UNIT IV
LAPLACE TRANSFORM



INTRODUCTION

* Basic Definitions

* Transforms of Simple Functions

* Basic Operational properties

* Transforms of Derivatives and Integrals
* Initial and Final Value Theorems

* Laplace Transform of Periodic Functions
* Inverse Transforms

* Convolution Theorem

* Applications of Laplace Transforms for solving First and
Second Order Linear Ordinary Differential Equation



LAPLACE TRANSFORM
Transformation: An operation which converts a
mathematical expression to a different but equivalent form.

EXAMPLE :[e’dx=¢"+¢



Laplace Transform: A Function f(t) be continuous
and defined for all positive values of t. The
Laplace Transform of f(t) associates a function S
defined by the equation

F(S)=L[f (t)]=ie" f (t)dt,t >0



SUFFICIENT CONDITION FOR THE
EXISTENCE OF LAPLACE TRANSFORM
1) f(t) should be either piecewise continuous or
continuous function In closed interval [a,b].

2) Function should possess exponential order.



Piecewise continuous function: A function f(t) is
sald to be piecewise continuous In the closed
Interval If it is defined in that interval and in such
a way that interval Is divided into a finite number
of subintervals in each of which f(t) is continuous.



Example:

(X2 +4X +3, X< -3
f(x)=¢x+3 —3<x<1
\—2,x:1




Exponential Order: A function f(t) Is
sald to be of exponential order If

It e f (t) = a finite quantity

t—>w

Example:t?, X"

2
It et?= It {t}:{w}(L HOSPITAL'S Rule)
o0

| e t—>o eSt

— It P}:{ﬂ (L HOSPITAL'S Rule)

t—w SeSt o0

2 2
:tEooliszeSt }: |:oo}: 0




APPLICATIONS:

1) Laplace Transform is used to solve
linear DE,ODE as well as partial.

2) It 1s also used to solve boundary value problems
without finding general solution but
need to find the values of arbitrary constants.




IMPORTANT RESULTS

1)L[eat]:a,s>a.

Proof :

By definition, L[ f (t)]=[e ™ f (t)dt, t >0
0
L[e] =fe et
e =]

= [e -t
0




Prove that L[e_at] :[si_a]’s > —a

Proof :

By definition, L[ f ()] =Je * f (t)dt, t >0

o0—3y

L I:e—at :l _ OJ? e Sta—atdt
0

e—(s+a)t dt
B |:e—(s+a)t :|°°
s+a |,
o 1
S+ a

o0—3




Prove that L|cosat| =

Proof :

S
s? 4+ a“

By definition, L[ f (t)] =fe * f (t)dt, t >0
(0]

L[cosat] =

[

s? + a‘

ofe‘St cos atdt
0]

oSt

5 2{ scosat + asinat}
| s +a

1
oy (S0}
S




Prove that L[sinat] =

s’ +a°

Proof:

By definition, L[f(t)]=[e ™ f(t)dt,t>0
0

iat

we know that €™ = cosat+isinat and sinat = imaginary part of e

L[sin at] = ] e ¥ sin atdt
0

— imaginary part of | e e dt
0
= imaginary part of L|e™ |
: : 1
= Imaginary part of (—
s—ia
s+ia |

s +a°|

= Imaginary part of { (by taking conjuagate)

L[sinat] = ———
s*+a



Prove that L[cosh at] =

Proof:

We know that cosh at =

L[(:oshat]zL[e e J

2

— %{L[eat] +L[e ™)
1 1 1
_E{S—a+ s+a}

= Sl
2|s® —a°

L [coshat]= <3 > 2

S

Similarily, L[sinhat]= 5 >
S“ +a




FProwve thhat I_[l]:%’ s = O

Prootf:

L F ()] — fe =" f (td)dt,t — O

(@)

L[] — Eo’)e_stec’tdt

OO

—_— —St dt

e
[o
1]




LAPLACE TRANSFORM OF DERIVATIVES
LLT ()] =sLLT ()]~ 1(0)

Proof:

By definiton, L[ f (t)] = [e* f (t)dt
0

L[f ()]=[e > f (t)dt

O—§

e *d[ f ()]

O —§

=[e™f ()] - f()[-e*sdt]
= — f(0)+s[e™f(t)dt

LLf (t)] = SLLf (©)]~ f (0)
similarily, L[ f (t)]=s’L[f (t)]—sf (0)— f (0)
L[f"(t)] = S°L[ f (t)] - s (0) —sf '(0) — f(O)




LINEARITY PROPERTY

If C, and C, are constants and f, (t) and f,(t) are given functions then
[C.f, () +C,f, 0] =C,LLf, (0] + C,LLf, (1))

Proof:

L[ (t)]= (e f (t)dt

LICF, () +C,f, ()] = [e *[Cf,(t) + C,f, (t)]ct

[eCf,(t)dt + [eC.f, (t)dt

c, e f (t)dt+c,[ef (t)dt
LIC.f, (1) + C,1, (O] = c.LL T, ()] + C,L[ 1, (t)]

