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UNIT I

INTRODUCTION

The Fourier series is named in honour of Jean-Baptiste Joseph Fourier (1768-1830), who
made important contributions to the study of trigonometric series, after preliminary
investigations by Leonhard Euler, Jean le Rond d'Alembert, and Daniel Bernoulli.Fourier
introduced the series for the purpose of solving the heat equation in a metal plate. Although
the original motivation was to solve the heat equation, it later became obvious that the same
techniques could be applied to a wide array of mathematical and physical problems, and
especially those involving linear differential equations with constant coefficients, for which
the eigen solutions are sinusoids.Fourier series has many such applications in electrical
engineering, vibration analysis, acoustics, optics, signal processing, image processing,

guantum mechanics, econometrics.

PRELIMINARIES

Definitions :

A function y = f(x) is said to be even, if f(-x) = f(x). The graph of the even function is always
symmetrical about the y-axis.

A function y=f(x) is said to be odd, if f(-x) = - f(x). The graph of the odd function is always
symmetrical about the origin.

For example, the function f(x) = x in [-1,1] is even as f(-x) = — x = x = f(x) and the function

f(x) =x in [-1,1] is odd as f(-x) = -x = -f(x). The graphs of these functions are shown below.
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Graph of f(x) = x Graph of f(x) = x

Note that the graph of f(x) = x is symmetrical about the y-axis and the graph of f(x) = x is
symmetrical about the origin.
1. If f(x) is even and g(x) is odd, then
* h(x) = f(x) . g(x) is odd
* h(x) = f(x) . f(x) is even
* h(x) = g(x) .g(x) is even
For example,
1. h(x) = x* cosx is even, since both x* and cosx are even functions
2. h(x) = xsinx is even, since x and sinx are odd functions

3. h(x) = X sinx is odd, since x? is even and sinx is odd.

[ fG)dx = 2[ f(x)dx
]

2. If f(x) iseven, then ¢

[f(.\‘)cir =0
3. If f(x) is odd, then -

PERIODIC FUNCTIONS

A periodic function has a basic shape which is repeated over and over again. The
fundamental range is the time (or sometimes distance) over which the basic shape is defined.
The length of the fundamental range is called the period.

A general periodic function f(x) of period T satisfies the condition f(x+T) = f(x)
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Here f(x) is a real-valued function and T is a positive real number.
As a consequence, it follows that
f(x) = f(x+T) = f(x+2T) = f(x+3T) = >.. = f(x+nT)
Thus, f(x) = f(x+nT), n=1,2,3,>..
The function f(x) = sinx is periodic of period 27 since
Sin(x+2nn) = sinx, n=1,2,3,...

The graph of the function is shown below :

FOURIER SERIES
A Fourier series of a periodic function consists of a sum of sine and cosine terms. Sines and

cosines are the most fundamental periodic functions. The Fourier series is named after the
French Mathematician and Physicist Jacques Fourier (1768 — 1830). Fourier series has its
application in problems pertaining to Heat conduction, acoustics, etc. The subject matter may

be divided into the following sub topics.

FOURIER SERIES

L 4 ¥ Y Y
Series with Half-range series Complex series Harmonic Analysis
arbitrary period
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FORMULA FOR FOURIER SERIES

Dirichlet conditions

Dirichlet conditions are sufficient conditions for a real-valued, periodic function f(x) to be
equal to the sum of its Fourier series at each point where f is continuous. Moreover, the
behaviour of the Fourier series at points of discontinuity is determined as well (it is the
midpoint of the values of the discontinuity). These conditions are named after Peter Gustav
Lejeune Dirichlet.

The conditions are:

«f(x) must be absolutely integrable over a period.

« f(x) must have a finite number of extrema in any given bounded interval, i.e. there must

be a finite number of maxima and minima in the interval.

» f(x) must have a finite number of discontinuities in any given bounded interval, however

the discontinuity cannot be infinite.

Let
la—‘li
a, =7 Jj'[x)(h' (1)
10—2! -Ir nT
a, :F f f(x)cos - |xn’ﬁ.: n=123...... (2)
e
b, =7 | f(x]-3111| — |1(ﬁ. n=123...... (3)

Then, the infinite series

Zﬁ c05|

-."IO ni |" niT

x (4)

|1. + b, 5111

is called the Fourier series of f(x) in the interval (a,a+2l). Also, the real numbers ao, ai, ay,...
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.an, and by, b, , ...,.by are called the Fourier coefficients of f(x). The formulae (1), (2) and (3)

are called Euler’s formulae. It can be proved that the sum of the series (4) is f(x) if f(X) is

continuous at X. Thus we have

el - (na . raT

f(x) = 2+ E a, cos| e |.1' + b, sml — lxc....... (5)
> | !
n=1 \ J \ /

s

Suppose f(x) is discontinuous at X, then the sum of the series (4) would be
11, .. i
SUASRATICD)

where f(x") and f(x") are the values of f(x) immediately to the right and to the left of f(x)

respectively.

Some useful Results
1. The following rule called Bernoulli’s generalized rule of integration by parts is useful in

evaluating the Fourier coefficients.

Jm'cir:url—url—u Vit _ o
Here u’,u” ,>.. are the successive derivatives of u and

v = Jw'rfx.rz = | vdx,......

We illustrate the rule, through the following examples :

[ —sinnx
~ \.|

[ —cosnx
-2

) N "cosnx )
f.\" sinnxdy = .\"| ‘

‘+2I
s

5

n n

{ Ix {

e_ Il pl
|—3x"
|

J \

2 {
e

8

32, 3 |
[.\‘ eldv=x" ‘—6

2x
L 16 )

e?.r A lr
— |+ 6x|
4) 1

-
o

2. The following integrals are also useful :

@t

[ e™ cosbxdy = ——[acosbx +bsin bx|

a +b°

ax

[ ™ sinbxdy = pray [n sinbx —bcos .r_‘;rx]
J a +b°

3.1If ‘n’ is integer, then sin nt = 0, cosnzt = (-1)" , sin2nz = 0, cos2nz =1
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Examples for the interval (0,27) and (-, 7)

1. Expand the following in a Fourier series

[0 (-7r<x<0)

x) =+
() } 7-x (0=x<+7)
b
T
a ! 'Tf(\‘)d\‘ IJ‘O Odx + ! 'T(" x) dx
= — o A = —, o — A .
LR Zd-n Tdo -T 0 X
_o0+ 1 "T“"J_] _ 7 D I
7| -2 2
0 mT—x CoOs XX
+
1¢7 1¢7 -1 Lainnx
a, = —I f(x)cosnxdy =0 + —| (7—x)cosnxdx h “
Te-17 Py —
_ 1 n(mx—x)sinnx — cosnx ! _ 1 - (—1)"-" 0 ‘.'%cosmr
Fid n’ 0 nr 2
l i 1 Fis D I
b, = ;J‘_”__f(-\']ﬁn”-“ dv =0 + B (7 —x)sinnx dx n-x x
B l{n(ﬁ—x}cosm + s;ini-r.*c_,'T 1 \‘.|.
T -n’ Y N
" -0 -1 s
z
Therefore the Fourier series for f(x)is -
o H 0 \_i 1
. T ! l—[_l)J 1 . nzsmmf
Jlx)y=—+ E | —————COSHY + —sInx (—T<x<+m)
4 e\ 7T n .. '

2. Obtain the Fourier expansion of f(X) = % (n-X) in -t<x<m.
We have
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ay = %J:f(l‘]fﬁ‘ :i*r ].%(:r —Xx)dx

17 1 -1
a, =— ‘.f(x)casmdr =— f—(;r — x)cosnxdy
T T2

7

Here we use integration by parts, so that
T

L Sin iy
- (=1 — |

x)
n \ n- =

(r'” -
2z

{ A
|:|: —COSHX |
T —

1
:2;?[0]:0

H

1 71 .
b :; JlE(n'—.x)snm.uh

mE3

1 — COS Y [ —sinny )

(7 - x)——— (- = ||
4 2 |
27 7 ot )]
(_ 1}”

n
Using the values of a0 , an and bn in the Fourier expansion

{'TG o = I
fx) = -+ D a,cosnx + > b, sinnx
n=l n=1

(_ H
SN 71X

ﬂﬂ=§+z .
- n=1

We get
This is the required Fourier expansion of the given function.
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3. Obtain the Fourier expansion of f(x) =x” in (-r, ©). Deduce that

2

T 1 1 1
STttt
Solution

The function f(x) is even, Hence

ap= ijf(\)n’\ =—|j (x)dx
’T R

o
Il

i [j'(x}cosn.wi\'

T

-

f(x)cosnxdx. since f(x)cosnx is even

|]
H
Ca'———,|

P 3
| X~ cosnxdx
0

Integrating by parts, we get

-~
-

[ —sinny ‘
nt ) U m

a :—.\|
17U on )

m
k]

sin 7x | | — COSxY ‘
\

gl
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Also, b, = L J f(x)sinnxdy=0 since f(x).sinnx is odd.

T
Thus
\}_n" +4Z l} COSTIX
n1”'
i 1 :n'l
= 1’ 6
Hence, il =1+ 1, +i+ .....
6 2° 3

X 0<x<m

4. Obtain the Fourier expansion of f(x) = {Zn Cx m<x<om

2
Deduce that == = 1 + = + — + ---
8 32 52

Solution

The graph of f(x) is shown below.

Here OA represents the line f(x)=x, AB represents the line f(x)=(2n-x) and AC represents the
line x=n. Note that the graph is symmetrical about the line AC, which in turn is parallel to y-
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i . . . T
axis. Hence the function f(x) is an even function. Here, -
27
==|xdv=x
73

since f(x)cosnx is even.

z 27
1 | f(x)cos nxdx = = | f(x)cos nxdx
7 75

2 .
j\ cos nxdxy
0

H |

2| (sinnx —cosny ||
=— .\ ‘—1| 5 ‘
x|\ Lot ),

- [(—1)” ~1]

nrT

Also,

b, = i rf(.\')snlrf.\‘(i\‘ =0, since f(x)sinnx is odd
T
Thus the Fourier series of f(x) is

f(n‘):£+ii 1 [( 1)" —l]cosm

2 T3 n’
For x=n , we get

x

flr)= %-FEZLE[(—I}" —l]cosn;z’

- T n=1 I

T 2Z -2cos(2n-Drm

or T=—+=2

n=1 (ZH _IJJ

Thus, T = !
8 s (2n-1)
x? 1 1
or —_—= 1+—,}+j+ ......
8 3 5
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5. Find the Fourier series expansion for the standard square wave,

(1 -1<x<0
f(x)‘{1 0<x<1

Solution I =1
The function is odd (f (—x) =—f (x) for all x).
Therefore a, = 0 for all n. We will have a Fourier sine series only.

1! ) o L,
- IJA flx)sinngx dx = I —sInATX dx + I SINATX dx
-1

-1 0

nT

[cos;m’.‘fr [—cosm’rm‘_l 2(_1—{—1:]" ]
= N + —
1

nt |, nw

HALF-RANGE FOURIER SERIES

The Fourier expansion of the periodic function f(x) of period 2l may contain both sine and
cosine terms. Many a time it is required to obtain the Fourier expansion of f(x) in the interval
(0,1) which is regarded as half interval. The definition can be extended to the other half in
such a manner that the function becomes even or odd. This will result in cosine series or sine
series only.

Half Range Sine series

Suppose f(x) is given in the interval (0,l). Then Half range sine series of f(x) over (0,l)

is given by
f(x)= an sin[‘ ne
n=1
2 a
where = ? [f(x)sm ldx
0 )’

The half-range sine series of f(x) over (0,7) given by

f(x)= an sin ax

n=1

o
where b, == | f(x)sinnxdx

7
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Half Range cosine series :

The half-range cosine series of f(x) over (0, 1) is given by

(nmx)

fi(x) ———Za cos T

where,

|a’r

The half-range cosine series over (0, ©) | given by

N_ Gy < N
Lf(.\}—?+zlnn COS 11X
—

where

||J

ay =

0
jf (X)cosmxdy n=123... ..
[i}

>4|w

6. The Fourier series of f (x) =| x| in[-1, 1] .

Solution

X :
= a, = 2|—sin(nax) + 5 Cos(nrx)
nT ' (nm)”

(nT)
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-4 -4 —4
a, =1, a = —. a, =0. a, = — =0. a; = -, a;, =0
’ : T ’ 9r° ! ’ 257 ‘
1 (n=0)
or a, = 4 —2 (n=13.5....)
| (nmy”
{0 (n=2.4.6....)

Therefore the Fourier cosine series for f(x) = x on [0, 1] (which is also the Fourier series for f
(x)=|x]| on[-1,1] )is

x ;
1 4 cos((2k—1)mx)
fx) =2 -=> (2 )
2 T (2k-1)
or
o 1 4 ( cos3rx  cosSmx  cosTmx
flx) == - — cosmx + - -
2 T\ 25 49 )

7. Expand f(x) = x(n-X) as half-range sine series over the interval (0,7).

Solution
We have

b, =

o

[f(x)sinnxrir
0
27 S
=— f(m‘ — x7)sinnxdx
T

Integrating by parts, we get
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2 [ —Ccosnx | i SIIL 77X ( cosnx 1
b= 2 e TSI (g T o 00
T n Lon? ) ,JJ 0
._1_
=—I|1—(=1)"
n’;r[ 1) ]

The sine series of f(x) is

f(x) —i Ls[ —(-1)" }smm
T

8. Expand f(x) = cos x, 0 <x <z in a Fourier sine series.
Solution

Fourier sine seriesis f(x) = Y5_, b, sinnx
2 T 2 x
b == ff(x)sin nxdx =— jcosx sin 7x dx
T T
1,
=— | 2sinnxcosxdx
T

-1 j [sin(n+Dx+sin(n—1Dx]dx . n=l
T

_ 1| [ zcos(n+Dx +| —cos(n - 1D)x q
0

T '_ n+1 n—1

n+l n-1" r
_ {I( ] [
T

1
F + S Iy 1~ "0sB = Si B+ Sin(A
| n+1 n—1 | |n+l H—lj 2SinACosB = Sin(A+B) + Sin(A-B)

1{(_1}”‘—1+—1‘, [ 1 . ||

oz n+l n-1 ln+1 n—lJ cos(n+1);r:(—1)"'1
1' 1 1 '] [ 1 1] cos(n—1)x = (-)™*
1) 9 + 3
2 ln+1 n—1] lﬂ+1 n-1J |

1_ J 20 | [ 20 |
el 1n?-1J +'|n3—1J

2 [( D" +1]. n=1

:r(n

n

When n =1, we have
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5 )
b =— J f(x¥)sinxdx =— [cm Xsin x dx
T 0 br 7
1
— f in 2xdx
I 0
1[-cos2x]”
S - 1-1) =
T 2 0 27
f(x)=>_b,sinnx =bsinx+ > b, sinnx
n=1 n=2
= 2n[(-1
=0+ ———— [ } 20D +1] sin nx
= oz’ -
Interv Fourier series ap an by
al of f(x)=
©.2) , x s —
_+Zn co*— x+h, sn{ ml a, :%J.f(\‘)d\‘ =%|f(x)cos ”; xdx.| b, = )s ”{T e
\ 0 'D \ \ /
(-1, 1) 1% 1r (nx) 1} ()
== x)dx =— x)cos| — |xdx | b, =—| f(x)sin| — |xdx
a, f:';f(\) X | a, f;'f'f(\)mg'\ ; ‘\ X f:‘;j‘(\)smt ; J\ X
02r) | aq, & , 7 2
TDJFZCT" cosnx +b, sinnx | g —lj Ff(xydx| a, :lj f(x)cosnxdx —l | f(x)sinnxdx
- n=1 a T 0 b .('J
('R: R) 1 _» 1 x . 1 7 .
Qg =— J F(x)dx == J f(x)cosnxdx b, =— | f(x)sinnxdx
"T—,.— ’T—,.— ’T—.:
Half Range sine series
©.)) N 5 )
flx) = Zb sm| —_— ‘ =7 [f(\)sm I |dx
n=1 / ) J
0,7) - - 5T
f(x) =2 b, sin(nx) b, == [j‘(.\‘) sin(7x Jdx
n=1 ﬂ"b
Half Range cosine series
(0.)) (nax ) 2L 2 L -
f(x)= 0+Za cos | (;D:?|f(\)d\ a, ?l f(\h.os‘—|fh
0 0
DH-[ AT
(©0.7) fx )— +Zf1’ cos(nx) r:ozlfj'(.\‘)d\ EJ £ (x) cos(nx)dx
2 o Ta

Root Mean Square Value(RMS value)
The RMS value of a function f(x) in (a,b) is defined by
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|
— | 1 b . p
v=] [f(x)] dx
Vb—a;
—2 1 31 7
vo= [f(x)] dx
b-a-

