
   

1 2log 1
( ) ( ).

2 log

M N x y
f x

N y x x x xy x

   
    

  
 

1
( ) log 1 1

.
dxf x dx xxI F e e e x

x



       

2
(1) . (2 log ) 0 0 .

y
I F dx x y dy mdx ndy which is exact

x
        

   The required solution is given by  mdx terms of n not containing x dy c    

2
The required solution is given by ( ) 0

y
dx y dy

x
     . 

2

The required solution is given by 2 log 0
2

y
y x   . 

 Example3.   Solve 
4 3 4( 2 ) ( 2 4 ) 0.y y dx xy y x dy      

 

Solution . Given  
4 3 4( 2 ) ( 2 4 ) 0.y y dx xy y x dy                               (1) 

                         Here
4 3 42 2 4M y y N xy y x       

            
3 34 2 4

M N
y and y

y x

 
     

 
   

3 3

4

1 (4 2) ( 4) 3
( ) ( ).

2

M N y y
f y

M y x y y y

     
     

  
 

3
( ) 3log 3

3

1
.

dyf y dy yyI F e e e y
y



       

2 3

2 4
(1) . ( ) ( 2 ) 0 0 .

x
I F y dx x y dy mdx ndy which is exact

y y
          

   The required solution is given by  mdx terms of n not containing x dy c    



2

2
The required solution is given by ( ) (2 )y dx y dy c

y
     . 

2

2

2
The required solution is given by ( )x y y c

y
    

Example4.   Solve 2 2 2 2( 2 ) ( ) 0.y xy x y dx x xy x y dy     

 

Solution . Given  2 2 2 2( 2 ) ( ) 0.y xy x y dx x xy x y dy                              (1) 

                         (1 2 ) (1 ) 0y xy dx x xy dy      

                    

)()21( 1 xyyfxyyM   and )()1( 2 xyxfxyxN  , 

Then  I.F=
223

1

)1()21(

11

yxyxyxxxyyNyMx






 

                            

2 2

1 2 1 1
(1) . ( ) ( ) 0 0 .

3 3 3 3
I F dx dy mdx ndy which is exact

x y x xy y
         

   The required solution is given by  mdx terms of n not containing x dy c    

2

1 2 1
The required solution is given by ( ) ( )

3 3 3
dx dy c

x y x y
      . 

1 2log log
The required solution is given by .

3 3 3

x y
c

xy
    

 

 Example5.   Solve 
3 3

2
.

dy x y

dx xy


  

 

Solution . Given  
3 3 2( ) ( ) 0.x y dx xy dy                             (1) 

                          
                    

                         

3 3 2

3 3 2 4

( ) ( ) hom .

1 1 1
.

( ) ( )

Here M x y and N xy which are ogeneous in x and y

then I F
Mx Ny x y x xy y x

   

  
   

  

             
3 2

4 3

1
(1) . ( ) ( ) 0 0 .

y y
I F dx dy mdx ndy which is exact

x x x
        

 

   The required solution is given by  mdx terms of n not containing x dy c    

3

4

1
The required solution is given by ( ) (0)

y
dx dy c

x x
     . 

3

3
The required solution is given by log .

3

y
x c

x
  

 

Example6.  Solve 
3 2 2 3( 2 ) (2 ) 0y x y dx xy x dy     



 

Solution . Given  3 2 2 3( 2 ) (2 ) 0.y x y dx xy x dy         

 

                     
32

23

2

2
),(

xxy

yxy
yxf

dx

dy
Here




                     (1)   which are homogeneous in x and y. 

                          

                     
3 3 2 3

2 2 3 2

2 2
1 ,

2 2 1

dv v x x vx v v
put y vx in v x

dx xv x x v

  
   

 
 

            
3 3

2 2

2 3 3

2 1 2 1

dv v v v v
x v

dx v v

 
   

 
 

2 2

2 2

2 1 2 1
3

3 ( 1) ( 1) 1 1

v v A B C dx
dv xdx dv dv

v v v v v v v x

   
             

 

1 1/ 2 1/ 2
3

1 1

dx
dv c

v v v x

 
        
   

2 3log( 1) log logv v x c      

3 2( 1)x v v c    
2 2 2 2( )x y x y c    

   
 