1
(@R
—
_|_



Problems
1)Find L[e*" +3e™']
Solution:
L[e*' +3e™]=L[e“']+ L[3e™]
1
S _

1 3

+
s—2 s-—-2

2) Find L[sinh6t+3e™" +cos5t]

solution:
L[sinh6t+3e™°" +cos5t]=L[sinh6t]+L[3e ]+L[cos5t]
6 3 S

= + +
s°—6° s+5 s*4+5°

5+ 3L[e‘5t]




Find L[sin®2t]

Solution:

3sin A—sin3A
4

3sin 2t —sin 6t}

we know that sin®A =

L[sin® 2t] = L[ 2

3 ] 1 )
= —LJsin2t]— = LJ[sin 6t
2 [ ] 2 [ ]

3 2 1, 6

*

4 s?+4 4 s?4+36

:3|: 1 _ 1 :I
2| s?+4 s?+36

Find L[sin(wt+«)], &« -constant
Solution:

we know that sin(wt+«) = sin wt cos ¢ + CosS wtsin «
L[sin(ot+«)] =L[sin wtcos « + cos wtsin «]
=L[sin wtcosa]+ L[cos wtsin «]

aw -
=COosx| ——— |*+SIhx
S +w

1

«w

s? + w?

> [ewcosa + ssin a]



I'(n+1)

n+1
S

Find L[t"] =
Proof:

L[f(D)]=Te ™ f (t)dt
L[t"]=] e 't"dt

Let st=x — t= >
S
S

When t=0 — x=0
WwWhen t=oco0 — X=oo

o X(xj” dx = _ x“jdx
je — | —=1Te -
0 S S 0 S s




Find L[sin~/t]
solution:

i oYt (V) (V)
11 3l 51

L[sinvt |= L[t;J—;!L[tZ}—k;‘!L[ti}—...

S%+1 3! sgﬂ ™ 51 S§+1
r(3 Skl (1 Sk3.1,(1
_ 2 1|2 2 (2 12 2 2 \2
3 _5 5 +7| 7 T
s2 s2 S s2
r(3) a(305r(3), o373 3 )
== 3 _5 5 +7| 2 2% 2 T hamas
s2 s2 S s2




Find L[1]
Solution :

. Nl
I_|:t :IZ Sn—|—1 _________ (1)
@) 1
L[1] = L[t°] = ovi ~ &
S S
Note:
o 11 1
Put n=1 ineqn.(1), L[t |= 55 =
o 21 2
Put n=2 in eqn.(1), L[t* |= 55 =5



Find L[\/f]
Solution :
I'(n+1)

Nn+1

S

Put n = }/
,_[t%]_r(y”L)

}/+1

= - 1|2
sé (2)
1 1 1
s 2 zr(z)

L[t"] =

25%



FIRST SHIFTING THEOREM
If L[f(t)]=F(s),then L[e* f (t)]=F(s—a)
Proof :

L[f ()] = [e ™ f (t)dt = F(s)
L[e® f (t)]=[e “e® f (t)dt

=[e ¢ f (t)dt
0

L[e* f(t)] = F(s-a)

similarily, L[e™ f (t)] = F(s+a)

UNIT STEP FUNCTION (OR) HEAVISIDE FUNCTION
The function is denoted by H(t) and is defined as

1,if t>a

1,t>0 _
H(t)= and also H(t-a)=:0,ift<a where a>0
0,t<0

L



SECOND SHIFTING THEOREM (OR) SECOND TRANSLATION

If L[f(t)]=F(s) and G(t)Z{ FA=a)t>a en L[GM]=e*F(s)

O, t<a
Proof:

LIf()]=]e * f (t)dt

L[G(D)]=] e G (t)dt

=[e G (t)dt +[ e "G (t)dt

o

e s f(t—a)dt

[l
L e—§

put t-a=U

t=U+a — dt=du
when t=a,U=0

when t=oco,U=00
LIGMI=L[G (U +a)]

=Te "™ f (u)du
0]

e = T e " f (u)du

o

—e > [e ' f (t)dt
0
—e *®F(s)



Find L[e‘3t sinzt]

solution:

. 5.7, |1-cos2t
L|sin t]_L{ ; }

=%{L[1]—L[0032t]}
: 1(1 S
L|sin“t |=={~ -
B Rt
By first shifting theorem, s — s+3

L| e sint | =11 S+23
2 15+3 (s+3) +4




Find L|coshtsin 2t]
solution:

t —t
L [coshtsin 2t]:LKe ze jsin Zt}

:%l_[et sin 2t] +%L[et sin Zt}

we know that L [sin2t]|=

s*+4

L[coshtsin2t] = % L|e'sin2t ]+ % L|esin2t |

1 2 2 . o
e + By First Shifting Theorem
Jks—@2+4 (s+n2+4}(y' ) )