Parseval’s Identity For Fourier Series

The Parseval’s identity for Fourier series in the interval (c, ¢ + 21) is

| a,. &, o 2
S Pde="2+ 3 (a,” +b,")
/ - 2 n=1
The Parseval’s identity for Fourier series in the interval (c, ¢ + 217) is
1 c+lx 2

fT

— ,Hf(-")]l(ﬁ’f = ¥+ i(a,.l +b,%)
= n=1

c

9. Expand f(x) = x — x* as a Fourier series in —I < x < | and using this series find the root
sgquare mean value of f(x) in the interval.
Solution

Fourier series is

oo f

. - 3
f(x)= G—D—Z a, cos nrx +b, sin ney
2 n=1\ "i /
1} 1
ay =~ | f(x)dx ==|(x—x")dx
[ I+
12 2T
112 3|,
e e[ )
Iz 3/ |2 3]
_1fz2r)_-ar
03 )3
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1 { nmx 1 f nmx
a, = Y)cos—dx =- [(x—x?)cos—dx
"= [f f(x)cos= f [j (v=x")cos—
- 1
[ 7 [ nm g1 |
1 / l
= (X —x 2x —— |+ (-2
f( ) nro| ( ) nr 2) nr
] Y A L2 ST
! {0+(1—2f)|( Dilh ‘+01 +(1+ 2!)|( 1” ‘+ol
[ l 7% J | [ Pz ) J
_er —[1-21-1-21]
I n'r?
_ (=D L= 477 (-
nir? n'r?
1 ! nm 1 ! nm
b ==| f(x)sin— == | (x—x" ]sin—d\
! I_j!‘ I_J{ [
, . , , !
{ nm | (. onm [ nm
| | —cos | —smT Cos—
= (x—2) — |-(1-20) | ——— |+ () ———
| | Ty ( '’ 2 wr
L) .2 ) UF
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{r_1ymgn q_n3. [ (137 q_!l}“
gy f‘w_—(#l__‘J_(_!,_;z) EO, o 2D
fl . n7 ) nwr J | | nz ) nwr’
SO Y
I nx
_ 1yl 2 _qyn+l
:( 1) 2”: I (=1
nm ni
fx)= +Z a, cos”T+b sin ”F'\.i
2 n=1"\ /
1(=21") 4!( D" pxx 21(-D"' . nxx)
=— — cos + sin
2‘\ 3 ‘ ,,Z;‘\_ nir? / nT
-1 41 zx 1 2rx 1 3rx 1 4; 1
(i.e.) f(ﬂ:TJr;;-l |_1_2C05 Tf\—?cos 1;1+3—1c05 1;\—4—2c05. }ﬁ+ .................... |
271 TX 2rx 1 3tx 1 4rx ]
+— —sin— —— +— -= o
7| [ 2 { [ / ]
RMS value of f(x) |n( = 1)is
— 2 ﬂ'o 1 & 2 2
y =—+—) (a " +b")
4 2 ,é
1(=22) 1 &f160* (-1 Ay
:_[ 27\, LS 161 CD b
41 3 ) 2.3 ntrt nore
—2 ]* = | 8]* 2]?
(??) Vo =— 4 a3 3
' 9 ; naT o nae

10. Find the half range cosine series for f(x) = x (1 —x) iIn0 <x <.
2
Deduce that == = =+ — 4+ — 4 ...
90 1 2 3

Solution

Half range fourier cosine series is

f(x)= d?“ + Z a, cosnx
n=1

School of Science & Humanities



SATHYABAMA
INSTITUTE OF SCIENCE AND TECHNOLOGY
DEPARTMENT OF MATHEMATICS
COURSE MATERIAL

COURSE NAME: ENGINEERING MATHEMATICS IV COURSE CODE: SMT1204
2 : 2 x
Ay, =— | f(x)dx =— [1‘(;:'—.\')07.\'
Ty Ty
Tl 2 3 ],
2 l ’TS\I (0-0)
x|\ 2 3
2] A
7| 6 |
3
2 ¢ 2 ¢
a, =— [f(.\') cosnxdx =— f.\*(;r — x)Cos nxdx
Ty T -

0

2| L sinnx ) COS nX SIn 1y
==/ (7x—x7) |— (7 —2«.)\ \—( 2)\ @
T o

\ 1 J

_2[ [, ement ol fo, (z)::n _OH
| ',‘ n° 1 n- _
T an’ [ D’ _1}

2 =D +1]

n-

n x
f(x)= TD +> a,cosnx

- n=1

1{z7) & 2
== | Z— COs nx
701 ]
AN ) m=1 [T
, -
T 2c0s2x 2cosdx 2cosbx
= 2|0+ ——+0+ —+0+ —+ 0+ |
6 2° 4° 6° |
77 [cos2x cosdx cos6x 1
= -4 e ———— 4
6 2° 4- 6” '
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Parseval’s identity for half range fourier cosine series is

2.‘.’ , a 2 = 5
;J;[f(ﬂ] (J{YZ%—Z(T”

h\ ®

2.‘.’ . 4
—|[rx—x"]"dx = —[(=D" +1]?
= [lrx-x'] |+ 2y
2%, 20 4 3 ™ [ 4 4 4
= 2,2 Y7y _
R’J(E X +x" =27x7)dx = T O 2 g 0T }
A 56 S 7 2 0 T SO0 8 SO U U
T3 5 4 |18 2ttt 3 T
: ";;5 L 7 1.1 1
—||—* — -0|=—+ —4-‘:-—4——4-‘:- ..............
Il 5 2 18 [1* 2* 3
2z 2t 1,1, 1
e B
o 7 1.1 1
TR THRE TR R
4
(ie) ——i i i-l— .............

11. Find the half range cosine series for the function f(x) =xin0<x <.

Hence deduce the value of the series},;;_; (2;)
Solution
Half range Fourier cosine series is
{JG +Z cos nTx
2/ 2 ¢ o[ 2[2 ]
a, :ljj(\)d\ ==|xdv==|—| == —-0|=1
Iy I3 iz, 112 |
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24 nTXx 24 nTx
a, == f(x)cos ax =— f.\'cos dx
U I'9
— ) . i
. RTX ) ( nrx
- sin | —cos ;
:i X - 1 | —— > —
[ () n7 (}. n-xe
o\ [ / L 2 /o
AT [ nm2) 2 7]
:i‘:|0+( j)f L—J0+ { 1[-
7| nr’ O a
21
=——|(-1)" -1
nome [( ) ]
fx)= G—D-I-Zf?” cos?
n=1
:i_ > 2![(—})“—1] COSH&'.\*
2 = nore /
2 2 _ 37 5.
:i—‘{ —%cos£+0—%cosxm+0—£}cos£+0— ...................
2 7| I { 3° [ 5° [
4 S ?;‘ . 5;‘ .
(ie) f(nr):i—J'—iF i 0s X 4 lq cosﬂ+i}cos£+ ...................
2 7| I° 3 [ 5° [

Using Parseval’s identity for half range Fourier cosine series we have

I 2
2 ) y 2
NV dx="+Da’
’F'o[ 2 ;

- E II{J o 4!;21(_1)” _1];
) de=—+> | — L
f-!,() 2 ;[ nir
S T LS B )
21X =f—+i i+0+i+0+i+0+ ..................
113 2 =1 34 5t
E i_[:] —£+16fl i+i+i+
K 2 gt o35t T
27 1 161 11
‘_—%_3_;‘——4 1—4+3—4+5—4+ ..................
P61 1] 1
E— 3-4 1—4 3—4 -':,_4+ .................. _I
34—i+i i+ (r’e)i— 5 :
06 1* 3* st T 796 & (@2n-1)*
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COMPLEX FORM OF FOURIER SERIES

Complex form of Fourier Series of f(x) is given by

Where

12. Find the complex form of the Fourier series of f (x) = ™

Solution

The complex form of Fourier series of f(x) is given by

Flx) = Z ¢, einmx/!

1 pL —i
e = 51, F) emm by

(Y) Z(” inTx

H=—

|
= % jf(.\') e "  dx

—H“l' 1{’1Y

lJ|r—-

e —(l+in7)x (’i\‘

o
i

2| =

-1

o) !
{—(l—fn;r)]l

—1 o~ ()
2(1+inmT)
—(l—HFT) [ 1 -ina
"‘(l—n T }
—(l—?qn,i) [e_l
20+n"77)

2| =

H

”‘(1+n 7o)
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_A=inm)(D7r _€_1]

2(l+n*7%)

= d-inm)(-1)" 2smhl

2(0+n"77)
o (=1)"sinh1(l—inx)
: 1+n'7®
(-1)” anhl(l—m*r} Qi
... (_T)— P
f H=Z_x 1+n’7?

HARMONIC ANALYSIS

The Fourier series of a known function f(x) in a given interval may be found by finding the
Fourier coefficients. The method described cannot be employed when f(x) is not known
explicitly, but defined through the values of the function at some equidistant points. In such a
case, the integrals in Euler’s formulae cannot be evaluated. Harmonic analysis is the process
of finding the Fourier coefficients numerically.

To derive the relevant formulae for Fourier coefficients in Harmonic analysis, we employ the
following result :

The mean value of a continuous function f(x) over the interval (a,b) denoted by [f(X)] is

UG B
[f(x)]= b_ﬂlj(.x)rh.

defined as
The Fourier coefficients defined through Euler’s formulae, (1), (2), (3) may be redefined as

[ 2 x| =2 fx)cos 22|
[ ) \ 7 J|

a=21
b, 2{— | £(x) ‘:lil‘ |d\}—{f(1)sm‘ na ﬂ

Using these in (5), we obtain the Fourier series of f(x). The term alcosx+b1sinx is called the

first harmonic or fundamental harmonic, the term a2cos2x+b2sin2x is called the second

harmonic and so on. The amplitude of the first harmonic is /alz + b,* and that of second

harmonic is /azz + b, and so on.
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13. Find the first two harmonics of the Fourier series of f(x) given the following table

%

WA

S

fb

3

2n

f(x)

1.0

14

1.9

1.7

1.2

1.0

Note that the values of y = f(x) are spread over the interval 0< x < 2z and f(0) = f(2n) = 1.0.

Hence the function is periodic and so we omit the last value f(21) = 0. We prepare the

following table to compute the first two harmonics.

Solution
0 . . ycos2 . :
X y = f(x) cosX cos2x sinx sin2x | ycosx « ysinx ysin2x
0 1.0 1 1 0 0 1 1 0 0
80 1.4 0.5 -0.5 0.866 | 0.866 0.7 -0.7 1.2124 1.2124
120 1.9 -0.5 -0.5 0.866 | -0.866 | -0.95 | -0.95 | 1.6454 | -1.6454
180 1.7 -1 1 0 0 -1.7 1.7 0 0
240 1.5 -0.5 -0.5 -0.866 | 0.866 | -0.75 | -0.75 1.299 1.299
300 1.2 0.5 -0.5 -0.866 | -0.8868 0.6 -06 | -1.0392 | -1.0392
Total -1.1 -0.3 3.1176 | -0.1732
We have
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a, =2 j’(x]cas{ e '} = 2[vcosnx]
\ J
- ' as the length of interval= 2/ = 2n or I=xn

b, = {f \}sm| i q = 2[vsin nx]

Putting, n=1,2, we get

;Zw cosx 2L __ 567

a, = 2[vcosx]
=2 p g
2> v 0571 3
a, = 2[vcos2x] Z < O ) =-0.1
6 6
2> vsinx
b =[vsinx] = Z——IOBQE
2> ' ysin2x
b, =[vsmn2x]= Z =—0.0577

The first two harmonics are alcosx+blsinx and a2cos2x+b2sin2x. That is (-0.367cosx +

1.0392sinx) and (-0.1cos2x — 0.0577sin2x).

14. Express y as a Fourier series upto the third harmonic given the following values :

3 4 5

X 0 1 2
y 4 8 15 7 6

The values of y at x=0,1,2,3,4,5 are given and hence the interval of x should be 0 <x < 6. The
length of the interval =6-0 =6, so that 2l =6 or | = 3.

Solution

The Fourier series upto the third harmonic is
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( ' ™ 27ax . 2mey | 37T . 3
.1‘=G—0—|nicosﬁ—blsini‘+|mcos ™ 1 bysin T 1—fn3cosﬂ+bssm)-\ ‘
2\ { 1) - } I )\ I
or
J‘za—ﬂ— nicosﬁ—blsini‘ﬂmcos i + b, sin a ,—,n;cosﬂ+bssm)ﬂ ‘
2 | 3 3 ) ¢ 3 3 )1 3 3 )
Put & = % then
V= GTO +(a,cos6 + b sin 6) + (a, cos 26 + b, sin 28 ) + (a5 cos 36 + by sin 36) (1)
We prepare the following table using the given values :
X 0= ; Vi ycosh | ycos20 | ycos3e ysing ysin2e ysin3e
0 0 04 4 4 4 0 0 0
1 80° 08 4 -4 -8 6.928 8.928 0
2 120° 15 -7.5 -7.5 15 12.99 -12.99 0
3 180" 07 -7 7 -7 0 0 0
4 240° 06 -3 -3 8 -5.198 5.196 0
5 300° 02 1 -1 -2 -1.732 | -1.732 0
Total 42 -8.5 -4.5 8 12.99 -2.598 0
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a0 = 211 ()] = 2y] == %(42) =14

(—8.5)=-2.833

| 2

a, =2[ycosf] =

—
d
o
=]
p—
I
.
L)
[

(12

.
a, =2[vcos20]==(-4.5)=-1.5

, =2[vsind] =

| 2

6
2

b, =2[vysin28] = E(—Z.SQS) =—0.866
3

a; =2[veos3d] = é(g) =2.667

by =2[ysin36]=0

Using these in (1), we get

i )
y=7-2833cos| —
VoD

+(4.33)sin| ? '—1.5cos — | —0.866sin T |+2.667 cos mx

This is the required Fourier series upto the third harmonic.

15. The following table gives the variations of a periodic current A over a period T :

t(secs) 0 T/6 T/3 T/2 2T/3 5T/6 T

A (amp) 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98

Show that there is a constant part of 0.75amp. in the current A and obtain the amplitude of the

first harmonic.
Note that the values of A at t=0 and t=T are the same. Hence A(t) is a periodic function of

period T. Let us denote 6 = (2?”) t
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We have

a, = 2[A]
(27
a, =2| Acos| - It | =2[A4cosb] (1)

. (27 :
b =2 As111| — |r | =2[Asind]
I Y, T [

Using the values of the table in (1), we gst

a, = EZG:A :4—: =15
a, = 22&60059 = 1'%12 =0.3733
b = 2Z¢zsmﬁ _ 3.013? 10046
27t
t 6= 7 A cost sind Acosb Asinb
0 0 1.98 1 0 1.98 0
T/6 60° 1.30 0.5 0.866 0.65 1.1258
T/3 120° 1.05 -0.5 0.866 -0.525 0.9093
T/2 180° 1.30 -1 0 -1.30 0
2T/3 240° -0.88 -0.5 -0.866 0.44 0.7621
5T/6 300° -0.25 0.5 -0.866 -0.125 0.2165
Total 45 1.12 3.0137

The Fourier expansion upto the first harmonic is

School of Science & Humanities



SATHYABAMA
INSTITUTE OF SCIENCE AND TECHNOLOGY
DEPARTMENT OF MATHEMATICS
COURSE MATERIAL
COURSE NAME: ENGINEERING MATHEMATICS IV COURSE CODE: SMT1204

i

a
A=-"+acos
2

- b

27t ) . (2
— ,+blsm| — ‘
I J \ .T i

(27t ) L 2m)
‘+1.00465111{ '

\ \ 4

=0.75+0.3733cos

The expression shows that A has a constant part 0.75 in it. Also the amplitude of the first

harmonic is /a12 + b, % =1.0717.
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UNIT Il

INTRODUCTION

The problems related to fluid mechanics, solid mechanics, heat transfer, wave equation and
other areas of physics are designed as Initial Boundary Value Problems consisting of partial
differential equations and initial conditions. These problems can be solved by “Method of
separation of variables,” in this unit we derive and solve one dimensional heat equation, wave
equation, Laplace’s equation in two dimensions etc. by separation of variables method. The
general solution of partial differential equation consists arbitrary functions which can be
obtained by Fourier Series.

METHOD OF SEPARATION OF VARIABLES

In this method. we assume that the required solution 1s the product of two functions i.e..

u(x,y) = X(x)¥Q) ()
Then we substitute the value of x(x, y) from (7) and 1ts derivatives reduces the P.D.E. to the form
AXX, - ) = LY, ) )

which 1s separable 1n X'and ¥. Since f,(¥.Y",---) 1s function ¥ only and £ (X X".---) 1s function of X
only. then equation (77) must be equal to a common constant say & Thus (i7) reduces to
AX.X,--) = LX.X,--)=k

ONE DIMENSIONAL WAVE EQUATION

The one dimensional wave equation arises in the study of transverse vibrations of an elastic
string. Consider an elastic string, stretched to its length ‘I’ between two points O and A fixed.
Let the function y(x, t) denote the displacement of string at any point x and at any time t > 0
from the equilibrium position (x-axis). When the string released after stretching then it
vibrates and therefore the transverse vibrations formed a one dimensional wave equation.

