
UNIT  IV
LAPLACE TRANSFORM



INTRODUCTION

 Basic Definitions

 Transforms of Simple Functions

 Basic Operational properties

 Transforms of Derivatives and Integrals

 Initial and Final Value Theorems

 Laplace Transform of Periodic Functions

 Inverse Transforms

 Convolution Theorem

 Applications of Laplace Transforms for solving  First and 
Second Order Linear Ordinary Differential Equation



LAPLACE TRANSFORM

Transformation: An operation which converts a

mathematical expression to a different but equivalent form.
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Laplace Transform:  A Function f(t) be continuous 
and defined for all positive values of t.  The 
Laplace Transform of f(t) associates a function S 
defined by the equation
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SUFFICIENT CONDITION FOR THE 
EXISTENCE OF LAPLACE TRANSFORM
1)  f(t) should be either piecewise continuous or 
continuous function  in closed interval [a,b].

2)  Function should possess exponential order.



Piecewise continuous function: A function f(t) is 
said to be piecewise continuous in the closed 
interval if it is defined in that interval and in such 
a way that interval is divided into a finite number 
of subintervals in each of which f(t) is continuous.
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Exponential Order: A function f(t) is 
said to be of exponential order if 
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APPLICATIONS:

1  Laplace Transform is used to solve 

    linear DE,ODE as well as partial.

2  It is also used to solve boundary value problems

    without finding general solution but 

    need to find

)

)

 the values of arbitrary constants.
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LAPLACE TRANSFORM OF DERIVATIVES
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LINEARITY PROPERTY

If C  and C  are constants and f ( ) and f ( ) are given functions then

[C f ( ) C f ( )] [ ( )] [ ( )].

Proof:

[ ( )] ( )

[C f ( ) C f ( )] [C f ( ) C f ( )]

st

st

t t

t t C L f t C L f t

L f t e f t dt

L t t e t t d











  



  

1 1 2 2
0 0

1 1 2 2
0 0

1 1 2 2 1 1 2 2

                                = C f ( ) C f ( )

                                = ( ) ( )    

[C f ( ) C f ( )] = [ ( )] [ ( )]

st st

st st

t

e t dt e t dt

c e f t dt c e f t dt

L t t c L f t c L f t

 
 

 
 

 

 





 



2 5

2 5 2 5

5

5

5

Problems

1)Find L[e 3 ]
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Find L[sin 2 ]
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solution:

1 cos 2
L sin L

2

1
                = 1 cos 2

2

1 1
 L sin =  

2 4

By first shifting theorem, s s+3

1 1 3
L sin  =  

2 3 3 4

t

t

e t

t
t

L L t

s
t

s s

s
e t

s s





  

 
     



   



 
        



 

 

 

 

2

Find L cosh sin 2

solution:

L cosh sin 2 sin 2
2

1 1
                         = L sin 2 L sin 2

2 2

2
 we know that  L sin 2 =

4

1 1
L cosh sin 2 L sin 2 L sin 2

2 2

             

t t

t t

t t

t t

e e
t t L t

e t e t

t
s

t t e t e t







  
   

  

      



       

   

   

2 2

2 2

1 2 2
           = (By First Shifting Theorem)

2 1 4 1 4

1 1
                        =

1 4 1 4

 

s s

s s

 
 

    

 
 

    



 

 

 
 

3

2 2

2

3

2 2 2

2 2

3

2

2

2

Find L

:

2
L

2
L L *

2
 L  =

2

Find L 3sinh 2 5cosh 2  

solution:

2
L[3sinh2t]=3  

4

L[5cosh2t]=5  
4

6
L 3sinh 2 5cosh 2  

1 4

t

t t

t

t

t

t e

solution

t
s

t e e
s

t e
s

e t t

s

s

s

e t t
s



 







  

  

 
     

  


  

 
  

 
  

   
   

2

5( 1)
  

1 4

s

s

 
 

  



 
 

2

0

0

0

0

2

2 1
Prove that L ( )

4

sin 2 ,0
where H(t)=

0,

Proof:

L[f(t)]= ( )

L[H(t)]= ( )   

           = ( )  + ( )  

