UNIT -l
BETA AND GAMMA FUNCTIONS
Definite Integrals is defined as
[ f(9dx = [FOL = F(b) - F(a)
Properties of Definite Integrals
Property:1
[ teax = [ f (y)dy = [ f (e

Property: 2

[0 0dx = [ (x)ax

Property: 3

ﬁfumx=£fumx+ffum&”agcgb

Property : 4
“f(x)dx = [ f(a—x)dx
Io %) J‘0 ( ) . a: any real constant.
Proof : joa f (a—x)dx
Let
a-x=t
dx = —dt

whenx=0;t=a
whenx=a;t=0

0 dt 0
:Lfm:I:—Lfmm
:joa f (t)dt (by prop 1)

:Efumx



Property : 5

j:a f(x)dx = [[f () +  (2a-x)]dx

Property : 6
b b
[ f00dx = [ (a+b—x)dx
Property: 7
- T fegdx=2{" f(x)d
@nf T =10 Even Function) then La (x) ax .[o (x) dx

iyt T == (©0dd Function) ~ then [, feodx =0

Solved Problems

Z asin x+bcosx
Evaluatej2 - dx
1. 0 sin X+ COSX
Z asin x+bcosx
I :IZ - dx
Solution Let ¢ sinx+cosx . )

Applying property 4 in (1),we have

z asin(ﬁ—x)+bcos(5—x)
| :JZ 2 2 dx
sin(z —X)+ cos(E —X)
2 2

2 acosx+bsin x
I =I - dx
0 sInX+COoSsX ()

Adding (1)and (2),we have

21 =F (a+b)s!n X+ (a+b)cosx
0 SIn X 4+ COSX

dx



T

91 :F (sin x_+ cosx)(a+b) dx
0 Sin X +cosx

T

21 :E (a+b)dx
T
21 =— b
5 (a+b)
T
| =— b
2 (a+b)
2.Showthatj'0E log(sin x)dx = —% log 2
Let.| = IOE log(sin X)dX ............. (1)
z . T
| = _[02 log sm(z—x)dx
| = J‘OE log cos(x)dx
(1)+(2) implies 21 :LZ log(sin x)dx+J'02 log(cos x)dx

s
21 = J;Z log sin xcosxdx

sin 2X dx

21 =J?Iog

21 :J?Iogsiandx—J?Iogde ()

ConsiderJ'oE log sin 2xdx

Let 0=2x then dx =d0/2

x=0then =0 and x:%then O=r

x . do
= jo log(sin 6’)7



(sincej: f(x)dx = 2[03 f(x) dx)
= ZJOZ log(sin 9)d70

_ [2log(sin x)dx = |
jo og(sin x)dx (by prop 1)

Subsuiting in I,we have

_i_[z
21 =1 L log 2dx
__[>
I = IO log 2dx
| =—log ijdx
T
| =—=log2
2 9 )
3.Show that joz log.(1+ tan x)dx = %Iog 2
Let | = .[flog.(lthan x)dx
= IZ Iog[.1+ tan(Z - x)}dx
0 4
tan ”* — tan x

:J‘Ozlog. 1r— 4 l4x
1+tan%tanx

= Flog. 14 178X gy
0 1+tan x



:I4Iog{ 2 }dx
0 1+tan x

| = J'OZ [(log 2 - log(1+ tan x) Jdx
= .LZ log 2dx —LZ log.(1+ tan x)dx
I :Lzlogde— I
21 =log Zj'ozdx
21 = % log 2
| = %Iog 2
. Evaluate J‘Oﬂ log(1+ cos x)dx
Letl = _[0” log(1+ cos x)dx
| = J: log(1+ cos(7z — x)dx
| = J'O” log(1— cos x)dx
21 = _[Oﬂ log(1+ cos x)dx + J: log(1+ cos x)dx

(1)+(2) implies

21 = J'O” log(1 - cos x)(1+ cos x)dx
2l = J': log(1—cos? x)dx = L” log sin? x dx = 2j0” log sin x dx
I =L log sin x dx

2a a
f(2a-x)= f(x)then| f(2a-x)dx=2| f(x)dx
By the property ( )=1() J.O ( ) J.O ()