Let the string is perfectly flexible and does not offer resistance to bending. Let T; and T,
betensions at the end points P and Q of the portion of the string. Since there is no motion in

the horizontal direction. Thus the sum of the forces in the horizontal direction must be zero
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ie.,

—Tcosa+T,cosp =0

= Ticosa = ThcosB=T (constant) (@)

Let m be the mass of the string per unit length then the mass of portion PQ = mds.
Now by Newton’s second law of motion, the equation of motion in the vertical direction 1s
mass % acceleration = resultant of forces

a2

o 2 i : i

moSa 5 = LsmB-Tsina (i)
2

Dividing (i7) by (7). we have

-

¥
'3
I,
.9 B
b --? E
B 40 | -,
I/ 1 o i
1 GI [ ]
1 [l -
0 X X¥0 A X
(L 0)
&%y T &2_1'
= = b
at- m éx -
’I’h 5:_1' {_3 (3’:_1'
e a’ a’

Where ¢? = —. Equation (iii) is known as one dimensional wave equation.
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Solution of One dimensional wave equation

The wave equation 1s

é:J' & &y 0
— = — i
ar* ex=
Let y = X(x) (). --.()
where X 1s the function of x only and T 1is the function of 7 only.
&%y 2 &'y . d'X
Then - Xd T and s—T—
are dr - dx”
Putting these values in equation (i) we get
yiL _ ordX
dr ax”
1d°X 1 d°T
—_— = _k
- X dx T ar’ (i)
Now d°X
oW X ax?
X d
= (D -kx =0; E=D
The AE is m* k=0
m=+Jk
X =|r1£="'ﬁJr +|:':e_""FI

and, again from (ii7). we get

o]

dT
.
dr”

| ) > d
=k’T = D -k )T=0; D=E

= TheAE is m -k’ =0 = m=ic‘\fkt

JE "E’.

T=ce™" +¢qe

Thus, from equation (i7), we get
v = (cle“q" + cze"rh)(cse“'“_" +cye k)

There are anse following cases:
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-~

CaseI. If k>01let k=p

then yv=(qe™ + cr¢ T)(c:e¥ + g P). ()

)

CaseIl: If k<0, let k=-p°
then m: = _p: = m=zxpi
X = ¢, cos px + ¢, s px
and m: = —pl(z = m== ip(

T = c3coscpt+ ¢y smept

then ¥ = () cos px + ¢ sin px)(c; coscpt + c4sin cpt. -.(B)

CaseIll. 'If k=0

then D’X=0 = m=0,0
& X =(c; +ex)
And D’T=0 = m=0,0
: T =(c3+cyf)
Then y=(q +c2x)(c3 +¢41). ={C)

Of these three solutions, we have choose the solution which is consistent with the physical

nature of the problem.

Since the physical nature of the one dimensional wave equation is periodic so we consider the

solution which is periodic in nature.
Here the solution (B) is periodic (as both sine and cosine are periodic)

Thus the desired solution for one dimensional periodic equation is
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¥(x. 1) =(q cos px + ¢ sin px)(c3 cos cpt + ¢4 smcpt). ()

Now using the boundary conditions
At x=0(ongm). y=0 from (v). we get

0 = ¢)(c;cosept+¢cysmepf) = ¢,=0
using the value of ¢, 1 (7). we get
Wx, ) = ¢, smpx(c; coscpt + ¢, sincpt) ...(v)
At x=I(atd4), y=0 from (v), we get

0 = ¢, sin pl(c; coscpt +cy smept)

= smpl =0=smnt = pl=nn

= P=T , wheren=1,23, -.....

Hence, the solution of wave equation satisfying the boundary conditions 1s. from (v)

. nmx( nmct . nmct nm
yv(x.H) =¢c sm—-t ¢3 cos + ¢4 SIN—— e
: 1\ I g l
( nrct . mct) . mmx CC3=a,
= | a, cos——+ b, sin— lsm— b
\ I I ) I G364 =%
The general solution of wave equation 1s
= nnct nmct nmx
X e tckinzial in—-— lsin— ;
Wx.1) _‘1 a, cos 7 + b, sin sin 7 _(vi)
n= /

Remark: We can apply nitial conditions on above equation (Vi) in time domain i e.. at = 0.
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Example l‘. A string of length /s fastened at both ends A and C. Ata distance *»’ from the end

A, the string is transversely displaced to a distance ‘d" and is released from rest when it is in this
position. Find the equation of the subsequent motion.

Solution: Let y (x, 1) is the displacement of the string.

Now, by the one dimensional wave equation, we have

E):'\' 2 a:_\' I)
il T e—— ol
ot~ dv”
y
Bib, d

{d

\ . X
A0,0) D(b 0) C(L0)

/
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¥x.7) = (g cos px +c,smn px)(c; coscpt + ¢, smepi) ..(2)
Now using the boundary conditions as follows:
The boundary conditions are
(7)) Atx=0(at4). y=0 = »0.H=0
and (if) Atx=1[(atC). y=0 = y(l.H=0
From (2). we have
0 =c)(cycosept+cysmept) = ;=0
Using ¢; = 0, 1n equation (2). we get
Wx.1) = ¢y smpx(c;coscpt+cysmept) (3
Using (i7) boundary condition, from (3), we have

0 = ¢, smpl(c; coscpt +c 4 smcpt)

= snpl =0 = smp/l=smnan = P=T~

Using the value of p m (3). we obtain

nmct | mtct) )

. nax(
Wx.0) = sm-l— €3 COS ] +c451n
\
Next. the mnitial conditions are as follows:

(ii7) velocity % =0 at t=0

and displacement at 7 =0 15

Equation of 4B 1s

> d-x . _
) Wx.0)=14 ® y=—5— and equation of BC is

| b=<x<l] . d(x—1)
From (4). I o)

2 . nmc{ nmee; . mmet NMMCCy  nnct
=== Oy il - sin + cos
ot % & I 1 l

Using (#i7) 1n above equation, we get

nac . MRX
0:(‘2(‘47-5111—] = c4=0
Usmg ¢4y = 0 1n equation (4), we get
. nMX nmct
The general solution of given problem i1s

= _mmx nmct
Wx.f) = ;b,, sin——cos —— (5
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Using mitial condition (#v) in equation (5), we get
Wx. 0) = ¥ b, sin™=
i l

which 1s half range Fourier sine series, so we have

l
" :
b = :I .\(x.0)~sinﬂdx
10 1

[

2d -1 Y - ., nmx

+ (x =) — kos——| =—— |- sin—
b-=1) nmn / nn / :

2d _nxb 24 . mb 2d __ mb
CO -Sin C

=5 b, = — === COS e e
nx I blirrx* I nx /
24P . nmb
— —————sin
b-ln"Rr~ l
241 . nmb
= b, = — 81N
KIl-bn"w~ /

From (5), we get

. 2dF s~ | . nmb . mx mct
wx, 1) = —,Z—;&m XSin -C0s
Wl-by = n / [ /
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Samile 2: A string is stretched and fastened to two points / apart. Motion is started by displacing

the string in the form y=a sin XX from which it is released at a time ¢ = 0. Show that the displacement

of any point at a distance x from one end at time r is given by

e nct
¥Wx.f) =a sm[T }cos (T )

Solution: Let y(x, 7) be the displacement at any point P(x, y) at any time.

Then by the wave equation, we have

63_1' _ .2 62)'
a & A
The solution of equation (1) 1s of the form
Wx.1) = (¢ cos px +c,sm px)(c; coscpt + ¢, smcpr) .(2)

Now using the boundary conditions
(i) Atx=0, the displacementy=0 = »(0,7)=0
(i) Atx=I, the displacementy=0 = y(. ) =0
Using (i) boundary condition 1n (2). we get
¥W0.71) = 0=qlcycoscpt+cysmept) = | =0.
From (2), we get
Wx.1) = ¢, smpx(cycoscpt +c, smcpr) ...(3)
Using (i) boundary condition 1n equation (3). we get
WI.1) = 0 =c, sin pl(c; coscpt +c 4 sincpr)

WI.1) = 0 =c, sm pl(c; coscpt +c 4 sincpi)

nmw

= smp/l =0=smnn = =

Now using the initial conditions
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- &)
(iii) At r=0, the velocity % =0 = (— =0
é

= Mx.,0)= asin >

I

(v) At t=0, the displacement y= asin——
From (3). we have
?; = ¢, sin px{c;(—cp)sin cpt + ¢ 4(cp)coscpi]
Using (7#7) imtial condition in above equation, we get

0 = cocqepsinpx = Cyeyp=0

¢, = 0.otherwise there
= C4= 0.

1s trivial solution
.- nm ) :
Usmg p =T and c, =0, m equation (3). we get
. mmx __ mmct
.'l-(x, _f) = 00y SIIITCDS ]
The general solution 15
=, . mux et
Wx.f) = z b, stn— cos— (b, =¢y¢3) .(4)
el

Fmally using (#v) nitial condition mn equation (4), we get

x
. X . nmx
asin—= % b, sin—

n=1

Wx, 0)

2

. X . TIX . ATX
or asm— blsmT+bzsm—+------

. . .M
Equating the coefficient of sin —. we get

b1=a. b:=bs==0
Hence the required solution of given problem 1s

. W Tt
wx.f) = asmTcmT; n=1. Proved.
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Example 3: Find the displacement of a string stretched between two fixed points at a distance 2/

apart when the string is initially at rest in equilibrium position and points of the string are given initial
velocity v where

¢

I when0<x<]
v=
2] —-x

, when/ <x <2/
x being the distance measured from one end.
Solution: The displacement y(x, ) 1s given by wave equation

4 | 2
o’y 207y

= 3
| AN
The solution of equation 1s given by

(1)
Wx. 1) = (g cos px +c, sin px)(c; cos cpt + ¢ 4 smepr) k2)
Now. the boundry conditions are
(i) At x=0. y=0 = ¥0.N)=0
(@) At x=2I, y=0 = »2.,.H=0
Using (7) boundary condition 1n (2), we get
0 = ¢y(cycoscpr+cysmept) = ¢;=0
From (2). we get
Wx. 1) = ¢ sin px(c; coscpt +c 4 sinepl) ..(3)
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Using (i7) condition in (3), we get

0 = ¢,sm2pl(c; cosept + ¢4 sincpr)

= sin2p/=0=smnt = |P=57-

Now, the mitial conditions are
(iify At r=0 the displacement »(x, 0)=0.

(v) At r=0, Aﬂ -V
ot

Making use of mitial condition (iii) in (3). we get

Wx.0) = 0=c,smpx(c;) = ¢;=0

From (3). we get

(x.f) = ¢ sin gin 25C
Mx, 1) = ¢y o By
The general solution 1s
= . AmX . nmc
Wx. = N b, sin— -sin—t
— 2 21
&y = . nm nnc
= = = —N"nb,sm cos—f

o de

5
x nb, = — | vsin—mtI dx
21 219 2]
0
11 X . nmx ly (
W [ |

COURSE CODE: SMT1204

.(4)

X {—1)
os - —
2] I' A

——1

) e

2
-42) . 717ch

I
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2 nm 4 . nx 2 nm 4 . um
= ——C0S— + —— SIN— + —CO0S— + —— SIn—
nw 2 nr 2 nm 2 nr 2
2] 8 . N
= b,= —|—55-sm—
nnc| i 2
16/ . n=n
= b, = 3 3 B
nmc 2

Hence the displacement function 1s given by. from equation (4). we get

16] — . nm nm . nnct
—Y —sin— xsin— -sin——  Ans.

A= g 2 2

Example 4 VA string is streuhed and fastened to two pomts | apart. Mouon is started by duplac ing

the string into the form y = k{lx - x*) from which it is released at time = 0. Find the dxsplacemem of
any point on the string at a distance of x from one end at time .

Solution: Let the displacement y(x. f) given by the wave equation

62,\' _ (‘2 62}' (l)
o &
W(x.f) = (¢ cos px +cy51m px)(c; cos cpt + ¢4 Smcpr) ..(2)

Using the boundary conditions () W0.1)=0 (@) w/.H=0
Using (7) 1 equation (2), we get

¥ = ¢,sin px(c; coscpt + ¢, sincpt) (3)
Using (7). 1 equation (3). we get

0 = ¢ysmnpl(cycoscpt+cysmepl) = smpl=0

: : nm
= smpl =smnmm = | p=—.

I

and the mitial conditions are
(iif) (ﬂ) -0 () Wx.0)=Kix-x)
ot .

From (3). we get
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5 : :
—— = (4510 px{~C;CSm Pt + c4C coscpty

-~

ct
Using (i) 1n above relation, we get

0 = ¢ylcq0)smpxy = | ¢ =0.

Using the values of ¢ and p 1 equation (3), we get

. WX mmct
£y smT cos——

I

JZ‘
The general solution 13

o

. . f
¥y = ‘}_' b‘n EIIIECOE e -(4}
— [ I

Making use of (iv) 1n (4). we get
s =, mmx
Kix—x%) = Db, sin—-—
n=1

which represents half range Fourier sine series

1
b = z—kf(fx—xz}smﬂir
i !

= b, = 2k (fx—xf}(—cosﬂ]i—(s—zx} —smﬂ] L
I Jmx L I Jnn
N s T
+(—2)(cosﬂ] j 3
I Joz o
C2%|, o 2P 2P | 8P e is odd
= bn—T(—l} T +—5—5 |=—5 5 Whennisodd.
nmonm no

=0 when n is even.
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Hence the required displacement 1s, from (4). we get

.
= 8k . o nme

y= ) 3 ysm——cos—L. whenn1s odd.  Ans.
= I

M

Example 5: A string of length / is fastened at both ends A and C. At a distance "5’ from the end

A, the string is transversely displaced to a distance ‘d" and is released from rest when it is in this
position. Find the equation of the subsequent motion.

Solution: We know that the solution of one dimensional wave equation with boundary conditions
W0, =v(.H=0 15
W(x. ) = ¢, smpx(c; coscpt + ¢y smcpt) (1)

nm
where p = —.

I
Now the mitial conditions are

(@ x0)=0 () |=

Making use of (a) 1n (1), we get

0=cysmpx = |[c3=0

From (1), we get
. HmX . nAct
1,-(1 f) = c2f4sstm—

I

The general solution of wave equation 1s

. nmct
f) =Y b, — (2
vix.f) = EZ] sin— _sin .’ (2)
From (2). % = Z(mrcﬁ’} b, smTcnﬁm—r
Rl
r@?.] ( -
= - = x(l-x) = b,s in
5 I
mep = —J' hox(l = x)sin e gix
l Iy l

HIX

{(I x}(——m —] (I-2x)
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I

ol e

4’"‘?_ (1 C{!SH’.IT}— M [1 (- 1}”]
n

gaJ?

= by, = 1 entn?

when »n 1sodd

0. whenn 1seven

From (2) the required solution 1s

. mmct
vix.f) = ‘31!1—5 . misodd. Ans.
o) = =3 Z — ;

Example 6

The points of trisection of a string are pulled aside through the same distance on

opposite sides of the position of equilibrium and the string 1s released from rest. Derive an expression
for the displacement of the string at subsequent time and show that the mid-point of the string always
remains at rest.