 
                               LINEAR EQUATIONS OF HIGHER ORDER 

A linear equation of nth order with constant coefficients is of the form  

Xya
dx

yd
a

dx

yd
a

dx

yd
nn

n

n

n

n

n










.....
2

2

21

1

1        (1)  

where a1, a2,…….an are constants and X is a function of x. This equation can also be written in the form 

  XyaDaDaD n

nnn   .....2

2

1

1
where 

dx

d
D  ,

2

2
2

dx

d
D  ,……..

n

n
n

dx

d
D   

Consider   0.....2

2

1

1   yaDaDaD n

nnn
      (2) 

The general solution of equation (2) is given by nn ycycycY .......2211   

where nyyy ,......, 21  are n independent solutions and nccc ,......., 21  are arbitrary constants.  

Y is called the complementary function (C.F) of equation (1). 

Suppose u is a particular solution (particular integral) of equation (1) 

Then the general solution of equation (1) is of the form y=Y+u where Y is the complementary function 

and u is a particular integral (P.I). 



Thus y=C.F + P.I 

 

To find Complementary functions 

Case (1) 

Roots of the A.E are real and distinct say m1 and m2 

y=
xmxm

ecec 21

21   

Case (2) 

Roots of the A.E are imaginary then 

y=  xcxce x  sincos 21   

Case (3) 

Roots of the A.E are real and equal say m1 = m2 then 

 21
1 cxcey
xm

  

 

1.Solve 032
2

2

 y
dx

dy

dx

yd
 

Put D
dx

d
  

  0322  yDyyD  

  0322  yDD  

The auxiliary equation is 0322  mm  

 

)1)(2(

)3)(1)(4(2)2(
2


m  

2

8
2


m  

2

222 i
m


  

21 im   



C.F =     xcxce x 2sin2cos 21   

The general solution is y = C.F+P.I 

y=     xcxce x 2sin2cos 21  +0 

 

To find Particular integral 

 When the R.H.S of the given differential equation is a function of x , we have to find particular  

Integral. 

Case (i) 

If 
axexf )( , then 

axe
DF

IP
)(

1
.  . Replace D by a in F(D), provided F(D) 0. 

If F(a) = 0 then 
axe

DF

x
IP

)(
.


  provided 0)(  aF  

If F’(a) = 0 then 
axe

DF

x
IP

)(
.


  provided 0)(  aF  and so on 

Case (ii) 

If f(x) = sinax or cosax then axaxor
DF

IP cossin
)(

1
.   

Replace 
22 abyD  in F(D), provided F(D) 0. 

If F(D) = 0, when we replace D2 by –a2 then proceed as  case (i) 

Case (iii) 

If f(x) = an then 
nx

DF
IP

)(

1
.   

   nxDFIP
1

)(.


  , Expand   1
)(


DF  by using binomial theorem and then operate on xn. 

Case (iv) 

If f(x)=eaxx, where X is sinax (or) cosax (or) x then  

X
aDF

eXe
DF

IP axax

)(

1

)(

1
.


  



Here X
aDF )(

1


 can be evaluated by using anyone of the first three types. 

 

Problems 

1.Solve   xeyDD 32 596   

0962  mm  

  03
2
m  

m=-3,-3 

  xecxcFC 3

21.   

P.I  = 
 

xe
DD

3

2
5

96

1










 

 = 
   

xe3

2
5

9363

1















 

 = 
xe3

36

5
 

The general solution is y = C.F + P.I 

y=   xecxc 3

21

 +
xe3

36

5
 

2. Solve   xeyDD  562
 

0562  mm  

   015  mm  

m=-1,-5 

C.F = 
xx ecec 5

21

   

P.I  = 
 

xe
DD












 56

1
2

 

 = 
   

xe 















 5161

1
2

  



 = 
xe

D

x 

 62
 = 

xe
x 

 6)1(2
 

 = 
xe

x 

4
 

The general solution is y = C.F + P.I 

y= 
xx ecec 5

21

  +
xe

x 

4
 

 

 

2.Solve   xyDD 2sin12   

Solution: 

The auxiliary equation is 012 mm  

2

31 i
m


  