) 11
| (s=1) +4 (s+1) +4



Find L[t2 Zt]

solution:
L[] _2
g?
L[tze—zt] _ L[e—zt *%}
S
L[tz 2t:| —

s+2
Find L| e (3sinh 2t —5cosh 2t) |

solution:

L[3sinh2t]= [ 2 }

s°—4

L[Scosh2t]= 5[8 _4}

6

5(s+1)

L[e—t (3sinh 2t —5cosh 2t)] - {(

s+1)°

~4 (s+1)

4



Prove that L[H ()] 2(1=e ")
rove tha =
s +4
Ssin2t,0<t<
where H(t):{ i
O,t>nx

Proof:

L[f()]=T e f (t)dt

L[H(t)]=] e *H (t)dt

O —y

e *'H (t)dt +ofe‘St H (t)dt

L[H(t)]=]e *'H (t)dt

— 33 4[(—ssin 27w —2c0s27)—(—ssin0—2)]
_I_

- e (-2)+2]

52+ 4
_2(1-e")

s +4



Find the laplace transform of G(t) where
cos(t —Z—ﬂj,t > 2
3 3

O,t<2—7z
3

G(t)=+

\

Solution:
According to second shifting theorem

L[f(t)]=F(s) and G(t) = {(‘; it;:),t >a
L[G(t)]=e *F(s)

f (t) =cost and a:%[

L[ f (t)] = L[cost] = = F(s)

s® +1

ueanzeiftzs )
s°+1




CHANGE OF SCALE OF PROPERTY:

If L[f(t)]=F(s),then L[f(at)]:i F Gj
Proof :

L[ f ()] = e f (t)dt

o0

L[ f (at)] = [ e f (at)dt

Let at=x; t=— :dt—%

a a
when x=0:t=0

when X=oo;t=00

LT @)= L[f (o1=Te ot (x)%

Lo aht et

ao

[F(at) = (gj



If L[f()]=F(s),then L[t f(t)]= - % F(s)

Proof:

F(s)=LI[f(D)]
Differentiating
d

d -
— F(s)=— (e f @)dt
ds () ds{) ()

By Leibnitz rule if the limits are constants and
integrating wrt differentiation then total differentiation
Is taken as partial differentiation

o O
= — e f(t)dt
I as ®

e = (-)f(t)dt

o—3

= -Te 'f(t) t dt
(0]

= - L[t f(V)]
L[t f(D)]= - % F(s)
dZ

similarily, L[t* f(t)]= gs2

F(s)

LIt f01=(-1)" 2 F(s)




Find L[t sin2t]

solution:
f(t)=sin2t
L[f(t)]=sin2t=—~— = F(s)
s*+4
We know that, L[t f(t)]= - %F(S)
_ d { 2
ds| s* +4

|

[
I
7~ N\
I
—~
w
N
N
T w
SN
~—
N



Find L[te‘t cosht]

Solution:

S
L [cosht]=
[ | s -1

s+1

L[e™ cosht] = :
S

L[te™ cosht] = -

+1)" -1

d [ (s+1)
(

ds

s+1) 1

|

\

S

N\

[(s+1)" ~1]-[(s+D2(s+1)] |

[(s+17-1]
~(s+1) -1 |
[(s+27-1]
| 1+(s+1)° |

[(s+1) —1]2)




If L[f(t)]=F(s) and if ( ) has a limitt — O then L[] =TF (s)ds

Pr oof :

F(s):l_[f(t)]z"fe—st f (t)dt

TF(s)ds=7]Je ™ f (t)dtds

§ ow—3§

= Idsj e ' f (t)dtds
Q t and s are independent variables, we can change the order of integration

= TdtTe—St f (t)ds

8

= [ f (t)dtj e °'ds

=7 f (t)dt [_e: J

o

o e—St
(j)f(t)dt[ " J




Find L[Sm at} and hence show that T—S':t dt =%
0
solution:
. a
L[sinat]= ——— = F(S)
s +a
L smat}:oo 2a ds
1 sS” +a
© ds
=a
£52 +a’

a

=tan ' (o0)—tan™ (Ej




Il PART:
L[f(t)]=] e-st f (t)dt

f(t)_smat
I{sm at}:ofe“ sin atoIt
t 0 t
By equation (1), tan” (aj L{Slrlat} Ofe‘StS'rl—atdt
S 0

lets=0anda=1

tan™ (1): L{Smt} = Tﬁdt
0 t o t



Result :
f{)|_=
If L[ f(t)]=F(s), then L[TJ = ({ F (u)du
( )

provided lim—*% exists

t—0



Find L[l_te }

Solution:

L[l_teq = TL@L—e']ds
= ‘Z{L[l]— L[e']}ds
= [ L[1]ds - | L[e']ds
_=ds = ds
N i S is—l
= [log(s) —log(s —D)].
B Og\s_ljs




H 2
Find L[S": t}

Solution:

L[sm t} [1 cosZt]
L[l ctoszt}

JL[1—cos2t[ds

1

NP NP

I
N[
ne—§

r

[1] — L[cos 2t]}ds

n—3y
Q 7 \

n unlk
|
0]