Solution: Let the string OA be trisected at B and C
Let the equation of vibrating string 1s

%

1]
-,

&y
o

=&

(1)

[
=

[+
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The solution of equation (1) 1s
Wx. £) = (¢ cos px +c, sin px)(c; coscpt + ¢4 sincpf) -2
Now using the boundary conditions

(@) W0.H=0 (@) »lLo)=0
Making use of (i) and (#i) 1n equation (2), we get

Wx, 1) = ¢, sin px(c; coscpt + ¢, sincpr) (3
where =”;;[.
i ) r 3a
Next equation of OB'1s y = :% = y= TI
: : ( w27 A :
Equation of B'C'1s y-a = ara r—i] y-n= (x—x)
I 27 3 XN
3 3
3a
= y= TU_ 2x)
. . -a-0
and equationof C'dis y-0= T(-T -
—-1
3
3a
= y= T(l -0

The mnitial conditions of given problem are

o)

'
-

-0
@ (3]
BTar, 0<x<]/3
3a i 21
MWx.0)={—(-2x), —<sx=<—
(i) W(x. 0) f( ) 3 3
3a 2l
—(x—- —<x=]
:'( ) 3

From equation (3). we get
o
ot

Using (#i7) imtial condition in above, we obtain

0 = ¢, smpx(cep) =

= ¢, sin px(—c3cpsmcpt + c4cPcos cpr)
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Again from (3), we have
. nm nmct
¥x, f) = €563 SiIn——-CO0S

[ I
The general solution of equation (1) 1s

. mmx  mmct
wx. 1) = b smTcos 7 Y

i‘!—l

Using (7v) condition in equation (4). we get

X

1(10)-Tbsinf

el

rz—

b, .’J Wx,0)- sinﬂdx

i
=£ EEsm dx + —(f— 'Pr)sm—dr+ —(r I}sm—dx

nn 1 0 2 nw
A
_2 3 ‘—2 2 o
2| L ﬂ] e <x-1)[ : 1) "“]
3 3
| ]2 2nm Z’J2 2nm
= —| | ———cos— +——smnn cos =
-L 3nm e nm 3 a°nt 3
I T . nm P 2me | 2nm
+——C0S— +——5-SIn—— cos +——sm
3nm 3 nw 3 3nm 3 nw 3
_ 6a 3I nmo. 2)17()
= ———|sm— -sm——
I n°n 3 3
18 . . 2nm . n n . NN
== ’smﬂ[lq,( -1"] sm—=sm[mt-—]=-(‘1) sn—-
it 3 3 3
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[O. when n 1sodd

= b,=1 36a . nm .
lT sin—_whenn 1s even
nm

Putting the value of 5, 1n equation (4), we get

x
36a . nn . nmx  nmct
b 55 SIn—sin ; cos . Ans.

Wx. f)= 35
n=2(e\‘en)" T 3 I

Example 7

If the string of length / 1s mitially at rest m equilibrium position and each of its
points 1s given the velocity.

y _,,i,{ I cod 22
Sl )T
W, 1).

Solution: The displacement y(x.f) given by wave equation

where Q<x<] at f=0 determine the displacement function

62{ = czi:’ (1)
o &
we know that the solution of (1) 1s
V(x.f) = (¢ cos px +cysmn px)(c; cos cpt + ¢4 sincpr) -(2)
Using the boundary conditions
() W0.H=0 (i) W.H)=0
We get from (2)
. 1) = ¢y smpx(c;coscpt +cy smepr) .:(3)
where p =n_17r.

and the mitial conditions are

27x
cos |—
1)

3nx

ﬁ} =V, sin
-at’r=0 '

(iif) Wx.00=0 ()

Using (ii7) 1 equation (3), we get

0 = ¢ycysmprcoscpt = |3 =0.

Making use ¢; =0 in equation (3). we get

Wx.1) = cycysinpx sincpt
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where p ="—;r.

or the general form of solution 15
. N . it
s .4

v (nne) . nm nmct

o= L e
o) I 2m -, [(mmc) . nm
— = Wpsin—cos—= Y b,| — |sm—
{&J,:D ’ I ';"_ JJ |

_ V_o[- STx HJ =35 ﬂ}mﬂ

q

_

Vo _ ,(mc) Ivy

2 T T iy

Vo ( Sme ) Ivg
= b, — = b.=

2 Ui J * Sen

Using these values in equation (4). we get the required solution

R

LY

r

wx.f) = {h—o]sml %] sin e +f o

\2en I \Sen.
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ONE DIMENSIONAL FLOW

In this section we set up the mathematical model for one dimensional heat flow and derive the
corresponding partial differential equation.
Consider a bar or a rod of equal thickness at every pont.
| o

=

M

\
U U ‘.

0 +— X — Pe—&i—(

. » )
Let the area of cross-sectional = 4 em~.

and density of material of rod = pgr/cm?

Here we consider a small element PQ of length 5x.

-, The mass of the element PQ = Apdx
Let u(x, 1) 1s the temperature of the rod at a distance x at time 1.

We know that the amount of heat 1n a body 1s always proportional to the mass of the body and to
the temperature change.

Thus the rate of increase of heat 1n element
~. Ou ; : )
= s.-lpar-e—,- (s 15 specific heat) ..(0)

Since the direction of heat flow 1n a body becomes always toward decreasing temperature. Physical
expeniment shows that the rate of flow 1s proportional to the area and to the temperature gradient
normal to the area. If we suppose Q, and Q, are the quantities of heat flowing at the pomnts P and Q

respectively.

ou
fea 0 =- k"[; J pesscad The negative sign shows
& /;
, the direction of heat flow
and 0, = _]\-_4‘ ﬂ} per second towards lower temperature
i \ & x+0x

where & 1s a constant known as thermal conductivity.
1

per second _.(ii)

. Total amount of heat in the element = 0, - 0, = k4 {l ﬁ] —{%]
\OX Jx+5x X Jx
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where & is a constant known as thermal conductivity.
. _ L dfeu (ou) | .
- Total amount of heat in the element = Q) — 0, = k4 P~ o) per second (i)
\ r+dx  WOX -J'c_l
From (7) and (i)
sapax & = kj.‘ @] (& ] ]
t |_~"c"-'.:-c'|.t L oxX ’IxJ
:_['ﬂ"l _Ir ﬁ\ |
o kl\ex ), o l@x,x
= —_——
& ps &x
L |
Taking the limit as 5y _,( 7e, when x+dx— x
2 -
E =i hm \_c".r,-x‘ax \C‘f'-\',slx
cf psix—0 ox

k@ E"!_ k u
pséx\éx) psax

Let = —¢? 1s called diffusivity of the substance
ps

Thus
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SOLUTION OF ONE DIMENSIONAL HEAT EQUATION

We know that the heat equation

Qo alu 1)
& ox*
Let ul(x, 1) = X(x) T(1) -(2)
au d¥ & _d'X
= XA orZ o =T =
ax dx g™ *
md ﬁ = _Yﬂ
o dt
Using these values in equation (1), we get
= _ clrﬁ
dt dx*
1.4  1d'X i -
= i erm o
crdt X
Taking 2nd and 3rd terms
20 b o R
X dx* dx”
= (D*-bHx =0
Hence X= cle‘ﬁ" +c:e"r;’
1 dT dT ;1
e =l —=A’[-d,
od AT dt =

On ntegrating, log, T = kc’t+loge,

= Tzcsek(.'
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. From (2). we get

= Is 2
u(x, f) = (e’ +ce )™
There are arise following cases:
Case I If k= 0, let k=p2
then u(x, f) =(ce™ + c,e™ )cSe""". -(4)
Case Il: I k< 0, Let k = —p’
then AE. 1s m=—p = m=ztpi
X = ¢,cos px+ ¢, smpx
then u(x. 1) =(q cos px +¢; s px)c 3e"r a -(B)
Case IIT: If k=0, then
| u(x.t)=(q +6x)c;. | ..(C)

Since the physical nature of the problem 1s periodic so the suitable solution of the heat equation
15

u(x, f) = (c; cos px +c, sinpx)cze 7 <. —(4)
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The boundary conditions are
() u(0.H)=0 and (i) u(l =0
and 1nitial condition 1s (7#7) u(x, 0) = Ax).
Using (7) boundary condition in (4), we get
0= clc3e":‘:' = =0
. From (4). we get
u(x, 1) = ¢y sin px-e et 5

Using (i7) boundary condition 1 (5). we get

0 =ccsmpl = smpl=0=smm = p=T
n:x:(:r
. AT T
u(x, 1) = ¢,¢5 sm-—-[—e !
The general form of above solution 1s
= nmx 2l
= S =T 8
u(x, ) = Zlbn smTe (5, = cxc3) ...(6)
=

Agam using imitial condition (7i7) 1n equation (6). we get

() = ib,, m%

nel

which represents Fourier half range sine series so. we have

!
2 . ATX
b = —| f(x)sm dx
.= j f)sin=
Thus the required solution 1s
= X e
u(x.t)= Ebu sm—e |
n=1
2! nmx
where &, =:j F(x)sin =y
I I
0
.
Remark: In steady state ﬂ =0, so a’:: =0.
ot ox”
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Example 8

Determine the solution of one dimension heat equation

, 8%u
ﬂ = ¢ 5
[ 4 ox”
J x 1f0=x=<]2
Under the conditions u(0. ) = u(l, /) =0 and u(x.0) = !
I-x if by <x=l
Solution: We have
cu »0%u 1
— = 5
ot ox”
u(x, f) = (¢ cos px +c, Smpx)cse'r"’ (2
u(x, f) = (¢ cos px +c, 'sj.np:-;)ge'?;r:' (2)
At x =0. we get
0 = Cl c‘ge_p_(“_' = fl = 0
.. From equation (2). we get
u(x,f) = cycysinpx-e Pt ~.(3)
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Agam at x =/ from (3). we get
0 = cy65 sinpl-e“":‘:’ = smpl=0=smnn
nm
— —
£=0
From (3), we get

]
n‘x'c’.
N
'

. NTX
u(x, 1) = 504 sm——[—e

= Therefore the general form of solution can be wntten as
wedc
. Mmx T
u(x, f) = X Basin——e (3
ne=1

At 1= 0. from equation (4). we get

= . mmx
u(x, 0) = Zbu SmT
-1

-

1
& y
b. = :I u(.\'.O)sinﬂdx
l 5 i

12 ) 1 .
[ xsin=—=dx+[ (-x)sin"dx
0 ! in !

|
|t

"--||h_'|

I i

[1i2 i
I ¥ sin s gy +| (F—x}sm%dx
{l i
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2 2 nm I . onam nm I° . n:rt-.
==|- COS— +——sm—+ COS— +——Sin—
Il 2nm 2 nm 2 2nm 2 nmr 2
_ 4 gml" nm
o \ 2

-, From equation (4). we get

4'! = 1 ﬂlR:C"
MW . A T
u(x, f) = ,T_—,s —-sin - " . Ans.
il 2

Example 9
An mnsulated rod of length / has its ends 4 and B maintamned 0°C and 100°C

respectively until steady state conditions prevail. If B 1s suddenly reduced to 0°C and maintained at (°C
find the temperature at a distance x from 4 at time 7.

Solution: From one dimensional and equation. we have

cu , &%
— = = (1
x s (1)
The boundary conditions are
(1) u(0,=0Cand (i) u(l, f)=100°C
In steady state condition % =0 here from (1), we get
T
a:
7 =0
ar-
On ntegrating. we get u(x) = ¢;x + ¢, (2)

where ¢; and ¢, are constants to be determined

At x =0, from equation (2). we have

0=C:.
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and ax =1 100=¢/+0 = q=—i_

. From (2)
u(x) = gr ~(3)
Now the temperature at B 1s suddenly changed we have again transtent state. If u(x, f) 1s the

subsequent temperature function, the boundary conditions are

100
(iit) u(0,)=0°C, () u(l, £)=0°C and the initial condition (v) u(x, 0) = —]‘-"

Since the subsequent steady state function u (x) satisfies the equation

Fu,
= -
.

or d-l:‘ =0 = u(@=cx+c,
dx”

at x=0, we get 0=¢4

and at x =/, we get 0=cl+0 = ¢3=0

Thus u(x) =0 (4)

If ug(x, 1) 1s the temperature 1in transient state then the temperature distribution in the rod u(x, )
can be expressed n the form
u(x, £) = u,(x) +ug(x.t)

= u(x, 1) = ugx, 1) |Asu_,(x) =0 +i9)
Again from heat equation, we have
a;i s C2 6'113 (6)
ct ox”
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The solution of equation (6) 1s

=

At

=

From (7), we get

Agam at

=

=

From (8), we get

ugx, t) = (¢ cos px +c,smpx)c;e

)
-<°p1

u(x, 1) = (¢ cos px +c,sinpx)c;e™ ?*

x=0,u0,1)=0

0=ce?" = g=0.
u(x, f) = ¢, sin px-c,e":" !
x=1, u(lN=0

0 = ¢yc4 sinpﬁe":p:" = smpl=0=smmm
nm
S T

i
nmnx 5)

u(x, 1) = €,C5 sinT~e I

w :
ul, ) = Y by sian-e r

. L 100
Using nitial conditionie. att=0.u= T\ we get

u(x, 0) = mr = V b, sin%

Nl
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Hence from equation (9). we get

212
R

= n+l -
i R

S e

u(x, t) = , ]

b nel

=

Example 10

The temperature of a bar 50 cm long with insulated sides is kept at 0°C at one end

and 100°C at the other end until steady conditions prevail. The two ends are then suddenly msulated so
that the temperature gradient is zero at each end thereafter. Find the temperature distribution.

Solution: The temperature function u(x, 7) 1s the solution of the one dimensional heat equation

) 81
z =C — (1)
ér ox*
When the steady state condition prevails .Cl =0 and hence from (1), we get
ot
o*u
— =0
x
On integrating, we get -
u(x) =cx + ¢ -(2)
At x=0, u=0
0= C:

and at x = 50. = 100. from (2). we get
100=50¢,+0 = ¢=2
Hence ux) =2x = ulx, 0)=2 +if3)
and the subsequent temperature function #; (x, f) satisfy the boundary conditions
u; (0,0 =0, u,(50,0)=0
Under these conditions, we find the steady state function ,(x) vanishes
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ufx) =0

| =,
u(x, 1) = u (x) +up(x.t)=0+up(x.1)
=

u(x, f) = up(x. )

Nt

where uy (x, f) 1s the temperature m transient state which satisfied the boundary conditions
ur(0. ) =0=ur(50. f)
. The temperature u{x, f) can be obtamed by the solutton of one dimenstonal heat equation
= up(x.1) = (¢ cospx +c, sin px)cse"":’ .(5)
At x=0, ur=0

=

0= " = ¢ =0 (otherwise up(x, )= 0)
From (5), we get

up(x,f) = cycysinpx-e” "

..(6)
And at x =50, u;=0
— 0 = c,cysmn 50p~e":":r
=

. : nn
snS0p =0=smmm = p=

50
. From (6), we get

Ll
R T
up(x,f) = cyc3sn—e -

Vv
The general form of solution 1s

o wald

. MX T

= S R o 2500
up(x, 1) = b, sin—e

n=1

At

t =0, uy = 2x (from equation 3)

x 2500 . nm'r)
X COS—— +——Sin—
nn 50 »nm* 50 0

2 b 2
b = 2[ 2500

2500 . 200 +
= —| ———cosmm+—-sinnm+0 | =—(-1)"*!
2)[ nm nm" nm
Putting the value of b, i equation (7). we get

o

200 nm =l
iz Y —(D g 20
ur(x, ) ) B (-1) % .(8)
Hence from (4) and (8). we get
000 2. (<t e
ulx, ) = ﬁYL A o 200" A
xS on 50
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Example 11

Two ends 4 and B of a rod 20 cm long have the temperature at 30°C and 80°C

respectively until steady state prevails. The temperature at the end are changed to 40°C and 60°C
respectively find the temperature distribution in the rod.