C.F=









































2

3
sin

2

3
cos 21

2
x

c
x

ce

x

 

 

P.I =
 

x
DD

2sin
1

1
2 












 

 =
 

x
D

2sin
14

1










 

 = x
D

2sin
3

1










 

 = x
D

D
2sin

9

3
2













 

 = x
D

2sin
13

3












 

 =-
13

2sin3

13

2cos2 xx
  



The general solution is y = C.F + P.I 

y = 









































2

3
sin

2

3
cos 21

2
x

c
x

ce

x

 -
13

2sin3

13

2cos2 xx
  

 

3.Solve   22 23 xyDD   

Solution: 

The auxiliary equation is 0232  mm  

(m + 2) ( m + 1) = 0 

Hence m = -2, -1 

C.F = 
xx ecec   2

2

1  

P.I =
 

2

2 23

1
x

DD 











 

 = 
2

1
2

2

3
1

2

1
x

DD











 
  

 =
2

2
22

2

3

2

3
1

2

1
x

DDDD






















 








 
  

 = 
2

2

4

7

2

3
1

2

1
x

DD








  

 = 









2

7
3

2

1 2 xx  

 The general solution is y = C.F + P.I 

y = 
xx ecec   2

2

1  + 









2

7
3

2

1 2 xx  

4. Solve   xeyDD x 2cos342   

Solution: 

The auxiliary equation is 0342  mm  

(m -1) ( m -3) = 0 



Hence m = 1, 3 

C.F = 
xx ecec 3

21   

P.I = 
 

xe
DD

x 2cos
34

1
2 












 

 = 
   

x
DD

e x

2cos
3141

2 














 

 = x
DD

e x

2cos
22 












 

 = x
D

e x

2cos
24 












 

 = x
D

e x

2cos
22

1












  

 = x
D

De x

2cos
4

2

2 2












  

 = 
 















8

2cos2

2

xDe x

 

 =  xx
e x

2cos22sin2
16

  

 =  xx
e x

2cos2sin
8

  

The general solution is y =C.F+ P.I 

y = 
xx ecec 3

21   xx
e x

2cos2sin
8

  

 

5. Solve   xeyDD x sin222   

The auxiliary equation is 0222  mm  

im  1  

C.F =  xcxce x sincos 21   



P.I = 
 

xe
DD

x sin
22

1
2 












 

 = 
   

x
DD

e x

sin
2121

2 









 

 = x
D

e x

sin
12 









 

 = 
  

x
iDiD

e x

sin









 

 = 
  

ixx e
iDiD

e 










1
 of partImaginary   

 = 






 ixx xe
i

e
2

1
 of partImaginary   

 =  







 xixixe x sincos

2

1
 of partImaginary   

 = xxe x cos
2

1
  

The general solution is y = C.F + P.I 

y =  xcxce x sincos 21   xxe x cos
2

1
  

6. Solve   xexyDDD 223 133   

The auxiliary equation is 0133 23  mmm  

  01
3
m  

m=1 (thrice) 

C.F =  2

321 xcxcce x   

P.I = 
xex

DDD

2

23 133

1


 

 = 
     

2

23
113131

x
DDD

e x











 



 = 
2

3

1
x

D
e x









 

 = 
60

5xe x

 ( By integrating x2 thrice with respect to x ) 

The general solution is y = C.F + P.I 

y=  2

321 xcxcce x  +
60

5xe x

 

 

Linear  Differential Equations with variable coefficients 

An equation of the form 

Xya
dx

yd
xa

dx

yd
xa

dx

yd
xa nn

n
n

n

n
n

n

n
n 









 .....

2

2
2

21

1
1

10  

Where a0 , a1 ,…….an are constants and X is a function of x is called Euler’s homogeneous linear 

differential equation. 

Equation can be reduced to constant coefficient by means of transformation z = log x.Then 

xD  ,  122  Dx  ,   2133  Dx  where 
dz

d
 .  