L[H(t)]= ( )

          = sin 2 2co
4

s

st

st

st st

st

s

e
H t

s

t t

t

e f t dt

e H t dt

e H t dt e H t dt

e H t dt

e
s

s


























 









 








 




 


    

 

2

2

s2 sin 0 2

1
         = ( 2) 2

4

2 1
        =

4

s

s

s

e
s

e

s











  

   







 

Find the laplace transform of G(t) where

2 2
cos ,

3 3
G(t)=

2
0,

3

Solution:

According to second shifting theorem

( ),
L[f(t)]=F(s) and G

0,

[ ( )] ( )

2
( ) cos t  and a=

3

[

as

t t

t

f t a t a
t

t a

L G t e F s

f t

L f

 







  
    


 


 
 







2

2

3

2

( )] [cos ] ( )
1

[ ( )]
1

s

s
t L t F s

s

s
L G t e

s



  


 
  

 



0

0

0

CHANGE OF SCALE OF PROPERTY:

1
If L[f(t)]=F(s),then L[f(at)]=

Pr :

[ ( )] ( )

[ ( )] ( )

 at=x; t= dt=        

when x=0;t=0

when x= ;t=

[ ( )] [ ( )]

st

st

x
s

a

s
F

a a

oof

L f t e f t dt

L f at e f at dt

x dx
Let

a a

L f at L f x e







 
  

 





 
 
 







 

 

0

( )

1
                                  = ( )

1
[ ( )]  F                  

s
t

a

dx
f x

a

e f t dt
a

s
L f at

a a



 
  
 





 
  

 



 

 
0

If L[f(t)]=F(s),then L[t f(t)]= - 

Proof:

F(s)=L[f(t)]

Differentiating 

( )

By Leibnitz rule if the limits are constants and  

integrating wrt differentiation then total differentiat

st

d
F s

ds

d d
F s e f t dt

ds ds






 

0

0

0

2

ion

is taken as partial differentiation

               =  e f(t)dt

              = e (-t)f(t)dt

              = - e f(t) t dt

              = - L[t f(t)]

L[t f(t)]= - 

,L[t  f(

st

st

st

s

d
F s

ds

similarily




















 

   

2

2
t)]=  

................

L[t  f(t)]= 1  

-

     

n
nn

n

d
F s

ds

d
F s

ds




 

 

2

2

22

Find L[t sin2t]

solution:

f(t)=sin2t

2
L[f(t)]=sin2t= ( )

4

We know that, L[t f(t)]=  - 

2
                                     =  -  

4

2
                                     =  - 

4

F s
s

d
F s

ds

d

ds s

s

s




 
  




  
22

4
 =     

4

s

s


 
  



 

 

 

      

 

 

 

2

2

2

2

22

2

2

Find L cosh

Solution:

L[cosht]=
1

1
L[e cosh ]

1 1

1
L[te cosh ]  - 

1 1

1 1 1 2 1
                      = - 

1 1

1 1
                     = - 

1 1

t

t

t

te t

s

s

s
t

s

sd
t

ds s

s s s

s

s

s







  






 

 
  

  

        
 

     

  

 

 

 

2

2

22

1 1
                     =       

1 1

s

s

 
 
 
    

 
  

 
     



 

 

0

0

0

( ) ( )
If L[f(t)]=F(s) and if  has a limit t 0 then L

Pr :

F(s)=L[f(t)]= ( )

( )

               =  ( )  

 t and s are independent variabl

s

st

st

s s

st

s

f t f t
F s ds

t t

oof

e f t dt

F s ds e f t dtds

ds e f t dtds






  


 






  

 

 
 

  



Q

0

0

0

0

es, we can change the order of integration

              = ( )  

              = ( )

             = ( )  

             = ( )  

             =

st

s

st

s

st

s

st

dt e f t ds

f t dt e ds

e
f t dt

t

e
f t dt

t

 


 








 

 





 
  

 
 
 

0

0

( )
  e  

( )
            =  e

( )
           =  L  

       

st

st

f t
dt

t

f t
dt

t

f t

t











 
  



 

0

2 2

2 2

2 2

1

1

sin sin
Find L  and hence show that 

2

solution:

L[sinat]= ( )

sin
L

                 =a

1
                 =a tan  

                 =tan

s

s

at t
dt

t t

a
F s

s a

at a
ds

t s a

ds

s a

s

a a

















 


  




 


   



  
    

 1

1

1

1

tan

                 =  - tan
2

                 =cot

sin
  L =tan

s

a

s

a

s

a

at a

t s











 
  

 

 
 
 

 
 
 

   
     



0

0

1

0

1

0

0

II PART:

L[f(t)]= ( )

sin
( )

sin sin

sin sin
By equation (1), tan = L

Let s = 0 and a = 1

1 sin sin
tan = L

0

sin

2

st

st

st

e f t dt

at
f t

t

at at
L e dt

t t

a at at
e dt

s t t

t t
dt

t t

t
dt

t










 


















 


  

   
      

   
      





 
0

0

( )
If L ( ) ( ),  then L ( )

( )
provided lim  exists

Result :

t

f t
f t F s F u du

t

f t

t






 

 
  



 
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1
Find L

Solution:

1
L  = [1 ]

                = [1] [ ]

                = L[1]ds - L[ ]ds

                =  
1

                = log( ) log( 1)

     

t

t
t

s

t

s

t

s s

s s

s

e

t

e
L e ds

t

L L e ds

e

ds ds

s s

s s





 

 







 

 

 
 
 

 
 

 






 

1

1

           =log   
1

1 1
                =log  - log  

1 11 1

1 1
                = 0 - log   log  

1 11 1

                =log
1

1 1
L =log

s

t

s

s

s

s s

s

s

e s

t s







 
 

 

  
  

    
   

   
   
    
   

 
 

 

   
 
 







 

  

2

2

2

sin
Find L

Solution:

sin 1 cos 2
L  = L

2

1 1 cos2
                = L

2

1
                = L 1 cos2 ds

2

1
                = L 1] [cos2 ds

2

1 1
                = ds

2 4

 

s

s

s

t

t

t t

t t

t

t

t

L t

s

s s













 
 
 

   
     

 
  





 
 

 

    
    

 

2

2

2

2

1 1 2
               =  -  

2 2 4

1 1
                = log log 4   

2 2

1
                = log log 4  

2

1
                = log   

2 4

               

 

s s

s s

s
s

s

ds sds

s s

s

s

s

s

 








 


   

  
 

 
 
  



 

2

2

2

2

2

1

2

2

1
L[sin ] log

2 41

1 1
               = log1 log

2 41

1 1
               = 0 log  

2 1

1
               = log

2 4

1 4
               = log     

2

s
t

s
s

s

s
s

s

s

s

s



 
 
 

 
 

  
    

  
  

 
 
 

 
 

 
 

 

 
 
  



 

 2 2

sin3 cos
Find L

solution:

sin(3 ) sin(3 )
sin3tcost = 

2

sin3tcost 1 sin 4 sin 2
L L

2

1
                      = L[sin4t]+L[sin2t]

2

1 4 2
                     = 

2 16 4

        

s

s

t t

t

t t t t

t t

t t

ds

ds
s s









 
  

  

   


      


 

 2 2

1 1

1
             =  4 2

2 16 4

1 1 1
                     = 4 tan 2 tan

2 4 4 2 2

                    

s s

s s

ds ds

s s

s s

 

 

 

 
 

       
              



   

1 1

1 1 1 1

1 1

sin3 cos 1
L tan tan

2 4 2

1
                        = tan tan tan tan

2 4 2

1
                        = tan tan  

2 2 2 4 2

sin
L

s

t t s s

t

s s

s s 



 

   

 

      
            

    
            

    
          

 

1 1

0

3 cos 1
 = tan tan  

2 4 2

RESULT:

1
L ( )  = L ( )         

t

t t s s

t

f x dx f t
s

  



      
            

 
  



 

 

 

 

0

0

2

2

22

Find L cos

Solution:

1
L cos L tcost

1
                      = L tcost   

1
                      =

1

1 21
                      = - 

1

   

t
t

t

e t tdt

t tdt
s

d

s ds

d s

s ds s

s s

s s






 
  