Solution: The heat equation 1n one dimensional 1s

a0 1
Rl (1)

The boundary conditions are
(i) u(0, f)=30°C (i) u(20,f)=80°C

In steady condition o 0

- From (1), we get a—ij =(, on mtegrating, we get

ulx) =cx +¢ -(2)
at x=0. u=30. so 30=0+qg = =30
5
and at x=20 u=80 so 80=c;x20+30 = ¢=75

From equation (2), we get

5y
'H(I} = T +3D

i

Now the temperatures at 4 and B are suddenly changed we have agam gain transient state.
If uy (x, ) 1s subsequent temperature function then the boundary conditions are
w (0.1 =40°C and (20, 7)=60°C
and the mitial condition i.e., at t = 0, 15 given by equation (3)

Since the subsequent steady state function u (x) satisfies the equation

éu_ du,
= =0 or =
éx” dx”
The solution of above equation 1s
u(x) =cx + ¢y (4
Atx=0. u. =40 = 40=0+¢ = cy=40 u,(0) = 40°C
andat x=20, u, =60 = 60=20c+40 = ;=1 u_(20) = 60°C
. From (4), we get
u(x) =x+40 ..(3)

Thus the temperature distribution in the rod at time f is given by
u(x, 1) = u (x) +uz(x. 1)

= u(x, 1) = (x+40)+ur(x. 1) ()]
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where ur(x, f) 15 the transient state function which satisfying the conditions

ur(0. )=w(0, H—u (0)=40-40=0
up(20. )=1,(20. f)—u,(20)=60-60 =0 L

5 3
and ur(x, 0)=u(x. 0)—u, (1}=TT+ 30-x—40 =TT— 10

The general solution for ur(x, f) 1s given by

- JEER
. X e
urp(x, 1) = Zbu st e 0 )

Att=0, from (7). we get

" 20d |2
[ 3x 1 20 mi:xl 3( 400 | mmx
= —|| =—-10 |——cos— - ———=5
042 . HT 20 20 gome 20 _'CI
1) (20 (20\] 201
= — |20 —1{—1)'1—(—1@ = ||=-= 261y 1)
100\ mm, )| mml
Putting the value of b, 1n equation (7), we get
111
A © ap_ 3 Wt
HT{I’ f) = —_'_ﬂv Mgmﬂ_e 400 {E)
| r:l n
From (6) and (8), we get
ow J‘!]T[lf'lf
7 - . OHT B
ulx, f) = (1'+4{}}—'—GT ) L n™™ o W0 g
T 20
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TWO DIMENSIONAL HEAT EQUATIONS

We have
o 2 eyl )
— =" (Vu i
= (Vu) )
where &= —_ kis the thermal conductivity of the body, 5 1s the specific heat of the matenial of the
P :
body and p 1s the density.
In case of two dimensional, we may suppose that z-coordinate 15 constant.
. a'u . oy N As HE_':I= constant
Vu al or i) iﬂ o
. &'u N &'u (i)
= = = — = ”
Vou ol @)
From (i) and (i7), we get
- - 210
au_ofGu
o la® a°) (4)
: cu
In steady state u always independent of 7 so that o 0.
Hence from equation (4). we get
&u N &u ~
a2 ri?1,: ' _(B)
The equation (B) is known as Laplace’s equation.
Solution of Two dimensional Heat equation
We have
& o &% 6% | _
— ===t (1)
a e’ @)
Let u(x,y, ) =XIT (0

Putting the value of u(x, y, f) from (i7) n equation (i), we get
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2 27
PO LI Fd—f+XﬁF—f
dt dx dy” )

1.dr ldg.ff 14%Y

= T dt T Xad ¥
There are three possibilities

1d°X 1d%y 1 dT
@ ——=0 ——5=0. ———-

X dx Yy e~ T dt
@ LOX_ o 14Y_ 5 14T

X &2 T gt Clrodt
O LIX__p 1Y 1dl_
“xal Urgr Vlrd

; 2 2 2
where p~ =p; +p;.
Out of these three possibilities, we have to select that solution which suits the physical nature of

the problem and the given boundary conditions.
Here ulx, y. 1) = (gx+c,)ey+c,)e.  (Fora)
u(r, . 1) = (@™ +c,e™)(c,e™ +c,e™)c,e” " (Forb)

and u(x, y. 1) = (g cosp,x+c, smpx)(c; cos p,y+¢, sin p}v}cse'l"‘” (For ¢)

Example 12

A thin rectangular plate whose surface 1s impervious to heat flow has 7 = 0 an
arbitrary distribution of temperature f(x, y). Its four edges x=0, x =a, y = 0 and y = b are kept at zero
temperature. Determine the temperature at a point of the plate as 7 increases.

Solution: The heat equation in two dimensional 1s {

G c:= &°u &’u

x - |la® (1)
Let u=X¥T = 42) (0. b)

F C itx 43 C B (a.b)
From (1) 2 —m ‘l Yy — +X—,l

dt BG d"—

- O )_X’
. X (0. 0) A4 (a.0)
1 dT 1d°X% 147

= T -43)

ST dt X d? Yy
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Since the physical nature of problem 1s periodic so we choosen the constant as follows:

From (3), we get

1d°X 2 d’x 2 1 2
fdx: =-p = F+p1}f=0 = (D°+p)X=0

~TheAE s m +p1] =0 = = fzpf = m=zIip

= X = €C08 P +C,SIP,X
Again from (3), we get

1d°Y . L,
T =-p, = (D+p)X=0
T R T D)
50 ¥ = (c;cosp,y+c, sinp,y)
1 4T 5 2 2 2
and —— = —p-. where p = p;+p;.
EET df p 2 JD p]_ .p_-
d‘r L ] T 7
= T = —-pctdt = logT=-pci+log e,
= T= fje"”:cl"

Hence from equation (2), we get
t = (g cos pyx + ¢, s pyx)(c; os Py +¢, s p,y) cie'-“'l’:’ .(4)
Now the boundary conditions are:
(D) u(0. v, =0, (@) ula v, =0, (i) u(x,0.)=0; and (iv) u(x, b, )=0
Using first boundary condition m (4), we get
0=qlecospy+ey smpj}')cie'-”’jrl’
= c; =0  (otherwise u(x, y, 1) = 0)
From (4), we get
U = ¢ycssinpox(c; cos pyy+ ¢, s pj}')e?"”l‘:: -(3)
Using second boundary condition in (5), we get

_ ' s : N gmpet
0 = c,c.smpalc, cosp,y+c,simp,y)e

M

= giuplﬂz[):sil]m'.r[ = P = ﬂ

Next using 3rd boundary condition 1n (5), we get
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11
0=gocssinpre’ " = ¢=0 (otherwise u(x, y, 1)=0)
From (5), we get

_ S
Il = C,0,C.SM P X510 p,Y-¢ _.(6)

And using 4th boundary condition m (6), we get

_ - o —pt
0 = ¢,C4Cssmp x-sm p,b-e

- nm
= mpzb:[;:smmr = pl=?].
Since p=p+p
: T]"ml + il ]
S0 T =4 .l 5
? La” b
Putting the values of pq. py and p mn equation (6), we get
A m® nt 3
mnx . nAmy - F-F; ot
u(x, y, f) = €404Cs sm—-s.mTe ' '
a
The general form of solution 1s
o @ — o —T[] —‘+—: czr
ulx, 3, 1) = § N A4, sinl" sin T, A7)
o s | a b
and the initial condition 1s
u(x, y. 0) = flx, y)
From (7). we get
f(.l L) = Z T 'lum'sin = E
m=1?:i a b
which 1s the double Founer since senes of /(x, 3)
22 ¢ b HILX
Ay = = ; J' j Fx.y)sin «,mT dxdy (8)

Hence the equation (7) 15 required temperature distribution with the equation (8).  Ans.
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Example 13

&’u  &'u
Solve —+t—5= 0 which satisfies the conditions

& oy

'

u(0, ¥) = u(l. ¥)=wu(x.0)=0and u(x, a) = sm| % |
Solution: We have
&%u . &u o "
&’
u(x,3) = (eycos px + cy sin px) (es6” + ) e
At x=0, wu=0

0=ci(c;™ +e4e™) = =0 [otherwise u(x, y) = 0]
Putting the value of ¢; m equation (2), we get

u(x, ¥) = c,smpx(c;e™ +ce ™) (3)

atx =1 wu=10

0 = ¢,smpl(ec;e®™ +c,e™)

. _ _HT
= sinpl =0=smnn = p_;'
From equation (3). we get
r. nEy HIy .
- N - 7
u(x, y) = s 68 1 T oL (4

At v=0  u=0  weget

. nlx
= chsm—f(c"3+c4) = tey=0 = €4 =—C3

Putting the value of ¢, m equation (4), we get

(my _mo) §_ -8
L NMX| T T . MMX ., WY | . e —e
ulx, y) = fgC;EﬂlT el —e =1oyc4 smT-sth sinhf = ;

The general form of above solution 1s given as
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= N Ny
V) = sin—sini—— 2 =h (5
u(x, v) ﬂzlbn ; ; (2¢yc,=b,) (5)

, . HTX _
Putting v =g and u = 'il-ﬂT in equation (3), we get

. . . nIX :
Equating the coefficient of 5mT on both sides, we get

1=b sinh™ = p=— 1

i nma

inh——

I
and E}].:E}E:E}}:..:b”_].:ﬂ
Hence. from equation (3). we get
sin (170 ., MY
u(x, v) = (,J D& 51 A — . Ans.

. | nma
5111.?1|—1
A,

s
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UNIT 111
INTRODUCTION
Solution of Algebraic and Transcendental Equations

A polynomial equation of the form
fO) =pa()=apx™ + a1 X + a2 + . A X+ a,=0
is called an Algebraic equation. For example,
.4 4:_{_(}4_2 i'—-'—[]'-.l‘j {:—"-—{—{} R R
T =30 7o=U A —ox T A=A =% T AT 3 = Uare algebraic equations.

An equation which contains polynomials, trigonometric functions, logarithmic functions,

exponential functions etc., is called a Transcendental equation. For example,
. +
tanx—e =0; sinx —xe™ =0; xe =cosx

are transcendental equations.

Finding the roots or zeros of an equation of the form f(x) = 0 is an important problem in
science and engineering. We assume that f (x) is continuous in the required interval. A root of
an equation f (x) = 0 is the value of x, say x = a for which f () = 0. Geometrically, a root of
an equation f (x) = 0 is the value of x at which the graph of the equation y = f (x) intersects the
X — axis (see Fig. 1)

fix) T

Fig. 1 Geometrical Interpretation of a root of f(x) =0

A number o is a simple root of f (x) = 0; if f () = 0 and f '(a) # 0. Then, we can write
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f(x) as, f (x) = (x—a) g(x), 9(a) #0.
A number a is a multiple root of multiplicity m of f (x) =0,

and ) ™ (a)=0.
Then. f(x) can be writhen as.

fO=@Ex-a)gx).g(a) = 0

A polynomial equation of degree n will have exactly n roots, real or complex, simple or
multiple. A transcendental equation may have one root or no root or infinite number of roots
depending on the form of f (x).

The methods of finding the roots of f (x) = 0 are classified as,

1. Direct Methods

2. Numerical Methods.

Direct methods give the exact values of all the roots in a finite number of steps. Numerical
methods are based on the idea of successive approximations. In these methods, we start with
one or two initial approximations to the root and obtain a sequence of approximations Xg, X1,

.. xk Which in the limit as k —co converge to the exact root x = a. There are no direct methods
for solving higher degree algebraic equations or transcendental equations. Such equations can
be solved by Numerical methods. In these methods, we first find an interval in which the root
lies. If a and b are two numbers such that f (a) and f (b) have opposite signs, then a root of f
(X) = 0 lies in between a and b. We take a or b or any valve in between a or b as first
approximation x;. This is further improved by numerical methods. Here we discuss few

important Numerical methods to find a root of f (x) = 0.

REGULA FALSI METHOD

This is another method to find the roots of f (x) = 0. This method is also known as Regular
False Method. In this method, we choose two points a and b such that f (a) and f (b) are of
opposite signs. Hence a root lies in between these points. The equation of the chord joining

the two points.
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(a,f(a)) and (b, f(B)) is given by
y—Sla) _[f(b)-fla)
= A5
Xx—a b—ua

We replace the part of the curve between the points [a, f(a)] and [b, f(5)] by means of the
chord joining these points and we take the point of intersection of the chord with the x axis as
an approximation to the root (see Fig.3). The point of intersection is obtained by putting v =0

in (5), as
r=r :M _____{ﬁ}
Sfib)— fla)

xy is the first approximation to the root of f{x) = 0.

Y

g-ﬂ
b
)

(a, fia))

Fig. 3 Method of False Position

If fi{x,) and f(a) are of opposite signs, then the root lies between a and x and we replace b
by x in (&) and obtain the next approximation x». Otherwise, we replace a by x) and generate
the next approximation. The procedure is repeated till the root is obtained to the desired
accuracy, This method is also called linear interpolation method or chord method.
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1. Find the root of the equation 2v — log x = 7 which lies between 3.5 and 4 by
Regula-False method. (JNTU 2006)
Solution
Given fix) = 2x - logry; =7 A1)
Take x4=3.5, x =4
Using Regula Falsi method
o B
fx }— f {t]

n=35- 4-35 (~0.5441)
(0.3979 +0.5441)

x2=3.7888
Now taking x; = 3.7888 and x, = 4

Xa=Xg—

J (-Tn }

_ .T| _xr_' .
=5 ——7——J {I
j{x]}l—f{.‘f”} ”)
4 -3 7888
x3= 37888 — ———— (—0.0009)
0.3988

x3=37893
The required root 15 = 3.789
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2, Find a real root of xe" = 3 using Regula-Falsi method.
Solution
Given fix)=xe" -3=0
f(l)y=e-3=-02817<0
fi)=2"-3=11.778=0
One root lies between 1 and 2
Now taking x4 =1, x, =2
Using Regula — Falsi method
B X — Xy
fla)=1(x)
= X (%) =31 (%)
) S } - _lr{-Tu}

Xa =Xy

f{xu}

1(11.778) - 2(-0.2817)
X2 =

N 11.778 +0.2817
m=1329
Now f(x2) = f(1.329) = 1329 ¢ -3=20199 > 0
f(1)y=-02817<0
The root lies between 1 and 1.329 taking x5 = 1 and x» = 1.329
Taking x;= 1 and x» = 1.329
_ %o (%) - xf(x)
f{x:)‘f(-‘fu}
- 1{2.:]I99}+{I.32‘-}}{ﬂ.231?]

(2.0199)+(0.2817)
= w = I_[]d
23016

Now f(x')=1.04 "™ 3=—0.05<0
The root lies between x~ and x°

ie,104and 1329 [+ f(x:)>0and f(x;) < 0]
xS () xS (x:) | (1.04)(-0.05)—(1.329)(2.0199)
O f(n)-f(x) (~0.05)—(2.0199)

x4 = 108 is the approximate root
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3. Find a real root of &' sin x = 1 using Regula — Falsi method
Solution
Given flx)=¢"sinx—1=0
Consider x; =2
fxo)=f(2)=e"sin2—1=-0.7421 <0
fx)=f3)=¢e'sin3-1=0511>0
The root lies between 2 and 3
Using Regula — Falsi method
= X () =50 (%)
i f(x)=1(x)

o 2(0.511)+3(0.7421)
2 T 0511+0.7421
x2=2.93557
f(xa) = e 5in(2.93557) - 1
f(x2)=—0.35538 <0
Root lies between x; and x;
i.e., lies between 293557 and 3

~ () -xf(x)

BT )~ S ()
(2.93557)(0.511) - 3(-35538)
- 0.511+0.35538
X3 =2.96199

Fxs)=e"""" s5in(2.96199) —1 = —0.000819 < 0
root lies between x; and xy
_ -Tlf'[-’f]]_xlf{-ﬁ}
flx)=f(x)
2.96199(0.511) + 3{0.000819)
B 0.511+0.000819
FxYy = e 5in(2.9625898) — 1
fix")=—0.0001898 < 0
The root lies between x; and x;
= x (%) - xS (%)
Jr(-’fl}_f{x.t]

=29625898

X
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~ 2.9625898(0.511)+3(0.0001898)
B 0.511+(0.0001898)

x5 =29626

we have
x3= 29625
xs=29626
x5 =1y =2962
The root lies between 2 and 3 15 2 962

4. Find a real root of x ¢ = 2 using Regula — Falsi method (Jl
Solution
fix)=xe"-2=0
fI0)==2<0, f(l)=ie,-2=(2.7183)-2
fi1)=07183 =0

The root lies between 0 and 1
Considering x; =0, x; = 1
A0)=fixg)=-2; f(1)=F(x,)=0.7183
By Regula — Falsi method

- I,_-,f(.t,}—_t]f(_t“}

BT ) S ()
_0(0.7183)-1(-2) 2

Fa

BT Toms(2) 27183

0 =073575
Now f(x") = f(0.73575) = 0.73575 "™ _2
f(x2) =—0.46445 <0
and f(x;)=0.7183>0

The root x5 lies between x; and

- Iif(-‘] J'_ILJF(-‘:L]'
S(x) =1 (x)
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~ (0.73575)(0.7183)
B 07183+ 0.46445

~ 0.52848 + 0.46445
1.18275

©0.992939
B 8275

I

(0.83951)

x1=083951 f(x')= ————
o )= o gaost)e?
[ (x3)=(0.83951) " ¥ 2

f(x5) =—0.056339 < 0

One root lies between x, and

Cxf(x)-xf(x) (083951)(0.7183)—1(-0.056339)

X4 = =

S(x)=f(x) 0.7183+0.056339
= 289933 _ g gs1171
0.774639

S(xg)=0851171 e0.851171 - 2 =-0.006227 <0
MNow xs lies between x; and x,
_ xf (%) - xS (x,)
f{ft}_f{-‘fa}
B {ﬂ.ESII?1}{ﬂ.?183}+{.{]ﬂl522?}
07183 +0.006227

.. 0617623
0724527

Now [ (xs) = 0.85245 "2 "2 _2 = _0.0006756 < 0

One root lies between x; and xs, (i.e., x; lies between x; and xs)

Xg

= (.85245

Using Regula — Falsi method

{G_ESEJIS]{{]_TI 83) +0.0006756
0.7183 + 0.0006756

e = 0.85260
Now [ (xg) = —0.00006736 < 0

One root 17 lies between x, and x,

Xg =

By Regula — Falsi method
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_ Iﬁf{-‘fl }_-‘flf{-‘fﬁ]
X1 =
f{-‘fl} - f{xh}
(0.85260)(0.7183) + 0.0006736
0. 7183 +0.0006736
x7=085260
From x” = 0.85260 and x; = 0.85260
A real root of the given equation is 0.85260

=

NEWTON RAPHSON METHOD

This is another important method. Let xy be approximation for the root of f(x) = 0. Let
x; = xg + & be the correct root so that /(x;) = 0. Expanding { (x,) = {xy + &) by Taylor series,
we get

-
]

. h .
Sl =flx+hy=F(xo)+ h f (x0)+ > I+ =0 )
For small valves of h, neglecting the terms with hi B ... ete, We get
Sixo)+h flx)=0 ceed2)
and h=— _fl(x(,)
S (xy)
x1=xp+h
— f(xu )
S 1 ey
F6S)
Proceeding like this, successive approximation xs, X3, ... X, - are given by,
Xn+1=Xn— M- ...(3)
F(x)
Forn=0,1,2, ......
Note:

(1) The approximation x,.; given by (3) converges, provided that the initial
approximation xy is chosen sufficiently close to root of /(x) = 0.