 

1.Solve )sin(log)cos(log42 xxxyyxyx   

Solution: 

Put z = log x and 
dz

d
  

The given equation reduces to 

   zezy z sincos41    

  zezy z sincos422    

The auxiliary equation is m2 -2m + 4=0 

31 im   

Hence  zczceFC z 3sin3cos. 21   



       xcxcx log3sinlog3cos 21   

 

P.I =  zez z sin
42

1
cos

42

1
22 




















 
 

 =
 

 zez z sin
4)1(21

1
cos

23

1
2 




















 
 

 =  zez z sin
3

1
cos

23

1
2 




















 
 

 =
 31

sin
cos

49

23
2 












 ze
z

z




 

 =
2

sin
cos

13

23 ze
z

z








  
  =

  zezz z sin
2

1
sin2cos3

13

1


 

 =       xxxx logsin
2

1
logsin2logcos3

13

1
   

The solution is y = C.F + P.I 

y     xcxcx log3sinlog3cos 21  +       xxxx logsin
2

1
logsin2logcos3

13

1
  

 

2.Solve xxyxDDx log2)42( 222   

Solution: 

Put z = log x and 
dz

d
  

The given equation reduces to 

   zey z 2421 2    

  zey z 24 22   

The auxiliary equation is m2+m+4=0 

 
2

1611 
m   = 

2

151 i
  



 

 C.F  = 









































zczce

z

2

15
sin

2

15
cos 21

2  

 

    = 









































zcxcx log
2

15
sinlog

2

15
cos 21

2

1

 

P.I =   21

2

2
..2

4

1
IPIPze z 










 

 zeIP 2

21
4

1
. 













 

 =
1010

22 xe z

  

 zIP 2
4

1
.

22 












 

  z




























 




4
1

1

2

1
2

 

 = z

1
2

4
1

2

1









 



 = z










4
1

2

1 
 

 = 









4

1

2

1
z  

 =
8

1
log

2

1
x  

The general solution is y= C.F+ 21 .. IPIP   

 Y=









































zcxcx log
2

15
sinlog

2

15
cos 21

2

1

+
10

2x
+

8

1
log

2

1
x  

 

SIMULTANEOUS  FIRST  ORDER  EQUATIONS 



Example 1 Solve the simultaneous equations 023,532  yx
dt

dy
tyx

dt

dx
given 

that x(0) = 0, and y(0) = -1             

Solutions: The given equation can be written as 

 (D+2)x-3y=5t   …(1) 

 (D+2)y-3x=0   …(2) 

(1) x 3                3(D+2) x-9y=15t 

(2) x (D+2)       3(D+2)x-(D+2)2y=0 

          (-)            (+) 
           -9y+(D+2)2y = 15t 
 

2D 4D 5 y  15t      

2 A.E is m 4m 5  0      m=-5, m=1 

-5t tC.F    Ae  Be   

2

2

1
2

2

1
P.I   15

4 5

1
15

4
5 1

5

4
3 1

5

4 21
3 1 ..

5 25

12
3

5

t
D D

t
D D

D D
t

D D t

t




 


 

  
 

 
   

 

 
     

 

  

     

5 12
( ) 3

5

t ty t Ae Be t                                 (4) 

To find x(t) sub(4) in (2) 

 3 2
dy

x y
dt

   

5 13
( ) 2

5

t tx t Ae Be t                      (5) 

 
13

x 0 0 
5

A B                                 (6) 



7
(0) 1

5
y A B                                 (7) 

from (6) & (7) 

 
3

, 2
5

A B


   

  53 13
( ) 2 2

5 5

t tx t e e t      

 53 12
( ) 2 3

5 5

t ty t e e t
     

Example :2 

 Solve tey
dt

dx
52  ; tex

dt

dy
52   given that x(0)=-1 and y(0)=3.    

Solution 

Given: 2 5 ; 2 5t tdx dy
y e x e

dt dt
     

i.e Dx+2y=5et  …(1) 

-2x+Dy=5et  …(2) 

(1) x –2           -2Dx-4y=-10et  …(3) 

(2) x D              -2Dx+D2y=5et  …(4) 

      (+)   (-)    (-) 

from (3) –(4)       (D2+4) y=15et   

A.E is      

C.F = Acos2t + Bsin2t. 