= 21.02 log sin x dx



T
——IogZ}
:2|: 2

I—;zlog1
2

2,1. Gamma Function
Definition :

Gamma function is defined as follows

_ © on-1,-x
F(n)_jox e dx;n>0

1.T(n+2) =nI"(n)
2. =1

3.I'(n+1) =n!n>0

4.T(N)Il-n)=—"0<n<1
sinnzx

5.r(%) =z
Proof :

WKT T'(n) = '[Owt”‘le‘tdx

r@) = jmt;etdt

2 0
put t = x> dt =2x dx
No changein lim its

1 _[*/y2 - -x?
F(E)_L(x)ze 2x dx

r(%) =2 j: (%)e-xz X dx

1 o
r(E)=2j0e dx

Similarly ,we have 1“(%) = 2_|‘:e’y2 dx



r(%) —|2[ e dx}[Zfe‘yz dy}

r(%) =:4j: [ e dy}

Transfor min g int o polar coordinates

{x=rcos€} s o
= xiryi=r
y=rsing

dxdy=rdrdd
r:-0->ow

0:05%
2

{F(%)T ={4L§ J:O e rdr de}
:4j02 [ e d(;) de}

z_zjoz [ e de?) dﬁ}




6.T°(n) = 2 jo“’ x> e~ dx

Proof :
Sub x =t* in the formula I'(n) = J:x”’le’xdx

then dx =2t dt

r(n) = [t (2t dt)
r(n)=2 j:tZ”‘le‘tz dt

r'(n)=2 J.: x2" e dx (by property 1)

Beta Function

Definition
1
B(m,n) = jo X" (1-x)"*dx,m>0&n >0

Results:
1. g(m,n) = g(n,m)

Proof :

By definition of beta function, #(m,n) = _Ex'“’l (1—x)""dx
Using property 4 of definite integral

Am.n) = [ @-0" - @- ] dx

£(m,n) = j:(l— x)™ " x"dx

A(m,n) = j:x“-l(l— X)™dx
A(m,n) = g(n,m)
2. 4(m,n) = Zj:sin "1 gcos®"t ado

Proof:



WKT g(m,n) = J':xm‘l(l— )" dx

Take x =sin’@ dx=2sindcosH do
if x=0thend8 =0
T

if x=1then 8 =—
2

B(m,n) = .[05 (sin? @)™ *(cos® G} 2 sin@ cos @ dO

£(m,n) = ZJ:sin L gcos™"t ado

n-1

3ﬂ(m, n) = J‘:(:L:(de

Relation between Beta and Gamma function

Proof :WKT T'(n) = 2j0°° x2" e dx
_ © o 2m-1,-x? © o 2n-1,-y?
r(mIo(n)= [2_[0 x"e dx} [2_[0 y“" e dx}

r(m)I(n) = 4”e’(xz*y2’xzm’lyzn’ldxdy
00

Transforming into polar coordinates

X =rcosé
{y =rsind
dxdy = rdrd@
r.-0-ow

}:>x2+y2:r2

0:0 =%
2

r(mo(n)=4

O | N

o0 , ) B
J.e’r r2m22 cos®™ ! @sin > 9(rdrd 0)
0



rmr(m)=4

O v | N

© s ) B
J.e‘r r2™2 1 cos®™ ! 9sin®"* edrd @
0

4

2
r(m)r(n)= ZIsin 2019 0 og2mt ado) [ZJ‘O rz(m+n)1er2dr}
0

I'mIT n=g(mn)I m+n

I'mIn
I'm+n

A(m,n) =

We can also prove I'1/2 using the beta gamma relation

Put m=n=1/2

I'mI'n
I’ m+n

A(m,n) =

1.7 11 2 2ty
I'=)| =p(=,=)=|2sin # @cos 2 £ dag
{ <2)} A=

= F[%} =Jr

Problems :