(i1) Convergence of Newton-Raphson method: Newton-Raphson method is similar to
iteration method

S(x)
Wx)=x—+— (1)
[ (x)
differentiating (1) w.r.t to ‘x” and using condition for convergence of iteration method i.e.
o) <1,
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We get

- _J'"[-*f}-f'[-‘a'll—_J'"[.ﬂf"[x]|{]
WREIN |

Simplifying we get condition for convergence of Newton-Raphson method is

|f[x]l._f"[x}| <[ (]

Example 1

Using Newton-Raphson method (a) Find square root of a number (b) Find a reciprocal

of a number.

Solution

(a) Let n be the number and x = vn x* = n

fFf(X)=x*-n=0....(1)

Then the solution to f (x) =x*—n=0is x =Vn

f1(x) = 2x

by Newton Raphson method
fix) xf -n

) fl(x,.}::"'_[ ]

) 1 X
X1 = T r .TI.+—_
=\ ‘1:'

using the above formula the square root of any number ‘n’ can be found to required

Ni+1—=X;

accuracy.
(b) To find the reciprocal of a number ‘n’

f)=--n=0 (D)
.. solution of (1) is x = %
10 =—

Now by Newton-Raphson method,
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= [ flm;-} ]
fix)

Xi+1=X (2-x;n)
using the above formula the reciprocal of a number can be found to required accuracy.
Example 2
Find the reciprocal of 18 using Newton—Raphson method
Solution

The Newton-Raphson method
Xiv1 = Xi (2 —Xi n) (D)
considering the initial approximate value of x as xo = 0.055 and given n = 18

. X1 =0.055 [2 — (0.055) (18)]

. X1 = 0.0555

X2 = 0.0555 [2 — 0.0555 x 18]

X, = (0.0555) (1.001)

Xo=0.0555

Hence x; = X, = 0.0555

.. The reciprocal of 18 is 0.0555.

Example 3
Find a real root for x tan x +1 = 0 using Newton—Raphson method
Solution

Givenf(x)=xtanx+1=0
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f1(x) = x sec2 x + tan x
f(2)=2tan2+1=—3.370079<0
f(3)=2tan3+1=—0572370>0

.. The root lies between 2 and 3

Take xo :22LS =25 (average of 2 and 3), By Newton-Raphson method
_-}l'._l = x: — [ f{:{i} ]
R A€
([ f(x)
L f (v‘u}
X =25 (—0.86755)
3.14808

o f(x)
X=X — 1 .
fix)
f(x1) =—0.06383. F(x1)= 2.80004
06383
1, = 2.77555 — (0:06383)
2.80004
X3 =2.798
f(x)=—0.001080,  f(xy)=2.7983
| — 0.001080
X3 =1 — 7{(’-) — 2795 2 0.001080]
ix) 2.7983
x3=2.798.
X=X

.. Thereal root of x tanx +~ 1 =01s 2.798
Example 4
Find a root of €* sin x = 1 using Newton—Raphson method
Solution

Givenf(x) =¢e*sinx—1=0

f1(x) = e*sin x + e* cos x

School of Science & Humanities



SATHYABAMA
INSTITUTE OF SCIENCE AND TECHNOLOGY
DEPARTMENT OF MATHEMATICS
COURSE MATERIAL
COURSE NAME: ENGINEERING MATHEMATICS IV COURSE CODE: SMT1204

Takex; =0,x;=1

f(0)=f(x;)=e’sin0-1=-1<0

f(1)=f(xp) =e'sin (1)—1=1.287>0

The root of the equation lies between 0 and 1.Using Newton Raphson Method

%)
Ki+1 =X — 'fl( -
J(x)
Now consider xg = average of 0 and 1
1+0
Xog = = 0.5
2
xp = 0.5

F(xg) =€ sin (0.5) — 1
Fxg) =€ sin (0.5) + €°° cos (0.5)=2.2373
flx) o5 _ (—0.20956)

X1 = Xp— .2
FHixy) 2.2373

x1 = 0.5936
f(x1) =" sin (0.5936) — 1 =0.0128
£ () = 7% sin (0.5936) + "% cos (0.5936) = 2.5136

v =x— fl(x) 05036 (0.0128)
) fH(x) 2.5136
x, =0.58854
similarly X3 =X — fl ()
[ (x)

f(xy) = €% sin (0.58854) — 1 = 0.0000181

1) = "% sin (0.58854) + "% cos (0.58854)
f(x2) = 2.4983

0.0000181

x3 = 0.58854 —
2.4983

a3 = 0.5385
Xy —x; =0.5885

0.5885 is the root of the equation € sinx—1=0
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GAUSS ELIMINATION METHOD

This is the elementary elimination method and it reduces the system of equations to an

equivalent upper — triangular system, which can be solved by back substitution.
We consider the system of n linear equations in n unknowns
ayXy FapXo + ... FaXp =by

AxX1 FanXo + ... FaxXp=by

an1X]_ +an2X2 + cene + anan = bn

There are two steps in the solution viz., the elimination of unknowns and back substitution.

Example 1

Solve the following system of equations using Gaussian elimination.
X1+ 3%, —5X3 =2
3X1 + 11X, —9%3 =4
—X1+ X2+ 6X3=5

Solution

An augmented matrix is given by

3 —5(2
3 11 —94
1 1 6|5

We use the boxed element to eliminate any non-zeros below it.

This involves the following row operations

3 —5]2 3 -5| 2
3 11 9|4 | R2-3xRl = | 02 6|-2
1 1 6|5] R3+RI 04 1| 7
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And the next step is to use the 2 to eliminate the non-zero below it. This requires the final

row operation

1 3 -5 2 1 3 -5 2
0 6| -2 =10 6|2
0 4 1| 7] R3-2xR2 0 0 —11] 11

This is the augmented form for an upper triangular system, writing the system in extended

form we
Iy f ;i.i"j -_il.i"_-5 = 2
?.r'g | |:]i'5 = 3

llz; = 11

This gives x3 =-1; X = 2; X = -0.

Example 2

Solve the system of equation
2X + 4y +6z = 22

3X + 8y +5x =27
X+y+22=2

Solution

2 4 6 22
3 8 5 27
1 2

-1 2

R1‘=1/2Ry
1 2 311
3 8 5 27
-1 1 2 2

R2’=R2—-3R:;R3’=R3+R;
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1 2 3 11
0 2 —4 -6
0 3 5 13

R2’=1/2R>; Ri’=R1—-2R,; R3’=R3— 3R>

1 0 7 17
0 1 -2 -3
0 0 11 22

R3’=1/11R;;R1’=R1—-7R3;R1’=R1—-7R3; R2’ =Rz + 2R3

1 0 03
01 01
0 0 12

Thus the solution to the systemisx=3,y=1,z=2.
ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

As a numerical technique, Gaussian elimination is rather unusual because it is direct. That is,
a solution is obtained after a single application of Gaussian elimination. Once a “solution”
has been obtained, Gaussian elimination offers no method of refinement. The lack of
refinements can be a problem because, as the previous section shows, Gaussian elimination is
sensitive to rounding error. Numerical techniques more commonly involve an iterative
method. For example, in calculus you probably studied Newton’s iterative method for
approximating the zeros of a differentiable function. In this section you will look at two
iterative methods for approximating the solution of a system of n linear equations in n

variables.

The Jacobi Method The first iterative technique is called the Jacobi method, after Carl Gustav
Jacob Jacobi (1804-1851). This method makes two assumptions: (1) that the system given by

ayXy FapXo + ... FaiXp =by

A21X1 FapXo + ...+ axXn = by

anlxl +an2x2 + ceee + anan = bn
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has a unique solution and (2) that the coefficient matrix A has no zeros on its main diagonal.
If any of the diagonal entries are zero, then rows or columns must be interchanged to obtain a
coefficient matrix that has nonzero entries on the main diagonal. A matrix A is diagonally
dominated if, in each row, the absolute value of the entry on the diagonal is greater than the
sum of the absolute values of the other entries. More compactly, A is diagonally dominated if
|A|> > |A]| foralli
byt
To begin the Jacobi method, solve the first equation for the second equation for and so on, as

follows
X1 =1 aga[br - a12Xo - . -@1nXn)

X2 =1/ 8.22[ bz -A21X1 - ... - d2nXn)

Xn :1/ann[ B - 8n1X1 - 8n2X2 - .

Then make an initial approximation of the solution, Initial approximation and substitute these
values of into the right-hand side of the rewritten equations to obtain the first approximation.
After this procedure has been completed, one iteration has been performed. In the same way,
the second approximation is formed by substituting the first approximation’s x-values into the
right-hand side of the rewritten equations. By repeated iterations, you will form a sequence of

approximations that often converges to the actual solution.
Example

Use the Jacobi method to approximate the solution of the following system of linear

equations.
Sxy — 2x, + Ix; = — 1
3t ;= 2
2x; — 2 — Ty = 3
Solution

To begin, write the system in the form
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2. _ a3
X —5 T 5%, T
x,= &+ax —ax
2 |
X, = —5 1t 35X — 3X,

Letx; =0,%x,=0,%x3=0

as a convenient initial approximation. So, the first approximation is

x, = =t + 30) — ¥0) = —0.200

1 ]

(.222

: + 30) — 0= 0222

o

—2 + £(0) — {0) = —0.429.

Continuing this procedure, you obtain the sequence of approximations shown in Table

n 0 1 2 3 4 5 6 7

X1 0.000 -0.200 | 0.146 0.192 0.181 0.185 0.186 0.186
X2 0.000 0.222 0.203 0.328 0.332 0.329 0.331 0.331
X3 0.000 -0.429 |-0517 |-0416 |-0.421 |-0.424 |-0.423 |-0.423

Because the last two columns in the above table are identical, you can conclude that to three
significant digits the solution is x;=0.186 , X, = 0.331 , x3 = -0.423.

GAUSS SEIDEL METHOD

Intuitively, the Gauss-Seidel method seems more natural than the Jacobi method. If the
solution is converging and updated information is available for some of the variables, surely
it makes sense to use that information! From a programming point of view, the Gauss-Seidel
method is definitely more convenient, since the old value of a variable can be overwritten as
soon as a new value becomes available. With the Jacobi method, the values of all variables
from the previous iteration need to be retained throughout the current iteration, which means
that twice as much as storage is needed. On the other hand, the Jacobi method is perfectly
suited to parallel computation, whereas the Gauss-Seidel method is not. Because the Jacobi
method updates or ‘displaces’ all of the variables at the same time (at the end of each

iteration) it is often called the method of simultaneous displacements. The Gauss-Seidel
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method updates the variables one by one (during each iteration) so its corresponding name is
the method of successive displacements.

Example 1

Solve the following system of equations by Gauss — Seidel method
28x +4y -z = 32

Xx+3y+10z =24

2x+17y+4z2=35

Solution

Since the diagonal element in given system are not dominant, we rearrange the equation as

follows

28x +4y -7 =32

2X+17y+4z2=35

x+3y+10z=24

Hence

X =1/28[32 — 4y +z]

y = 1/17[35-2x -4z]

z = 1/10[24 —x — 3y]

Setting y =0 and z = 0, we get,

First iteration

x® = 1/28 [ 32- 4(0) +(0)] = 1.1429

y® =1/17 [ 35 — 2(1.1429) -4(0)] = 1.9244
zW = 1/10 [ 24 — 1.1429 — 3(1.9244)] = 1.8084

Second lteration
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x®@ = 1/28 [ 32- 4(1.9244) +(1.8084)] = 0.9325
y® =1/17 [ 35— 2(0.9325) -4(1.8084) ] = 1.5236
z®) = 1/10 [ 24 — 0.9325 — 3(1.5236)] = 1.8497
Third Iteration

x®) = 1/28 [ 32- 4(1.5236) +(1.8497)] = 0.9913
y® =1/17 [ 35 — 2(0.9913) -4(1.8497)] = 1.5070
z® = 1/10 [ 24 -0.9913- 3(1.5070)] = 1.8488
Fourth Iteration

x® = 1/28 [ 32- 4(1.5070 ) +(1.8488)] = 0.9936
vy =1/17 [ 35— 2(0.9936) -4(1.8488)] = 1.5069
z™ = 1/10 [ 24 - 0.9936 — 3(1.5069)] = 1.8486
Fifth Iteration

x®) = 1/28 [ 32- 4(1.5069) +(1.8486)] = 0.9936
y® =1/17 [ 35 — 2(0.9936) -4(1.8486)] = 1.5069
z® = 1/10 [ 24 — 0.9936 — 3(1.5069)] =1.8486
Since the values of X, y, z are same in the 4™ and 5™ Iteration, we stop the procedure here.

Hence x = 0.9936, y = 1.5069, z = 1.8486.
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UNIT IV
Interpolation

The process of computing intermediate values of (x,, x,,) for a function y(x) from a given

set of values of a function

Gregory-Newton’s forward interpolation formula

Ay, A%y,
X) = —Uu
V)= Yo+ U+

A%y,

u(u-1+ uu-Hu-2) +%u(u -Du-2)u-3)+———(a)

1
where u = H(x —X%,)
Gregory-Newton’s backward interpolation formula

2 3 4
yO) =y, +%v+%v(v+l)+%v(v+l)(v+ 2)+%v(v+1)(v+2)(v+3)+———(b)

where v=%(x—xn)

Remark:

Q) The process of finding the values of y(x;) outside the interval (x,, x,,) is called
extrapolation

(i) The interpolating polynomial is a function p,(x) through the data points y; =
f(x;) = B,(x;) 1=0,12,..n

(i)  Gregory-Newton’s forward interpolation formula (a) can be applicable if the
interval difference h is constant and used to interpolate the value of y(x;) nearer
to beginning value x, of the data set

(iv)  If y = f(x)is the exact curve and y = p,(x) is the interpolating polynomial then

the Error in polynomial interpolation is y(x) — p,(x) given by
Error :%(x—xo)(x—xl)——(x—xn): Xy <X <X, % <C<X,———(C)

(v) Error in Newton'’s Sforward interpolation is
Error :%u(u “DU—-2)——(U—-n): %, <X<X,, % <C<X,————(d)
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(vi)  Error in Newton'’s backward interpolation is
hn+1y(n+l) (C)
Error = Wv(v+1)(v+2)——(v+ N): X, <X<X,, % <C< X, ————(€)
+1):

Problem1: Estimate 8 atx =43 & x =84 from the following table .also find y(x)

X

40 50

60

70

80

90

0

184 204

226

250

276

304

Solution: Here all the intervals are equal with h=x;-xo=10 we apply Newton interpolation

Difference Table:

x| 8=y Ay A%y A3y Aty ASy
A0 | 184=vy, | y,—Y,=20=Ay,
o0 | 204=y, | y,—V,=22=Ay, 2=A%, | 0=A%,
60 | 226=y, | y,—Y,=24=Ay, 2=A%, | 0=A%, | 0=A%, 0=V°y,
70 | 250=y, | y,—Y,=26=Ay, 2=A%, | 0=V% | 0=V'y

80 | 276=y, | y,—VY,,=20.18=Vy | 2=V?y_

90 | 304=y

Case (i): to find the value of 8 at x = 43

Since x = 43 is nearer to x, we apply Newton’s forward Interpolation

y(x) =Y

A 0
+—Cu+
1

Ao =1+ 20y -1 -2)+ 20y —D(u—2)(u—3) + —— -
Tu(u D+ 5 uu-u-2)+ 24 uu-)(u-2)(u-3)+ @

where u :%(x—xo) =%(43—40) =l—=O.3:>u—1=—0.7,u—2=—1.7,u—3=—2.7———(2)

3
0
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Case (ii): to find the value of 8 at x = 84

Since x = 84 is nearer to x,, we apply Newton’s backward Interpolation

2 3 4
y(x)=y, + Vi/” v+%v(v+l)+ V6y” v(v+1)(v+ 2)+%v(v+1)(v+2)(v+3)+———(3)

where v:l(x—xn):i(84—90):_—6:>v+1:i,v+2:E,v+3:ﬁ———(4)
h 10 10 10 10 10

N . 28 -6, 2,-6.,4 7174
Substituting (4) in (3), we get =84)=304+—(—)+=(—)(—=)+0=——=286.96
g (4) in (3), we get y(x=84) s (1O)+2(10)(10)+ >