N
_|_U)
hE

0]

0 —§
|
N
&
N
_|_
AN

(log)” ——[Iog(s2 +4) |
(log)” [Iog\/(s +4)

'°Q[J<s2 n 4)1

I
r—/\—\/—-’\—\

NP NP NP NP NP







Find I{sm Btcost}

solution:

sin(3t +t) +sin(3t —t)
2

I{sinBtcost} 1 [sin 4t +sin Zt}

sin3tcost =

==L
t
T{L[sm4t]+L[sm2t]}

of 4 2
+ ds
£{32+16 32+4}

= s = ds
4 + 2
{ £32+16 is +4}

1tanl(ﬁj e
4 4) . 2




L[sin?;icost}:

(e ()]

_tan “(o0)+tan"t(o0)—tan™ (Zj —tan™ (%ﬂ

47 _tan™ (Ej —tan™ (Ej
2 2 4 2
(s S

NIFR, NEFE NEF NP
| |

L[sinB‘icost} _

RESULT:
L[if(x)dx] = %L[f(t)]



Find L[e‘}tcostdt}
0
Solution:

L[}t costdt} 1 L [tcost]
0

S
d
—— L | tcost
& Lteost]

:__gs(szi 1ﬂ

1 (32 +1)—25_
S| (s? +1)2

wikFkr nlk

((s+1)" -1)

L[e—tgtcostdt} = . +1)((5 +1)2 +1)2



0

Find L[e‘ i S't—ntdt}
Solution:
[}Lntdt} 1 [w}
t S t
~(L]|sint
-] s

10@
is +1

1[tan‘l(s) ]
tan oo —tan~'(s) |
%—tanl(s)}

cot™(s)

_cot™(s+1)
(s +1)




INITIAL VALUE THEOREM
If L[ f(t)] = F(s).then lim f (t) =1im sF(s)

S—o0

Proof:
L|f(t)]|=sL[f(t)]-f(0)
= sF(s)-f(0)

SF(s)-f(0) =L | f'(t)]
SF(s)-f(0) = o(jje‘“f' (t)dt

lim[sF(s)-f(0)]=lim [e *f (t)dt

S—oo = S—®

lim[sF(s)-f(0)] =0

S—>w =

lim[sF(s)]=f(0)

S—oo =

lim[sF(s)] =limf (t)

S—w t—0



Verify Initial value theorem for f(t)=ae™
Proof:

We know that, lim f (t) =limsF (s)
LHS:

- I -t 54
|tl_l‘)g f(t)= |tl_l‘)rc')l ae > =a @)

L[f(t)]=L[ae™ |=aL|e™ ]

-a( 1, )-F®
limsF (s) = 'siﬂl[s[sibﬂ

= lim| s

TN

From (1) and (2)
lim f (t) = limsF (s)

Hence Initial Value theorem is verified



FINAL VALUE THEOREM
If L[ f(t)] =F(s).then lim f (t)=lim sF(s)

Proof:

L[ (t)]=sL[f())]-F(0)
= sF(s)-f(0)

sF(s)-f(0) =L|f'(t)]

sF(s)-f(0) = Ie—“f' (t)dt

lim[sF(s)-f(0)]=lim e *f (t)dt

s—0 s—0 o

lim[sF(s)-f(0)]= [ (t)dt

s—0

lim([sF(s)]=Jd[f (t)]

= [f(V)],
lim[sF(s)] - f(0) =f(c0) —f(0)

s—0

lim[sF(s)]=f(0) = lim[f(1)]

s—0



Verify Final value theorem,
f(t)=1+e ™" [sint + cost]

Proof :

We Know that !LT f(t) = Isi—r>T0] sk (s)

lim f (t) =lim[1+e*[sint + cost] |

t—o

lim f (1) = 1o

L[f(t)]=L[1+e‘[sint +cost] |
= L[1]+L[e"sint ] +L| e cost |
_1 1 N (s+1)

s ((s+1)7+1) ((s+1)°+1)




S O S CL )

SFs) {s +((s+l)2+1) +((s+l)2+1)}
IimsF(s):Iim{l+72 S +25(57+1)}

50 520 P +25+2 s°+25+2
liMSF(s)=1-————————————————————
From (1) and (2)

!@f(t) = Isif;lsF(s)

Hence final value theorem is verified.



1) Find L{2cos4t —3sin 4t]

2)Find L[t cosat |

3)Find L [sin 2tsin3t]

4)Evaluate L[ e™ (3sinh 2t —5cosh 2t) |

5)Show that [te* sintdt _3
0 50

6) Evaluate | > ot ; COSAt ¢
0

7) Find the Laplace transforms of sinstsint

8) Using the Laplace transform of the derivatives find L[tsinhat]

9) Evaluate L [}te‘tdt}
0

. -t
10) Evaluate L{}l te dt}

0

11) Verify the Initial Value Theorem for t+sin3t
12) Verify the Final Value Theorem for 1+e™ (sint + cost)



PERIODIC FUNCTIONS

A Function f(t) is said to have a period T if for all t,
f(T+t)="1(t)whereT is a positive constant . The least value of T>0 is
called period of f(t).
Eg: Consider f(t) =sint
f (t+ 21 )=sin t = (1)

f(t+ 4n) = sint = f(t)

oooooooooooooooooooo

Therefore, Sin t is a periodic function with period 2.