P.I =
2

1
15

4

te
D 

=  
2

1
15

1 4

te
 

= 5  

y(t)= Acos2t + Bsin2t +5                                                   (5) 

To find X(t),Sub (5) in  (2)   2 5 tdy
x e

dt
   ( ) sin 2 cos2x t A t B t          (6) 

 Given that  x(0)=-1   (0) 1x B    1B   and  y(0)=3  (0) 3 5y A    2A    

( ) 2sin 2 cos2x t t t   and ( ) 2cos 2 sin 2 5 ty t t t e     

 

Example :3 

 Solve the simultaneous equations    t 2tD 5 x y e   ;   D 3 y x e       



Solution:    Given that  

  (D+5)x+y=et  …(1) 

 -x+(D+3)y=e2t  …(2) 

(1)       (D+5)x+y=et 

(2) x (D+5)    -(D+5)x+(D+3)(D+5) y=2e2t+5e2t …(3) 

(1) + (3)          ((D+3) (D+5) +1) y=et+7e2t 

ie., (D2+8D+16)y=et+7e2t 

 A.E is m2+8m+16=0 

  m=-4,-4 

C.F is y(t)=(At+B)e-4t 

 P. I  = 

2
2

2

1 7
[ 7 ]

8 16 25 36

t t
t t e e

e e
D D

  
 

  

Complete solution is  

  

18

7

25
)(4

36

14

25
)(4

36

7

25
)()(

2
44

2
44

2
4

tt
tt

tt
tt

tt
t

ee
AeeBAt

ee
AeeBAt

dt

dy

ee
eBAtty













 

To find x(t) sub (4) in (2) 

 

t
tt

t

tt
tt

e
ee

eBAt

ee
AeeBAtx

2
2

4

2
44

36

21

25

3
)(3

18

7

25
)(4









 

 

2
4 4 2

2
4 4

4 35
(1 )

25 36

4
( ) (1 )

25 36

t t
t t t

t t
t t

e e
x t Ae Be e

e e
x t t Ae Be

 

 

      

    

 

36

7

25
)()(

2
4

tt
t ee

eBAtty  
 



 

METHOD OF VARIATION OF PARAMETERS 

 

Example:1 
Use the method of variation of parameter to solve (D2+4)y = cot2x. 

Solution: 

 A.E  is  m2+4=0 ; m= 2i  

The C. F = eox[Acos2x+Bsin2x] 

Now, 

 

1 2

' '

1 2

' ' 2 2

1 2 1 2

cos 2 sin 2

2 sin 2 2cos 2

2(cos 2 sin 2 ) 2

f x f x

f x f x

f f f f x x

 

  

   

 

        P.I = 1 2P f Q f  

P  = - 2

' '

1 2 1 2

f X
dx

f f f f  

P  

sin 2 cot 2

2

1
cos 2

2

1
sin 2

4

x x
dx

xdx

x

 

 

 



  

 

         

'

' '

1 2 1 2

f X
Q dx

f f f f


  

             =
cos 2 cot 2

2

x x
dx  

 



2

2

1 cos 2

2 sin 2

1 1 sin 2

2 sin 2

1
(cos 2 sin 2 )

2

1 1 1
log(cos 2 cot 2 ) cos 2

2 2 2

x
dx

x

x
dx

x

ec x x dx

ec x x x






 


   









 



P.I=Pf1+Qf2 

 
1 1

sin 2 [cos 2 log(cos 2 cot 2 )] cos 2 sin 2
4 4

x x ec x x x x     

 =-
1

sin 2 log(cos 2 cot 2 )
4

x ec x x   

 The complete solution is  

  
1

( cos 2 sin 2 ) sin 2 log(cos 2 cot 2 )
4

y A x B x x ec x x     

Examples :2 
 Solve (D2+a2)y = secax  by the method of variation of parameters.    

Solution: 

 Given (D2+ a2)y = secax 

 A.E is m2+ a2 = 0 

  m= ai  

 C.F A cosax Bsinax   

 

1 2

' '

1 2

' ' 2 2

1 2 1 2

cos sin

sin cos

cos sin

f ax f ax

f a ax f a ax

f f f f a ax a ax a

 

  

   

 

        P= 2

' '

1 2 1 2

f X
dx

f f f f


  

=-
sin secax ax

dx
a  

2

1 1
sin

cos

1 sin 1
log[cos ]

cos

ax dx
a ax

ax
dx ax

a ax a

 

  





 

           

1

' '

1 2 1 2

cos sec

1 1 1
cos

cos

f X
Q dx

f f f f

ax ax
dx

a

ax dx x
a ax a






 







 



1 2 2

1 1
. log(cos )cos sinP I P f Qf ax ax x ax

a a
      

Complete solution y=C.F+P.I. 