To find polynomial y(x), from (1) we get

LAY N ARy AT e
y(xX)=y, + 1 u+ 5 u(u-1)+ 5 uu-1)u-2)+ 24 uu-Du-2)(u—-3)+ @

1 1 1 1 1
here u=—(Xx—X,)=-—=(x-40 —1=—(x-50),u—2=-"—(x-60),u—3=-"—(x—60)———(2)"
where U == (x~x,) = 7 (x~40) = U~1= = (x~50),u~2 = 5 (x~60),u~3 == (x~60) =~ (2)

Substituting 4) in (3), we get

201 a0)+ 2L (x-40)L (x—50)+0 =184+ 2x—80+ — (x? ~90x + 2000)
110 210 10 100

= y(X) = ﬁ (x* +110x+12400) —————————— (5)

y(x) =184+

To Estimate # atx =43 &x =84 ,put x =43 &x =84 in (5), we get

1 1
43) = ——(18979) =189.79and y(84) = —(28696) = 286.96
Y(43) = - (18979) Y(84) = - (2869%)

Problem2: Estimate the number of students whose weight is between 60 Ibs and 70 Ibs from

the following data

40-60 60-80 80-100 100-120

Weight(lbs) | 0-40
50

No.Students | 250 120 100 70
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Solution: let x-Weight less than 40 lbs, y-Number of Students, = x, = 40,x; = 60,x, =
80,x; = 100, x,, = 120, Here all the intervals are equal with h=x;-xc=20 we apply Newton

interpolation

Difference Table:

x y Ay A%y Ay Aty
A0 | 250=Yy, | y,—Y, =120=Ay,

60 | 370=y, | y,—y,=100=Ay, | —20=A%y, | -10=A%y,

80 470=y, | Y,—Y,=70=Ay, -30=A%, | 10=V?y, 20=A"y, =V*y,

100 | 540=y, | Y,—VY,,=50=Vy, | -20=V?y,

120 | 500-y,

Case (i): to find the number of students y whose weight less than 60 Ibs (x = 60)

From the difference table the number of students y whose weight less than 60 Ibs (x =
60) = 370

Case (ii): to find the number of students y whose weight less than 70 Ibs (x = 70)

Since x = 70 is nearer to x, we apply Newton’s forward Interpolation

2 3 4
y(x) =Y, +%u + A2y0 u(u-1+ A Yo u(u-1)(u-2) +%u(u -DUu-2)u-3)+-————@1)
where u zl(x—xo) :i(70—40) :§:>u—1:§,u—2zg,u—2:_—1,u— e S (2)
h 20 2 2 2 2 2
Substituting @) in (1), we get
120 ,3, -20,3,,1, -10,3,,1.,-1 20,3,,1,,-1 ,-3
y(x=70) =250+ ER (E) + > (E)(E) +? (E)(E)(?) + o (?(?(7)(7) =423.59

The number of students y whose weight less than 70 Ibs (x = 70) =424

Number of students whose weight is between 60 lbs and 70 lbs =

{ The number of students y } B { The number of students y } — 424-370 = 54
whose weight less than 70 lbs whose weight less than 60 lbs
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Lagrange’s interpolation formula Unequal intervals

o B X)) K X6 )X )
(X =X)(% =%) == =%) 7 (X =%)(X = %,) ——=(% = X;)

L) () L (X XK —%) (¢ %, )

(X2 - XO)(XZ - X1) __(XZ - Xn) (Xn - XO)(Xn - Xi) __(Xn - Xn—l)

Y

Yo+

Problem 3: Determine the value of y(1) from the following data using Lagrange’s

Interpolation

x -1 0 2 3
y -8 3 1 12

Solution: given

x X =-1 x =0 X, =3 X, =3

y yo:_8 y1:3 Y, =1 Yn =12

Since the intervals ere not uniform we cannot apply Newton’s interpolation.

Hence by Lagrange’s interpolation for unequal intervals

V() = (X =x)(X =%,)(X =X,) 0+(>< —X)(X =%)(X —X,)
(% =%)(% =%,) (% —X,) (X =X ) (X% =%, ) (%, — X;)
L X)X =%)(x %)) y, + (X =%)(X =X)(X —X,4) y

(% = %) (% = X)X = X) 75 (% = %) (Xy = X)X, =X, 0)

Y1

x =0)(x =2)(x =3) (—8)+(X +D(x =2)(x =3 3

Ye)= (-1-0)(-1-2)(-1-3) (0+1)(0-2)(0-3)
L DX =0 =3) g, (XD —O)X =2) 1oy gy
(2+1)(2-0)(2-3) (B+1)(3-0)(3-2)

To compute y(1) put x = 1in (1), we get

y(x=1)= @-0@1-2)@-3) (-8)+ @1+D@-2)@Q -3) 3
(-1-0)(-1-2)(-1-3) (0+1)(0-2)(0-3)
N @1+)@-0(@-3) 1)+ 1+)@-0)(@1-2) 12)
(2+1)(2-0)(2-3) (3+1)(3-0)(3-2)
=y(x=1)=2
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To find polynomial y(x), from (1) we get

y(X) =§(x3—5x2 +6x)+%(x3—4x2 +X+6)

—%(x3—2xz—3x)+%(x3—x2—2x)————(1)
3,2 1 -10 -4 2 12 1 3
=X (E+Z-Z+1 S D)X (24222
y(x) X(3+ SO (e DX (S )()
= y(x)=2x>—6X*+3X +3————— (2)

To compute y(1) putx = 11in(2), we get y(x=1)=2-6+3+3=2

Inverse interpolation

For a given set of values ofxand y, the process of finding x(dependent) given

y(independent) is called Inverse interpolation

( =YY =¥ ) ==y =¥.) , . (Y =Y )Yy =¥,)——(Y = V¥,)
x)= (Yo = YD) (Yo = ¥2) ——(Yo — n)X°+(y1—yo)(yl— ) ==Y, — n)x1
Y=V =)= =Va) =Y =)=l =Y
(Y2 = Yo) (Yo = Y) == (¥, = ¥,) Y)Y (oY)

Problem 4: Estimate the value of x given y = 100 from the following data,y(3) = 6
y(5) =24 ,y(7) =58,y(9) =108, y(11) = 174

Solution: given

x X =3 X, =95 X, =17 X =9 X, =11

y Y, =6 y, =24 Yy, =58 y, =108 y, =174

By applying Lagrange’s inverse interpolation
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y= = = Y)Y =¥ )Y =¥0) o (Y =Yo)Y =¥o)(Y =Ya)(Y = Yo)
Yo = %) (Yo = Y2 ) Yo = YD (Yo = ¥o) (Y2 = Yo) (Yo — Y2 ) (Y1 — Ya)(¥y — V)
L =Y =YY =YY =¥a) Y Y)Y Y)Y — Y)Y V)
(Y2 - yo)(yz - y1)(y2 - ys)(yz - yn) ? (ys - yo)(Ys - y1)(y3 - yz)(ys - yn) ?
LY =YY =Y = Y)Y = Vad)
(Yo =YO) Yo =YD Vo =Y )(Vo = Yor)
s X(100) = (100 — 24)(100—58)(100 —108)(100 —174) 3+ (100 —6)(100 —58)(100 —108)(100 —174) ©)
(6 —24)(6—58)(6—108)(6 —174) (24— 6)(24-58)(24-108)(24 —174)
(100 —6)(100 — 24)(100—108)(100 —174) o (100 — 6)(100 — 24)(100—58)(100—174) )
(58—6)(58—24)(58—108)(58 —174) (108 —6)(108 — 24)(108 —58)(108—174)
(100 —6)(100 — 24)(100 —58)(100 —108) w1
(174 —6)(174 — 24)(174—58)(174—108)
— X(100) = 0.35344 —1.51547 + 2.88703+ 7.06759 — 0.13686 = 8.65573

x(y X

Newton’s forward formula for Derivatives

o dy 1 A%y,
:—:—A

y (X) i h{ Yo + >
d2

3 4
2u —1)+%(3u2 —6u+2)+%(4u3—18u2+22u—6)+——— !

. y 1., Ay, A'Y, ) 1
X)=—2=—"<AYy +—2(Uu-D+—2(12u"-36u +22)+——— !'whereu==(x-X
y (X) ™ hz{ Yo+ — (u-J 24 ( ) } h( o)

Newton’s backward formula for Derivatives

2 3 4

y'(X)=%:%{Vyn+%(2v+1)+%(3v2+6v+2)+%(4v3+18v2+22v+6)+——— }

y..(x)_d_zy_i vy +m(v+1)+—V4yn (12v* +36V +22)+——— }Where v—l(x—x)
dx?  h? "1 24 h n

Problem 5: Find the rate of growth of population in the year 1941&1961 from the following
table

year 1931 | 1941 | 1951 | 1961 |1971
Population | 40.62 | 60.80 | 79.95 | 103.56 | 132.65

Solution: Here all the intervals are equal with h=x;-xo=10 we apply Newton interpolation

Difference Table: let x-year,y-Population
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X y Ay A%y A3y Aty
1931 | 40.62=Yy, | y,—Y,=20.18=Ay,

1941 | 60.80=y, | y,—VY,=19.15=Ay, | -1.03=A%y,| 5.49=A%y,

1951 | 79.95=y, | y,—VY,=2361=Ay, | 4.46=A%, |1.02=V?y | —4.47=A"y,=V"y,

1196 | 103.56=Vy,| y,—V,, =20.18=Vy, | 548=V?y,

197 |13265=y,

Case (i): to find rate of growth of population (Z—z) in the year (x = 1941)
Since x = 1941 is nearer to x, we apply Newton’s forwarded formula for derivative

4
AzZO (4u° —18u° + 22u—6) +——— }

2 3
y (X) :%:%{AyO+A2y° (2u —1)+%(3u2—6u+2)+

1 1
whereu == (x—X,)=—(1941-1931) =1
—(x=x) =1 )

sy (x=1941) =%:%{20.18+%(2—1)+5'—?(3—6+2)+%(4—18+22—6)+——— }
X

The rate of growth of population (Z—z) in the year (x = 1941)= y (1941) = 2.36425

Case (ii): to find rate of growth of population (Z—z)in the year (x = 1961)

Since x = 1961 is nearer to x,, we apply Newton’s backward formula for derivative
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2 3 4
y (X) :%:%{Vyn +%(2v+1)+%(3v2 +6v+2)+%(4v3+18v2 +22V+6)+——— |
X

1 1
v=—(X—-X)=—(1961-1971) =-1
S (x=x) = )

=y (x=1961) :%:%{29.09+5'—:8(—2+1)+%(3—6+2)+%(—4+18—22+6)+——— }

The rate of growth of population (Z—z) in the year (x = 1961)= y (1961) = 2.65525

Problem 6 A rod is rotating in a plane, estimate the angular velocity and angular acceleration

of the rod at time 6 secs from the following table

Time-t(sec) 0/02 (04 |06 |08 [1.0

Angle-6(radians) | 0 | 0.12 | 0.49 | 1.12 | 2.02 | 3.20

Solution: Here all the intervals are equal with h=x;-X,=0.2 we apply Newton interpolation

Difference Table: let x- time (sec),y-Angle (radians)

x y Ay A%y Ay Aty

0

Ozyo yl—y0=0.12=AyO

012=y, | y,—-y,=037=Ay, | 0.25=A%, | 0.01=A%,

049=y, | y,—VY,=063=Ay, | 0.26=A%, | 0.01=A%, | 0=A"y,

1.12=y, |vy,-y,=090=Ay, | 0.27=A%, | 0.01=V?y, | 0=V"y,

202=y, |y, -y, ,=118=Vy | 0.28=V?y,

320=y

Case (i): to find Angular velocity (Z—z) intime (x = 0.6 sec)

Since x = 0.6 sec is nearer to x,, we apply Newton’s backward formula for derivative
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2 3 4
y(x)_dy i{Vyn Zy” (2v+1)+%(3v2+6v+2)+%(4v3+18v2+22v+6)+——— }

1
=2 (X=X )=—-(0.6-1.0)=-2
V=1 (x-x) = =(06-10)

y'(x=o.6)=ﬂ=012{1 18+ @( 4+1)+0—01(12 12+ 2)+—(4v +18v2 422V +6) +——— |
= Theangular velocity y (x = 0.6) = 3.81665 radian / sec

2
Case (ii): to find Angular acceleration (3732’) intime (x = 0.6 sec)

Since x = 0.6 sec is nearer to x,, we apply Newton’s backward formula for derivative

.. d’y 1 |_, Vi vy 2
X)=—5==51VYy, +—(V+D)+—"(12v" +36V +22)+———
Y (=" hz{ Yo+ VD) )+ }

1 1
wherev==—(x—x)=——(0.6-1.0)=-2
h( ") 0.2( )

Y (x=0.6) = 12 {028 o—Ol( 2+1)+0 !

y (0.6) = 6.75 radian / sec?

Numerical Integration

Trapezoidal rule

Xg+nh

j y(x)dx =g{(yO +Y.)+2(y,+Y,+ Y, +Y, +—)whereh = %(Xn —X,),N—number of intervals
Xo

Simpson’s 1/3 rule
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J

X

+nh
k& h

y(x)dx :g{(yo + yn)+2(y2 +Y,.+Ye +_)+4(y1+ YstYs +__) }

whereh = % (X, —X,), n—number of intervals

Simpson’s 3/8 rule

Xo+nh

J

X

3h
y(X)dx:g{(y0 +Y)+2(Y;+ Yo+ Yo+ ) +3(Yy+ Yo + Ya Vs +—) |

whereh = % (X, —%,), n—number of intervals

Remarks:

6
Problem7: Evaluate _[
1

1) Geometrical interpretation of f;”y(x)dxis approximated by the sum of area of the
trapezium

2) Simpson’s 1/3 rule is applicable when number of intervals are multiples of 2 and
Simpson’s 3/8 rule is applicable when number of intervals are multiples of 3

3) The error in trapezoidal rule is bl;zath where M = max{yg,y{, ... }which is of
order h?

4) The error in Simpson’s 1/3 rule rule is %h“M where M =

max{y{",yy", ... }Jwhich is of order h*

1
1+ x°

dx using (i) Trapezoidal rule (ii) Simpson’s 1/3 rule (iii)

Simpson’s 3/8 rule and Compare your answer with actual value.

6 Xo+nh
1 1
Solution: Given dx = y(X)dx = y(X) = —— X, =0,%X, +nh=6————(1)
-([14- X2 X-[ 1+x*"° °

Choose the number of interval (n)=6 so that we can apply all rules
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X %=0|x=X%+h=1| x,=x+h=2 | x,=3 | X,=4 | x,=5| X,=6
JoooL |1 |1 1 101 1

1+x* |1 5 10 17 26 37

case(i) Trapezoidal rule

Xo+nh

Iy(x)dX— (Vo + YD)+ 20, + Yo + Yo+ Yy +—)

6
:>_[ ! {(1+—)+2(1+1+i+i+—) } =1.410799
e ™ 2'5 10 17 26

Case (ii) Simpson’s 1/3 rule

Xo+nh

h
[ ¥0odx=Z{(+ ¥) + 200, + Yt Yo+ )+ A+ Y+ Y +—)

X

HavLyod+ Lyad+ oLy y2136617
)14 {( 7 (5 17) (2 102 |

Case(iii) Simpson’s 3/8 rule

Xo+nh

3h
[ y(x)dX=§{(yo+yn)+2(y3+ye Yo )43V, HYa+Ys+—)

51 3 101

dx = +-—=)+2 +3 —+—) 1=1.35708
!1+x2 8{( ) ( ) ( 17 26)}
Comparison

[tan‘l(x)] = tan*(6) —tan(0) =1.40565

Hence trapezoidal rule gives better approximation than Simpson’s rule.
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Problem 8: By dividing the range into 10 equal part Determine the value of jsin Xdx using
0
(i) Trapezoidal rule (ii) Simpson’s 1/3 rule (iii) Simpson’s 3/8 rule and Compare your
answer with actual value.
Xg+nh

Solution: Given jsin xdx = _[ y(x)dx = y(x) =sinx,x, =0, %, +nh=zand n =10—-———(2)
0 %o

] ] 1 1 T
iven number of intervals(n) =10, (1 h==(x, — =—(r-0)=—
g (n) o= n(n %) 10(% ) 0

X % =0 —x th=Z | x ox 4h=2Z | 37 _4z _or |, b7
%=Xrh=gg | %=X th=0g | %=75 | %= | %" | %10
y(x) =sin(x) | sin(0) LT 21 .37 A .51 -y
_ sm(lo) sm(lo) sm(lo) sm(lO) sm(lo) sm(lo)
=0.30901 =0.58779 =0.80901 | =0.95106 | =1.0 =0.95106
X X7—7_7Z' X8—8_7Z. X9_9_7Z' Xn:ﬂ'
10 10 10
y(X)=sin(x) | . Ir . 8 .91 . 107
sm(E) sm(E) sm(ﬁ) sm(ﬁ)
=0.80902 | =0.58779 =0.30902 =
Case (i) Trapezoidal rule
X+nh h
| yOoak= {00+ ) + 20 Yo+ Yo+ Yo+ —)
X
6
:>j1 L 2dx:%{(0+0)+2(0.30901+0.58779+O.80901+O.95106+1.0+0.95106+0.80901+ 0.58779+0.3090
o 1+ X
L1
= [ ——x=1.98352
o 1+ X
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Case (ii) Simpson’s 1/3 rule
Xo+nh

h
[ y0od=2{(yo+Y) + 200, + Yy + Yo+ )+ A0+ Yo+ Vs + ) |

X

6
= [sin(x)dx = 2~{(0+0) +2(0.58779 + 0.95106 +0.95106 +0.58779) + 4(0.30901+ 0.80901+ 1.0+ 0.80901 -
0

30

6
= jsin(x)dx =2.00010
0

Case (iii) Simpson’s 3/8 rule

Xo+nh

3h
[ y0odx="2{(yo + ¥+ 20y + Yo+ Yo + ) +30 4 Yo+ Yy + Y+ )
X
This rulecannot be applied since n isnot amultipoleof 3

Comparison

Exact value ]Esin(x)dx = [—cos(x)]:; =—[cos(z) —cos(0)| = 2.0

Hence, Simpson’s 1/3 rule gives better approximation than trapezoidal rule
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UNIT V
5.1 Numerical Solution to Ordinary Differential Equation
Introduction

An ordinary differential equation of order n in of the form F(x,y,y",y", ...,y™) = 0,

where y(™ = Z—y.

xn

We will discuss the Numerical solution to first order linear ordinary differential equations

by Taylor series method, and Runge - Kutta method, given the initial condition y(x,) = y,.