1.Eva|uateI:x6(1— x)° dx
WKT B(m, n) = j:xm-l(l— X)"dx,m>0&n > 0

Taking m-1=6 and n-1=5 we get m=7 and n=6



776  6Ix5!  (6x5x4x3x2x1)(5x4x3x2x1) 1

7,6) = = -
p(7.6) I'13 131 13x12x11x10x9x8x7x6x5x4x3x2x1 72072

2. Evaluateﬁ(g,%) = J‘:Xm*l(l— X)"tdx,m>0&n >0

r2pf 3115311
2 2 22 2222 2 3

e ol 256

z 7 1 531_1_1
2z 71 Y505 155,050, 15
I5|n60d9=ﬂ(—,—): == -
0 2 2 r4 2 3 96
4.Eva|uate.|'055in6 @cos’ o
Take2m -1=6and2n-1=5
thenm=%andn=3
1 7
== B(-3
2ﬁ(z )
7 7
_31“51“3_1 rors 12 8
2 13 21197 7 2[693] 693
2 222 2 8
2
5.Eva|uateI\/tan 0do
0
z 1 -1
Givenl :jozsin2 gcos? (o
3.1
181 104
274747 2 1
1.3.1 1 « T
OIr(n)Id-n)= .
2 4 4 257 \/E{ (n-Ld=n) sinnzz}



1 n-1
6..Eva|uate.[£log ij dy=I'n,n>0
y

0

Put Iogi =t
y

Iy
y
y=e"

dy = —e'dt
Limits:y=0=t=oandy=1=1t=0

1

aﬂméde{®“@NNWWmm

0

(t)"etdt=Tn

ot—38

7.Eva|uateje‘(hx’2dx
0

put(hx)® =t
1
hx =t2
1
dx = =t 2qt
2h

2 2
J'e‘(“x’ dx
0

whenx=0=1t=0
whenx=ow =t =w

-1

) , © ?
then.[e‘(“x’ dx = J.e“ t—dt
0 0 2h

)

% 2
=1.|.e‘tt—dt
2%



2

8.Prove that I 1

+t4 22
Put t=+/tan@

-1

dt = %tan2 O(sec® 6)do

tan 6d 6

1
2

i tnd(L+tan*0) -
* (1+tan? 6)2y/tan @

O 0 | N

1 -1

- 1J‘EsinE 0cos? o
2 0

)

N

1 3
2P

N

3
1FZF
4 TI1

0 Xa
9.Eva|uate'|'0 —de where a>1
a



Let a¥ =¢'

t =xloga ,by definitionof logarithm
loga loga

when x=0=1t=0

when x=wo=t=w

SoX

t a
rﬁdx I:(WJ dt

o a* e’ loga
:;mj.we_ttadt

(log a)*"*
-1 r@+.

(lOg a)a+1



(m+Ln) A(mn+1) AB(m,n)
m n  m+n
I'mI'n
'(m+n)
I'm+1In mI'mI'n

Then g(m+1n)= r(m+n+1) B r'(m+n+1)

10.Prove that B

WKTg(m,n) =

p(m+1n)  I'mIn
B m C(m+n+1)

- I'mIn+1 I'm nI'n
similarly g(m,n+1) = =
I'm+n+1) T'(m+n+1)

pmn+1)  I'mIn

= 2
n '(m+n+1)
also multiplyby L on both sidesing(m,n) = Imin
m+n C(m+n)

A(m,n) I'mI'n
m+n (m+n)["(m+n)

£(m,n) I'mI'n
m+n '(m+n+1)
fromequation 1,2,3 we have

pm+1n) _ pmn+l)  A(m,n)

m n m+n

s

11.Provethat 5 2 = f(n.n) and hence deducethe duplication formula

.................. 3

2n-1

WKT ,B(m,n)=2.[)Esin2m’l.9cosz“’10 do

T

1. 2.
n,=)=2|sin>"*@ do
A(n.) j

Also we have £(n,n) = ZJOESin 1gcos™t 6 do

B(n,n) = 2j05(sin 6cos0)>"* do



ﬂ(n’n)zzjf(sinzze) - do

254£f9n“420d9

B(n,n) =
1
let ¢ =20 :.do="dg

2
22n—1

d¢

%-Zn—l b
'[Osm @ >

p(n.n) =

B(n,n) = #L’;sinz"% de

1 1
B(n,n) :Wﬂ(”’?

B(n é) ~ 22" g(n,n)

l“nl"1

2 — 22n—1ﬂ(n’ n)
F(n +;)

2 o2 rnn

F(n +1j I2n
2