Example :3 

Solve 

2

2
2 logxd y dy

y e x
dx dx

   by using method of variation of parameter.  

Solution: 

 A.E is m2-2m+1=0 

 C.F is (Ax+B)ex 

Where 
xxef 1   

xef 2  

 

' '

1 2

' ' 2 2

1 2 1 2 ( )

x x x

x x x x x

f xe e f e

f f f f xe xe e e e

  

     
 

P.I=Pf1+Qf2     Where 

P = 2

' '

1 2 1 2

f X
dx

f f f f


   

 










dxx

dx
e

xee
x

xx

log

log
2

 

logx x x   

Q= 1

' '

1 2 1 2

f X

f f f f  

 
2

. log
log

x x

x

xe e x
dx x x dx

e
  

   

4
log

2

2
log

22

2

x
x

x

x
xd











 

 



)3log2(
4

1

4

3

2

log

42

log
log

42

log
)log(

.

2
22

22
22

22

21




















xex
exxex

exxex
exxex

e
xxx

xexxx

QfPfIP

x
xx

xx
xx

xx

s 

The complete solution is  

 )3log2(
4

)(
2

 x
ex

eBAxy
x

x
 

Example:4 

Use the method of variation of parameter to solve  2 2D a cotaxy  . 

Solution: 

 

2 2

ox

A.E  is  m a 0  m  

Then C.F e Acosax Bsinax

ai  

 
 

Now, 

 

1 2

' '

1 2

' ' 2 2

1 2 1 2

cos sin

sin cos

(cos sin )

f ax f ax

f a ax f a ax

f f f f a ax ax a

 

  

   

 

        P.I = 1 2P f Q f  

P  = - 2

' '

1 2 1 2

f X
dx

f f f f  

P  

2

sin cot

1
cos

1
sin

ax ax
dx

a

axdx
a

ax
a

 

 

 



  

'

' '

1 2 1 2

f X
Q dx

f f f f


  

      =
cos cotax ax

dx
a  



 



2

2

1 cos

sin

1 1 sin

sin

1
(cos sin )

1 1 1
log(cos cot ) cos

ax
dx

a ax

ax
dx

a ax

ecax ax dx
a

ecax ax ax
a a a






 


   









 

P.I=Pf1+Qf2 

 
2 2

1 1
sin [cos log(cos cot )] cos sinax ax ecax ax ax ax

a a
     

 =-
2

1
sin log(cos cot )ax ecax ax

a
   

 The complete solution is  

  
2

1
( cos sin ) sin log(cos cot )y A ax B ax ax ecax ax

a
     

Example:5 

Solve 2 1
( 1)

1 x
D y

e
 


by using method of variation of parameter.  

Solution: 

 A.E is m2-1=0 

 C.F is x xAe Be  

Where 
1

xf e   
2

xf e  

 

' '

1 2

' '

1 2 1 2 2

x x

x x x x

f e f e

f f f f e e e e



 

  

     
 

P.I=Pf1+Qf2     Where 

       P   = 2

' '

1 2 1 2

f X
dx

f f f f


   

 2(1 )

x

x

x x

e
dx

e

put e t e dx dt



 
 

  


 

2

1 1

2 (1 )
dt

t t


  



2

1 1 1 1
( )

2 1
dt

t t t
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 )1log(

1
log

2

1
t

t
t  

=  )1log(
2

1 xx eex  
 

Q= 1

' '

1 2 1 2

f X

f f f f  

2(1 )

x

x

e
dx

e


 
 

1 x xput e t e dx dt   
 

1 1

2

1
log (1 )

2

x

dt
t

e

 

  


 

P.I = Pf1+Qf2     =  )1log(
2

xx
x

eex
e

 
- )1log(

2

x
x

e
e




 

The complete solution is  
 xx BeAexy )(  )1log(

2

xx
x

eex
e

 
 - )1log(

2

x
x

e
e




 

 

 