5.1.1 Taylor Series method

Consider the first order differential equation of the form Z—z = f(x,v), y(x0) = yo-

The solution of the above initial value problem is obtained in two types

» Power series solution

» Point wise solution

(i) Power series solution

— _ 2 _ 3
yGo) = yeo) + E 0 gy B ey I

(i) Point wise solution

h 2 h3
y(x) =y(xo) + 37y (o) + 57" (%0) + 57y (o) + -

Problems:

1. Using Taylor series method find y at x = 0.1 if‘;—z =y+1,y(00) =1.

Solution:
Given%=y+1andxo =0,y9y=1,h=0.1
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Taylor series formula for y(0.1) is

h 2 h3
y(x) = y(x) + F}”(xo) + iy,’(xo) +§ym(xo) + -

yx)=y+1 y'(0)=y0)+1=1+1=2
y'(x)=y' y"(0) = y'(0) = 2
y" ) =y" y'""(0)=y"(0)=2

Substituting in the Taylor’s series expansion:

h2
y(0.1) = y(0) + hy'(0) +57y"(0) + -

0.01 0.001
=14+01x2+ > X 2+ c X 2+

y(0.1) = 1.2103

2. Find the Taylor series solution with three terms for the initial

value problem % =x*+y,y(1)=1
Solution:

GivenZ—Z=x2+y,x0 =1y,=1

y(x)=x*+y y1)=1+1=2

y'(x)=2x+y'

y' (1) =2+2=4

ylll(x) — 2 + yll

y'"(1)=2+4=6
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ylv(x) — y’” ylv(l) — 6

The Taylor’s series expansion about a point x = x,, IS given by

y(x) =y(xo) + @y’(xo) + %y"(xo) + (96_3—!’“’)33,'"(%) .
Hence at x = 1
y(x) =y() + (x 1—| 1)yf(1) + %y'(n + %yw(l) + o
b = 1428 oD oD

1! 2! 3!

5.1.2 Runge-Kutta method

Runge-kutta methods of solving initial value problem do not require the
calculations of higher order derivatives and give greater accuracy. The Runge-Kutta
formula possesses the advantage of requiring only the function values at some selected
points. These methods agree with Taylor series solutions up to the term in h™ where r

is called the order of that method.
Fourth-order Runge-Kutta method
Let Z—z = f(x,y),y(xy) = y, be given.
Working rule to find y(x,)

The value of y,, = y(x,,) where x,, = x,,_; + h where h is the incremental value for x is

obtained as below:
Compute the auxiliary values

ki = hf (x0,Y0)

ky

h
k, = hf(x0+§,yo+7>
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k—h( o2 +k2)
3 = hf %o 2’3’0 >

k4 = hf(xO + h,yo + k3)

Compute the incremental value for y

ki + 2k, 4+ 2k; + k,
y = 6
The iterative formula to compute successive value of y is y,,1 = v, + Ay

Problems
1. Find the value of y at x = 0.2. Given % = x% +y,y(0) = 1, using R-K method of

order 1V.

Sol:

Here f(x,y) = x> +y,y(0) = 1
Choosingh =0.1,xy =0,y =1
Then by R-K fourth order method,

1
Y=Y +g[k1 +2k, +2k, +k,]

k, = hf (X0, ¥5) =0

h k
k, = hf (x, +E, Yo+ 21) =0.00525

h k,
k, = hf (x, +E' Yo+ 2—) =0.00525

k, = hf (x, +h, y, +k,) =0.0110050

y(0.1) = 1.0053

To find y(0.2) given x, = x; + h = 0.2,y; = 1.0053
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2= 0 +%[k1 +2k, +2k; +k,]
k, = hf (x,, y,) =0.0110
k, = hf (x, +g, Y.+ kzl) =0.01727
h k,
ks = hf (x, +3, y, + 2—) =0.01728
k, =hf (x,+h,y, +k;) =0.02409
y(0.2)=1.0227

5.2 Numerical Solution to Partial Differential Equations

5.2.1 Solution of Laplace Equation and Poisson equation
Partial differential equations with boundary conditions can be solved in a
region by replacing the partial derivative by their finite difference approximations. The finite

difference approximations to partial derivatives at a point (x;, y;) are given below:

u(xivr, yi) — ulx;, yi)
h

ux(xil yl) =

u(x;, yivr) — ulx;, yi)
k

uy(xi'yi) =

Uy (X141, Y1) — U (X3, V1) _ uCxiyr, ¥i) — 2ulx;, yi) + ulxi_g, ¥;)
h B h2

uxx(xi' yi) =

uy(xilyi+1) - uy(xi:yi) _ u(x;, Yivr) — 2u(x;, yy) +ulx;, yioqg)
k B k2

Uyy (xp,y1) =
Graphical Representation

The xy-plane is divided into small rectangles of length h and breadth k by drawing the
lines x = ih and y = ik, parallel to the coordinate axes. The points of intersection of these

lines are called grid points or mesh points or lattice points. The grid points (xi,yj) is denoted
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by (i,j) and is surrounded by the neighbouring grid points (i — 1,j) to the left, (i + 1,j) to
the right, (i,j + 1) above and (i,j — 1) below.

Note

The most general linear P.D.E of second order can be written as

0%u 0%u
A ﬁ +B 0x0y

0%u ou ou
+Ca—yz+Da+E£+Fu—f(x,y)

where A,B,C,D,E,F are in general functions of x and y.
A partial differential equation in the above form is said to be

Elliptic if B2 — 4AC < 0

®* Parabolicif B> —4AC =0

Hyperbolic if B2 — 4AC > 0

Standard Five Point Formula (SFPF)

1
Uij =7 [im1,j + U j + Uy jog + U ]

Diagonal Five Point Formula (DFPF)

1
Uij =g [ui—l,j—l T Ujpq,j-1 T Ujprj+1 T ui—l,j+1]

Solution of Laplace equation Uyy+uy,=0
Leibmann’s Iteration Process

We compute the initial values of uy,u,,.....uUg by using standard five point formula
and diagonal five point formula .First we compute us by standard five point formula
(SFPF).

Us = —[b; + bys + byy + bs]

ENJIS
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We compute u1,Us,U7.Ug by using diagonal five point formula (DFPF)
1

u, :Z[bl +u, +b,+b.]
1

u, :Z[u5 +b, +b, +b,]

11]

1
u, :Z[bls +u,+b+b

1
U, :Z[b7 +b,, +b, +u;]

Finally we compute u;,uUs ,Us ,ug by using standard five point formula.

1

u, :Z[US +b, +u, +u,]
1

u, =Z[u1+u5 +b,c +u,]

1
Ug =Z[u3+u9+u5+b7]

1
Ug :Z[u7 +b,, +uy tu]

Solve the system of simultaneous equations obtained by finite difference method to get the

value at the interior mesh points. This process is called Leibmann’s method.

Problems

1.Solve the equation A%2u = 0 for the following mesh, with boundary values as shown

using Leibmann’s iteration process.

A
1000 ug U Us 1000
2000 € School of SmencS %OOHOumamtles
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Ua Us Ue
U7 Ug Ug
)
500 1000 500
Sol:
Letug,us...... Ug be the values of u at the interior mesh points of the given region. By

symmetry about the vertical lines AB and the horizontal line CD, we observe
Ui = Uz = Ug = U7, Uy = Ug, Uy = Ug
Hence it is enough to find u,, u,, u,,

Using SFPF us=1500
Using DFPF u;=1125 u,=1187.5 u;=1437.5
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Gauss-seidel scheme

1
u = 2[1500+ u, +u,]

U, = i[2u1 +1u5 +1000]

1

u, = Z[2000+u5 +u, |

U, = %[2112 + 2u, |

The iteration values are tabulated as follows

Iteration u, u, i, U

No k

0 1500 1125 1187.5 1437.5
1 1031.25 1125 1375 1250

2 1000 1062.5 | 1312.5 1187.5
3 968.75 1031.25 | 1281.25 1156.25
4 953.1 1015.3 1265.6 1140.6
5 945.3 1007.8 1257.8 1132.8
6 941.4 1003.9 1253.9 1128.9
7 939.4 1001.9 1251.9 1126.9
8 938.4 1000.9 | 1250.9 1125.9
9 937.9 1000.4 1250.4 1125.4
10 937.7 1000.2 1250.2 1125.2
11 937.6 1000.1 | 1250.1 1125.1
12 937.6 1000.1 1250.1 1125.1

U =ty = u,=uy,=937.6,u, = u;=1000.1,u, = u;=1250.1, us =1125.1

Solution of Poisson equation

An equation of the type A%?u = f(x,y) i.e., is called Poisson’s equation where f(x,y) is a
function of x and y. Substituting the finite difference approximations to the partial

differential coefficients, we get Uj—q,j + Ujtq,j + Ujj-1 + Ujj+1 — 4ui‘j = hzf(lh,]h)
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Problem: 1

Solve the poisson equation A%u = —10(x? + y? + 10) over the square mesh with sides

x=0,y=0,x=3,y=3 and  u=0 on the boundary .assume mesh length h=1 unit.

Sol: A 0 0
Q A uq u B J=3
1=2
( uj Uy J=1
( C D
1=0 i=1 i= i=3 :

Here the mesh length Ax=h=1

Applying the formula below at the interior point of the mesh we get a system of simultaneous
equations Uj—1,j + Uitq,j + Ujj—1 + Ujj+1 — 4ui,j = hzf(lh,]h)

u, +u; —4u, =—-150

u, tu, —4uy; =—-120

u, tu;—4u, —150
u, =u, =75u,=825u; =67.5

5.3 Solution of One dimensional heat equation

In this chapter, we will discuss the finite difference solution of one dimensional heat

flow equation by Explicit and implicit method

Explicit Method(Bender-Schmidt method
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ou  , 0%
. . . . Ot ox? . ..
Consider the one dimensional heat equation .This equation is an

example of parabolic equation.
+ = ﬂ’qu,j +1- Z)Lui,j + ﬂuiﬂ,/ Ui j1 (1)

k

2

A=

<A<—
Expression (1) is called the explicit formula and it valid for 0

If A=1/2 then (1) is reduced into

1
ui, v = _[uH—l,/ +’1‘"/—1,/1 2 1

(2)

This formula is called Bender-Schmidt formula.

Implicit method (Crank- Nicholson method)

— Au +2(1+ A, ., — Au

i, j+l1

i-1,j+1 L+l ;”"'f—l.j +2(1- 2’)“;‘,;‘ + )““M.;'

This expression is called Crank-Nicholson’s implicit scheme. We note that Crank

Nicholson’s scheme converges for all values of A

When A=1, i.e., k=ah® the simplest form of the formula is given by

1

—[u +u +u. .. +u

=u i+1, j+1 i-1,j+1 i-1,j i+1, j ]

i
4

The use of the above simplest scheme is given below.
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\ i
N S/
NS
N :
G a
Wili= Wy 5-1 Wie] =1

The value of u at A=Average of the valuesofu at B, C, D, E

Note

In this scheme, the values of u at a time step are obtained by solving a system of

linear equations in the unknowns u;.

Solved Examples

1.Solve uy = 2u; when u(0,t)=0,u(4,t)=0 and with initial condition u(x,0)=x(4-X) upto
t=sec assuming xH 1

Sol:

By Bender-Schmidt recurrence relation ,

2 1)
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k

For applying egn(1) ,we choose 2
Here a=2,h=1.Then k=1
By initial conditions, u(x,0)=x(4-x) ,we have

U= i4 )i 1,23

,ul,0 3,u2,0 4,u3,0 3

By boundary conditions, u(O,t):O,uozo,u(4,0):0:> Uy, = OV

Values of u at t=1

i

Uy, =—luge +u,0l=2
Uy, =— Uy g +uy0]=3
Ugy =— U, +u,,1=2

The values of u up to t=5 are tabulated below.
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i 0 1 2 3 4
0 0 3 4 3 0
1 0 2 3 2 0
2 0 1.5 2 1.5 0
3 0 1 15 1 0
4 0 0.75 1 0.75 |0
5 0 0.75 |05
ou 0’u

2.Solve the equation

= x* (25— x*)

ot ox? subject to the conditions
u(0,t)=u(5,t)=0 and

u(x,0) taking h=1 and k=1/2,tabulate the values of u upto t=4 sec.

Solution

Here a=1,h=1

For A=1/2,we must choose k=ah?/2

K=1/2

By boundary conditions

u(0,t) =0 =uo,j =0Vj u(5,t) 0 us j
0ju(= 0P x? € 28x2)2(25i 2
)i0,1,2345 -
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144,u4,0 ~

0

By Bender-schmidt realtion,

1

COURSE CODE: SMT1204

T
ui,j 1 [ui
1,j ui
Ljl
2
The values of u upto 4 sec are tabulated as follows
i 0 1 2 3 4 5
0 0 24 84 144 144 0
0.5 0 42 84 144 72 0
1 0 42 78 78 S7 0
15 0 39 60 67.5 39 0
2 0 30 53.25 49.5 33.75 0
2.5 0 26.625 39.75 43.5 24.75 0
3 0 19.875 35.0625 | 32.25 21.75 0
3.5 0 17.5312 | 26.0625 | 28.4062 | 16.125 |0
4 0 13.0312 | 22.9687 | 21.0938 | 14.2031 | 0
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5.4  Solution of One dimensional wave equation

Introduction

2
tt =da uxx

Theone + ﬂ,zazu,,_ll,

hyperbolic type. In this chapter, we discuss the finite difference sol@tion of the one

Uy U dimensional wave equation is of

dimensional wave equation uy a 2Uyy.

Explicit method to solve u
Uiji = 2(1- 8% )ui €N
Where éLk/h

Formula (1) is the explicit scheme for solving the wave equation.

Problems

1.Solve numerically ,4u,, uz with the boundary conditions u(0,t)=0,u(4,t)=0 and the
initial conditions ug{(x,0) 0 & u(x,0) x(4  x), taking h=1.Compute u upto t=3sec.

Solution
Here a’=4
A=2 and h=1
We choose k=h/a— k=1/2

The finite difference scheme is

U

U = U U

i —U

i-1,j

u(0,0)=0=u,,; &u(4,0)=0=u, , =0
u(x,0)=x(4-x)=wu,, =i(4-1),i =0,1,2,3,4

1,j-1

o = 0,15 =30y =31, =0
u, =4+0/2=2

Uy, =3u;, =2
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The values of u for steps t=1,1.5,2,2.5,3 are calculated using (1) and tabulated below.

jhi 0 1 2 3 4
0 0 3 4 3 0
1 0 2 3 2 0
2 0 0 0 0 0
3 0 -2 3 -2 0
4 0 -3 -4 3 0
5 0 2 -3 -2 0
6 0 0 0 0 0
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