LAPLACE TRANSFORM OF PERIODIC FUNCTIONS

If f(t)is a piecewise continuous periodic functions

with period T then 1
L[f(t)]=——

By definition of Laplace Transform

e f(t)dt

O —

L{F ()} = e~ f (t)dt

T 2T 3T
= (e f@)dt+ [ e ™ f(t)dt+ [ e ™ f(t)dt+............
0 T 2T

put t=u+T in the second integral,

— dt=du



2T u=T
] e ft)dt= [ e T f(Uu+T)du

T 0

—e~T (e f(u)du,© f(u+T)=f ()

0

put t=u+ 2T in the third integral

= u=t-2T
—dt=du



3T

u=T
27 e Stedt= | e SUF2T) f g oTy f (u+2T)du
2T u=~0

—2sT T —su
=e [e f(u)du, ® f(u+2T) = f(u))

0
T ;T
S{E®Y=[e U f)du+ e Je7 U f(u)du+
0 0
2T |
e~ 23 [e U fu)du+...0
0



.
L{FOF =@+re ST +e7 25T 4 w0)[e™ U f(u)du
0

—l—e ) e f(u)du, © (A—x) =1+ X+ %2 +..)

0

1 T gy
= T [e f (u)du
1-e 0
1 T

e~ ST f ()t
0

i)} =

1_e— ST



PROBLEMS

1) Find the Laplace Transform of the rectan gular wave for the given
function,

f ()= {1, O<t<b

-1 b<t<?2b
Solution:
1 T gt
WKT L{f(t)} = T e f(t)dt, O<t<T
1-e S

Here T =2b



L{f ()= Zjbe_Stf(t)dt
1_e—2bs 0

1 b — st 2b — st
_ so—11e S @dt+ [ e S (Dt
1-e~ < |0 b

1 o~ St b _ oSt 2
_ 4 -
1_e—2bs —5 S (
\§ O b J






=1tanh@
S 2



PROBLEM2:

Find the laplace transform of the function

t, O<t<rm
f(t)=
2r -1, m<t<2rx

where f(t+27)=f(t)

SOLUTION:

WKT L@ = Je"f()dt, O<t<T
0

1_e—sT

where T =27



LT ()}=

1-e

1

-275

Vd 2r
{ [te™dt+ | (27z—t)e‘3‘dt}
0 V4







PROBLEM 3.:
Find the LaplaceTransform of the periodic functiongivenby

-

sina)t,0<t<E
f(t)= 4 “)2

0, £<t<—ﬁ

L (0] )]

and its period is or
)
SOLUTION:
WKT L{f(t)} = ;sT }e—stf(t)dt, 0<t<T
0

where T =2—7Z
a



LfM))=—~ e f(tat
10 0
1 ; —st A 2nj® —st
= T fe”sinwt+ | e~ 0dt
1—e o |0 /@
1 e™ "o
= —ssin wt — @ cos wt
e )|






TASK :

1) Find the Laplace Transform of the function

t for O<t<
f(t) =
r—t for 7<t<2x

2) Find the Laplace Transform of the function

t—-1 1<t<?
f(t)= .
0: Otherwise

3) Find the Laplace Transform of the function

f(t):%;ogss



INVERSE LAPLACE TRANSFORM

If the LaplaceTransform of the function f (t) is F(s) (i.e).,
L{f (1)} = F(s) then f(t) is called Inverse Laplace Transform and is

denoted by L{F(s)}.

IMPORTANT RESULTS

1) Ll[—l }: e™
S—a




= cosh at

|

S
s’ —a’

5) Ll[

sinh at

-1 1 . at
o)

.}:tn

nl
Sn+1

10) Ll[



LINEARITY PROPERTY
If F,(s)and F,(s) are Laplace Transform of f,(t)and f,(t)

respectively, then

L'[C,F,(s)+C,F,(s)] = C.L'[F,(s)]+C,L'[F,(s)]
PROBLEM 1

Find L‘l{—l +}+ ZS }
s—-3 s s° -4

Solution:
R R e
s—3 S s° -4 s—3 S s -2

- e+ 1+ cosh2t




PROBLEM 2

Find L1{12+ L + L . }
s? s+4 s*+4 s°-9

Solution:

4 1 1 1 S
L >+ +— +—
s s+4 s“+4 s°-9

s S R Pl P
S s+4 s°+4 s -3
4 1 4 1 1 2 S
=L = +L1[—}+—Ll{ }+L1{ }
LZ} s+4| 2 |s?2422 5% —3°

—t+e™ + %sinZt + cosh3t




FIRST SHIFTING PROPERTY:
If L{f(t)} = F(s), then Lle* f (t)| = F(s +a).

