UNIT =1

GEOMETRICAL APPLICATIONS OF DIFFERENTIAL CALCULUS

Curvature:

At each point on a curve, with equation y=f(x), the tangent line turns at a certain rate. A
measure of this rate of turning is the curvature
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Radius of curvature in Cartesian form:

If the curve is given in Cartesian coordinates as y(x), then the radius of curvature is
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Radius of curvature in Parametric form:
If the curve is given parametrically by functions x(t) and y(t), then the radius of curvature is
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Examples:
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1. Find the radius of the curvature at the point ( )on the curve VX +4y7 =1
Solution: ¥x + 47 =1

Differentiating w. r. t x ,we get

¥ =[x 1@V Y — ¥y 1/ (@2Vx)/x]


https://en.wikipedia.org/wiki/Cartesian_coordinates
https://en.wikipedia.org/wiki/Parametric_equation
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Show that the radius of the curvature at any point of the curve - cllis ¢ .
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Solution: y=ceos (c)

Differentiating y w. r. t X we get
r . x
Vv = sinh (E)

V' =1/c cosh(x/c)
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Find the radius of the curvature of the curve y = x*(x-3) at the points where the tangent is
parallel to the x — axis.

Solution: y = x*(x-3)

Differentiating y w. r. t x we get

v =3x% — 6x

V' =6x—6

The points at which the tangent parallel to the x — axis can be found by equating y’ to
zero.

e, 3x*—-bx=0=2x=0,x=1

Atx=0,y"=-6. Atx=2,y" =6.

Therefore at x =0 and x = 2, p= 6.

Prove that the radius of the curvature of the curve at any point of the cycloid
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Solution: We have ¥ = alt + sint), v = all + cost)
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Centre and Circle of curvature:

Let the equation of the curve be y = f(x). let P be the given point (x,y) on this curve and Q the
point (x+Ax,y+Ay) in the neighborhood of P. let N be the point of intersection of the normals at
P and Q. As Q—P, suppose N—C. Then C is the centre of curvature of P. The circle whose

centre C and radius £ is called the circle of curvature. The co-ordinates of the centre of
curvature is denoted as . ¥ -

where (xY =x—(" {1+ Ky"R2)/y" | Y =y+(@+ [y"3 200"
Equation of the circle of curvature:

If .37 be the coordinates of the centre of curvature and 2 be the radius of curvature at any
point (x,y) on a curve, then the equation of the circle of curvature at that point is

x—x)»¥+-¥) =p*
Examples:
1. Find the centre of curvature of the curve a*y = x#.
Solution: a*y = x?

dy 3x* ,d*y  6x
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Therefore the required centre of curvature is \ 2 a*] 2a®  6x/
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2. Find the centre of curvature of y =x?at \ 4 /~

Solution: y’ = 2x,y" = 2.
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Therefore the required centre of curvature is (_

3. Find the centre of curvature of the curve xy = a° at (a,a).

Solution: ¥ = —a'2/x'2 ,y" =2a"2x"(-3) At(aa)y =-1,y =

X = =a4

= 2a,
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The required centre of curvature is (2a, 2a).
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4. Find the circle of curvature of the curve ¥~ + ¥ = 3axy atthe point* 2 /°

Solution: ¥* + ¥¥ = 3axy
30+ 3yy’ = 3a(y’ 4 )

. ay—x?T
Vo=

Vi —ax

3a
. (2.3&)
Voath 2 is -1.




V=02 —ax)(a" - 20— (av—x"2)2v" — a/0"2 - a2

v at(3a/2.3af2) = (—32)/3a

—

24/ 2(3a)

P="33

_  3a 2 21a

2 _Szfaﬂzﬁ

—  3a 2 __Ela

vV = —_— =
“ 2 32 1la
faa .

( Ela)“ ( Em)“ 93
_ x—=) vy =2
The circle of curvature is 16 16 128

5. Find the circle of curvature at the point (2,3)on 4 &+ 8 z.
2x 2y’ . —9x . -3
—+— =02y =——2v (23 =—
Solution: 4 9 ) dy -

Y= (90 - MN/@2) |y at (23) = (—3)/2
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The circle of curvature is 4 6 123
Evolute and Involute

Evolute: Evolute of the curve is defined as the locus of the centre of curvature for that
curve.

Involute : If C’ is the evolute of the curve C then C is called the involute of the curve C'.
Procedure to find the evolute:
Let the given curve be f(x,y,a,b) = 0. )

Find y’ and y” at the point P.



Find the centre of curvature &7}, Using (x = x — (™ (1 + Ky™1 '2))/y" |
oYy =y+id+ Ly2nn . (2

Eliminate x, y from (1), (2) we get f((x >’ Sab) =10 (3)
Equation (3) is the required evolute.

Examples:

1. Show that the evolute of the cycloid ¥ = a{f + sinf),» = all — cos6) is another
cycloid given by * = alff — sinf),y — 2a = all + cos6).
ax d}, B .
Solution: gg — @ +cos6). 75 = asiné
dy o 4g _ asinf  tan@
dx dxy, _ a(l+cosf) 2
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V' =dfdf (tan 6/2) (d8)/dx = (Ksecd "4 8/2)f4a
tand
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x = alf + sinf) — — 3 —L = a{f + sinf) — 2asinf = a{f — sind)
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¥ =a{l — cosd) + - 3 L=l - cos@) + -Iacos‘i = a({l + cosd) + 2a.
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x = ald —sindhy — 2a = a(l + cosd)
The locus of ¥ and ¥ js x = al# — sinf), v — 2a = all + cos8)

2. Prove that the evolute of the curve ¥ = alcos@ + 8sinf), v = alsind — fcosd) s a
circle x* + y* = a®.

dx - , _ dy .
Solution: d8 — a(=sing + sinf + Geost) = adcosd, de afising.
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tanf( 1 + tan’@)

X = a(cos8 + 8sing) — - = qross,
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v = a(sinf — fcosf) + w = asind.
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Eliminating , * and ¥ wegetX -+ ¥ ‘=a®.

The evolute of the given curve is ** + ¥ = a®,