  
  

 
 
 

  
     

  
 

  

 

 

  
    

2

22

2

220

1
                   =  

1

1 1
L cos

1 1 1

t
t

s

s s

s
e t tdt

s s








 
  
     



 

 

0

0

2

1

sin
Find L   

Solution:

sin 1 sin
L L

1
                      = L sin  

1 1
                      =  

1

1
                      = tan

                      

t
t

t

s

s

s

t
e dt

t

t t
dt

t s t

t ds
s

ds
s s

s
s

















 
  

   


      



 
 

 

 

 

 

 

1 1

1

1

1

0

1
= tan tan

1
                      = tan  

2

1
                      = cot

cot 1sin
L   

1

  

t
t

s
s

s
s

s
s

st
e dt

t s



 










   

 


  

 


   



    

   

 

   

   

    

 

0

'

'

'

0

'

0

INITIAL VALUE THEOREM 

If  L  = F(s),then lim lim  sF(s)
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FINAL VALUE THEOREM 

If  L  = F(s),then lim lim  sF(s)
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Verify Final value theorem,
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PERIODIC FUNCTIONS

A Function f(t) is said to have a period T if for all t,

f( T + t ) = f( t ) where T is a positive constant .  The least value of T>0 is 

called period of f(t).

Eg: Consider f(t) = sin t

f (t+ 2π )= sin t = f(t)

f (t+ 4π) =  sin t = f(t) 

……………….

………………..

Therefore, Sin t is a periodic function with period 2π.



LAPLACE TRANSFORM OF PERIODIC FUNCTIONS

If  f (t) is a piecewise continuous periodic functions

with period T then 

By definition of Laplace Transform
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CONVOLUTION:

If f and g  are given functions then the convolution of  

f and g is defined as .

It is denoted by, f *

. f * .
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COROLLARY:

L * F .G

* L F .L G

L F *L G L F .L G

NOTE:

* *

PROBLEMS:
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1) Using Convolution Theorem find L

1

Solution:

1 1 1
L L .L

11

1*sin

si

f t g t s s

f t g t s s

s s s s

f t g t g t f t

s s

s ss s

t

 

   



  









 
 

  

     
           



  

 

0

1

2

n

1
L 1 cos

1

t

t u du

t
s s



 

 
  

  

        

         

           

       

 

   

1 1

1 1 1 1

1

2

1 1 1

2 2

Corollary:

L * F .

* L .L

L * L L .L

NOTE:

* *

Problems:

1
1) Using Convolution Theorem, find L

1

Solution:

1 1 1
L L .L

1 1

1*sin

f t g t s G s

f t g t F s G s

F s G s F s G s

f t g t g t f t

s s

ss s s

 

   



  









 
 

  

    
            



 

 

     

   

 

0

1

22 2

1 1 1

2 2 2 2 22 2

1 1

2 2 2 2

0

sin

1 cos

2) Using convolution theorem find L

Proof :

1
L L L

1
L . L

1
cos * sin

1
cos sin

t

t

t

t u du

t

s

s a

s s

s a s as a

s a

as a s a

at at
a

au a t u d
a



  

 





 

 

 
 

  

     
      

          

   
    

       



 

  

0

1
sin sin ( )

2

1
sin

2

t

u

a u t u a u t u du

a

t at
a

     





 

     

   

 

 

1

22 2

1 1 1

2 2 2 2 22 2

1 1

2 2 2 2

0

2) Using Convolution Theorem find L

Solution:

1
L L L

1
L . L

1
cos * sin

1
cos .sin

1
sin

2

t

s

s a

s s

s a s as a

s a

as a s a

at at
a

au a t u du
a

a u t u
a



  

 



 
 

  

     
      

          

   
    

       



 

      
0

0

0

0

0 0

sin

1
sin

2

3) Find1*

:

1* 1.

1

1

4)Find *

Solution:

*

1 1

1

t

t

t
t t u

tt u

t

t

t
t t u

t tt u t u

t

a u t u du

t at
a

e

Solution

e e du

e

e

t e

t e ue du

ue e

e t







 







 





 
   

 



   
       

  