Hence L [F(s+a)|=ef(t)
=L "'[F(s+a)|=eL"[F(s)]
PROBLEM 1

N
Find L [(s+1)2}

Solution:

“&s jlf} —eL ]




PROBLEM 2:  Find | (8=3)
(s—3)" +4

Solution:

Ll[ (s—-3) } = e Ll[ > } = e>'cos2t

(s—3) +4 2 4 2°

S°+2

PROBLEM 3: Find L™ >
(s—b)’ +a’

Solution:

o Fos e Rl e




oL ° ~| =e" cos at + b ottsin at.
(s—-b)" +a a

RESULT 1: L'[F'(s)]= —t(L_1[F(S)])




PROBLEM 1 Find

Solution:

F'(s)= >

(s + az)2

F(s):j( > ds

2
s? +a?)

Put (s?+a?)=t

2sds = dt




I (52+a2)2 ds = 2t?
_1(_}j_1[_ 1
20 t) 2| s?4+a?
S -1
I (s2+a?) 7 2(s* +a%)

WKT L[F'(s)] = —tL"[F(s)]

SR E o






PROBLEM 2 Find L S+3
(s? +65+13)

Solution:

(2 S+3 :
S +6s+13)

F'(s) =

B (s +3)ds
F(s)=] (s? + 65 +13)



Put s* +6s+13 =t
(2s+6)ds = dt

(s+3)ds = %

J (s +3)ds =Idt=1(_1j
(s?+6s+13) "2t 2\t

I(s2 +65+13) 2

(s+3)ds _1{ -1 }

2| 52 +65+13



WKT LYFY(s)| = —tL*[F(s))]

e -1
-t {2(32+63+13)}

tL 1

2 {(sz +6s+13)}

. Ee‘3t sin 2t
4



RESULT 2: L'[s F(s)]= % L' [F(s)]

PROBLEM 1 Find L{ > }

(s+2)° +4
Solution:
S
Fs) = (s+2)" +4
WKT L[s F(s)] = % L [F(s)]




:—e_

(e sin 2t)




— % [e‘2t 2C0S 2t +sin 2t.(— 2% )]

2
PROBLEM 2 Find L™ > 2
(s> +a?)

Solution:

L{(sz iﬁ)z} ) L{S'(sz iaZ)z}




~ s, F(s)]

S
(32 +a2)2

where F(s) =

WKT L'[s F(s)] = % L'[F(s)]

2
(s? +a?)




F(s)= > d
(s) I(sz ) S
Put (52 +a2):t

2S ds=dt :>sds=%

S dt




WKT L' [F'(s)]=-tL" [F(s)]

- L_{Z(sz_jaz)}

t 1

- L?

2 Lsz +a’ J

_E EL—l a
2'a  |(s2+a?)

T .
= SN AL 2
o (2)



substituting (2) in (1),

. -
o > | = 0 (t sinatj
_(52_|_a2) | dt \ 2a
=ii(tsinat)

2a dt

:i(atcosat + sinat)
2a



RESULT 3 L[%S)J :(}) L' [F(s)] dt

PROBLEM 1 Find Ll[ 1 2}
s(s? +a?)

Solution:

WKT L [%s’)] :(}) L' [F(s)] dt




t
zlel[ - 2}dt
do S +ad

1t .

= —[sin atdt
do

- 1{_cosat}t
al a |

_ 1 1
g LlL(seraz)} = g[l—cosat]




PROBLEM 2 Find L{ - }
s*(s+a)

Solution:

WKT L [—} _ (}) L'[F(s)] dt







substitute (2) in (1),




PROBLEM 3: Find |, ~
s(s —23+5)

Solution:

WKT L {FTS)} _ :j) L' [F(s)] dt

. 1 o 1
- L(SQ—ZHS)}_!JL L(SZ—ZHS)}“

to 1
:“_—[ 5 }dt
0 §“—-2s+1+5-1




ax

WKT [e® sinbxdx = aze o2 lasinbx —bcosbx|
_|_

t

t
= %{% (sin 2t —2cos 2t)}

0

1
L—1
[s(s2 ~2s+5

ﬂ B % {et [Sin2t—20032t]+2}



PROBLEM 1: Find Ll[log(

Solution:

Let F(s) = Iog[s+bj
s+ a

F(s) = log(s+b)—log(s+a)

— F(s)=—+ 1
s+b S+ a

L [F'(s)]=e™ —e™

s+b
S+ a

)



By the result, L '[F(s)] = ——L_1 IF'(s)]

1[|09(§:zﬂ _ _:tl- (e—bt - e—at)
L [Iog(Serﬂ _e*_e™
S +a t

2 2
PROBLEM 2: Evaluate Ll[log[sz . 22 jj
S +

Solution:

WKT L'[F(s)]=— % L' [F'(s)]



s? +a’
Let F(s)= 10
(s) g(sz+b2j

= log(s? +a?) — log(s? +b?)

, 2S 2S
F(s) = s2+a? s24b?

= L [F'(s)]= 2cosat— 2cosbt

2 2
L [Iog(:z isz ﬂ = %(cosbt— cos at)



4) Find L™

1, 5 (s+3)

(s—4F (5—2) +5° (s+3) +67

2(s+1) }

(32 +25+ 2)2

|






RESULT 4: L'le™ F(s)|= f(t—a) H(t—a)

= f (t)t—>t—a H (t — a)
L 'e = F(s)] = L'[F(s)],a H(t-a)

PROBLEM 1: Find the Inverse Laplace Transform of

F(s)= tan‘l(gj + cot™t (Ej
F(s)= tanl(gj + cot™ (%)

Solution:




b
— F S)=
(s)= [s +a’ +s,2+b2]

WKT

L] -

L[t f(t)] =

- SF(s)

a b

_I_
s?+a? s?+Db?

]



t f(t) =sinat +sin bt

f (t)=%[sin at +sin bt]

L [F(s)] = %[sin at +sin bt ]

L [tan1 (Ej +cot™’ (zﬂ =% |sinat +sinbt]

S



PROBLEM 2: If L[f(t)]=e* tan"*(s). Find f(0).

Solution:
Given L[f(t)]=e> tan7*(s)

= fO)=Le®tan(s)] o (1)

=L [tan‘l(s)l L ..H({t=3) [using result 4]



Find: L*|tan*(s)]
Let L+ [tan ‘1(3)] = g(t)

. L{g(t)] = tan7*(s)

= G(s) = tan~*(s)






t g(t)







METHOD OF PARTIAL FRACTIONS:

TYPEI: M _A_ B
(sNs+a) s s+a

L A Bs+C
TYPE II: _A.
(s)Ns®+2as+a’) s (s®+2as+a’)
TyeEm: M _ A, B, C
(s+a)’ (s+a) (s+a)’ (s+a)
TYPE IV : fn _ As+B  Cs+D  Es+F

(T R CR M A RS



R ) 1
PROBLEM1: Find L [s(s+1)(s+2)}
Solution:
F(S) = oy
= s(s+1)(s +2)
1 A B C
s(s+1)(s+2)_§+ 1 T e ———
1 _ A(s+1)(s+2)+Bs(s+2)+Cs(s+1)
s(s+1)(s+2) s(s+1)(s+2)
1 = A(s+1)(s+2)+Bs(s+2)+Cs(s+1)

From the above equation

Al
2

we get

, B=—-1,; Czl
2



Substitute the values of A, B and C in (1),

1 r2)_ 1 @2

s(s+1)(s+2) s s+l s+2

Taking L™ on both sides,

)2l ()

1 1 1
L™ =—(1)-e't+-e™
L(s+1)(s+2)} p-e"+
: 4 1-s
PROBLEM 2: Find L >
(s+1)(s? +4s+13)
Solution:

 (s+1)(s? +45+13)



1-5 A Bs+C
) (2)

(s+1)(s® +4s+13) (s+1)+(52+4s+13)

1-s _ Als? +4s+13)+(Bs+C)(s+1)
(s+1)(s®+4s+13) (s+1)(s? +4s+13)

1-s = A(s® +4s+13)+(Bs+C)(s+1)

From the above equation we get ,
A = 1; B = —}; C=- 8
5 5 5



Substituting the values of A/Band C in (1), we get

_1) 8
1-5s 1 5 5
= +

(s+1)s2+4s+13) 5(s+1) (s?+4s+13)

1 S 8

5(s+1) 5(s?+4s+13) 5(s?+45+13)

1 S 8

5(s+1) 5[(5 +2) + 9] ) 5[(5 +2) + 9]

Taking L™ on both sides,

eepram) s () 5 earea)




1-5

(5+1)(s2 +45+13)| 5

L—l

\

oty | S gl 1
e L -2e°L
{ {32—+32} {SZ-F32

=g

(s+2)

1 1

5+2)° +3°
(s+2) +3°_

il

5 |(s+2)'+3%




_{(s + 1)(51 _+S4s + 13)}

1
= "¢
5

e—t_le—2t|_—1|: > }rzem[{ 3 }—SeZtL‘l{
5 5 s°+3°] 5 3  [s°+3] 5 3

L oaisa 4 Zetsingt - S e Msingt
5 15 15

5 S

|1 1-s zle‘t _ 1 e “cos3t - § e “'sin3t
_|_
(s+1) °

s? +4s+13)




2
PROBLEM 3: Find L{SS _155_11}

(s+1)(s—2)°
Solution:

_ 5s? —15s—11
(s+1)(s—2)

F(s)

5s? —155—11 A B C D
= (2)

(s+1)s-2F (s+1) " (s-2)" (s—2)  (s—2)

55’ —15s—11 _ A(s—2)’+B(s+1)s—2)°" +C(s+1)fs—2)+D(s+1)
(s+1)s-2) (s+1)(s-2)°

552 —155—11= A(s—2)’ + B(s +1)(s—2)° +C(s +1)(s—2)+ D(s +1)



From the above equation we get,

A=—2
3

Substituting the values in (1),

. B =

W/

1
5s2—155—11 (_:J

. C=4; D=-7

_ . L4 T
(s+1)(s—2)° (s+1) (s-2) (s-2f (s-2)°
Taking L™ on both sides,
1 1
Ll( 55’ _155—11]:L1 (_3) (3) L4 7
(s+1)s-2) (s+1) (s-2) (s—2) (s-2)




:(—lje‘t+(}je2t+4e2t L (%)—7& L (13)
3 3 S S

2 _ 2
L 08" ~15s 131 _ (—1je‘t+(1je2t+4e2t.t—7e2t v
(s+1)(s-2) 3 3 2

R ) 1
PROBLEM 4: Find L {52(32+1)(32+9)}
Solution :
1
Fls) = s?(s? +1)s2 +9)

Put s®* = u in above equation

1 1

s2(s?2+1)s?+9)  u(u+1)(u+9)




: 1 C
Consider e 1
u(u+1)(u+9) u Tu+l 49 g

_A(U+)(u+9)+Bu(u+9)+Cu(u+l)
u(u+1)(u+9) u(u+1)(u+9)

N

1 =AU+1)(u+9)+Bu(u+9)+Cu(u+1)

From the above -equation we get,
A = }; B :—}; C:i
9 8 72

Substituting the values in (1) we get,

|©O | =

1
u(u+1)u+9) U U+l T u+9



o)
812

|©O | =

1
uu+)Uu+9) u  u+l  u+9

Taking L* on both sides,

C O
+
—
AN

L_l(u<u+5<u+9>j -t

el el
9 u 8 u+l) 72 u+3

1 1 . 1 (sin?,tj
=—t——-sInt +—.
9 8 12 3

u+1l u+9

L 1 :1t—1sint+ 1 (sin3tj
s(s?+1)s2+9)) 9 8 720 3



TASK

1) Find the inverse transform of

1
(s-2)(s? +1)

s
s? +a?)s?+b?)

2) Find the inverse transform of (

3) Find the inverse transform of ( 432+15 j
16s° - 25

2

4) Find L{ 4 j

s(s+a)’

2_
5) Find L‘{ 25" —05+5 }

(s-1)fs-2)(s-3)



CONVOLUTION:

If f(t)and g(t) are given functions then the convolution of
f(t)and g(t)is defined as :{ f(u)g(t—u)du.

It is denoted by, f (t)* g (t)

(i.e)f(t)*g(t):i f (u)g(t—u)du,

CONVOLUTION THEOREM:

If f (t)and g(t)are functions defined for t >0
then L[F (t) g (t)] =L (t)].L[g (1)
(ie)L[f(t)*g(t)]=F(s).G(s)



Proof :

L[f(1)] :Ze‘“ f (t)dt
L[f(t)*g(t)]=Te ™ (t)*g(t)t

= Ie‘“ {i f(u)g (t—u)du}dt

1
o—3

Je'f (u) g(t—u)dudt

Limitsofu=0tot;t=0to

After changing the order of integration,
limitsofu=0toowo; t=uto

(1) becomes,

L[f(t)*g(t)]= :festf(u)g(t-u)dtdu

f(u){?e‘“g(t—u)dt}du



Lett—-u=v
dt = dv
when t = u, then v=0; t = oco,then v = oo

L[f(t)*g(t)] =] f (u){e™“"g(v)dv}du

f (u){:j)e‘s“e‘svg (v)dv}du
e f (u)du {Ie“g (v)dv}
= ze“ f (t)dt{z’e“g (t)dt}

=L[f(0)] L[g(t)]
L[f(t)*g(t)] = F(s) G(s)

Hence, Convolution Theorem is proved

oO+—8 O+~—3§



COROLLARY:
L[f(t)*g(t)]=F(s)G(s)
f(1)*9(t)=L"[F(s)]L"[G(s)]

L [F(s)]*L*[G(s)]=L[F(s)].L*[G(s)]

NOTE:

f(t)*g(t)=g(t)*f(t)

PROBLEMS:

s(szl+1)}

1) Using Convolution Theorem find Ll{

Solution:

S RABGEE

=1*sint

=}Sin(t—u)du




2) Using Convolution Theorem find L™ %
(s*+a?)

Solution:

feal ekl
_ L{(Sz iaZ)}'iL{(sz jaz)}

1.
=cosat*=sinat
a

:ljcosau.sin a(t—u)du

ao
1, . .
= [{sina(u+t—u)-sina(u—t—u)tdu
> Jsina(u+t-u)-sina(u—t-u)
=itsinat
2a
3) Find1*e'
Solution:

1*e' = il.e"“du
0

El

-1 0

=e' -1

4)Findt*e'
Solution:

t
t*e' =Jue""du
0

Y
1, 1,

=e' —t-1




