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INTRODUTION

¢+ When a function f(x) is integrated with respect to x between

the limits a and b, we get the double integral fab f(x)dx.

¢ If the integrand is a function f(x,y)and if it is integrated
with respect to x and y repeatedly between the limits x, and
x; (for x ) and between the limits y, and y; (for y ) we get a
double integral that 1s denoted by the symbol

P FOoy)dxdy

*+ Extending the concept of double integral one step further,
we get the triple integral, denoted by

[ fyyol fxx01 f(x,y,z)dxdydz .

Z(



EVALUATION OF DOUBLE AND TRIPLE
INTEGRALS

* To evaluate f;; ! fxx01 f (x,y)dxdy first integrate f(x,y) with

respect to x partially, treating y as constant temporarily,
between the limits xg and x;.

** Then integrate the resulting function of y with respect to y
between the limits yy and y; as usual.

+* In notation | ;; ! [ fxx01 f(x,v) dx] dy ( for double integral)

fZZOl {f;ol [fxx01 f(x,y, Z)dx] dy} dz ( for triple
integral).

Note:

*s» Integral with variable limits should be the innermost integral
and it should be integrated first and then the constant limits.



REGION OF INTEGRATION

Consider the double integral fcd f(;plzg)) f(x,y)dxdy, x varies from

@1(y) to @,(y) and y varies from cto d. (i.e) @;(y) <x <
@, (y)and ¢ < y < d. These inequalities determine a region in the
xy — plane, which is shown in the following figure.This region
ABCD is known as the region of integration

A
y

x=b {y) X=d, (y]

@
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EXAMPLE :1
Evaluate |, 01 ) 02 yix dy dx

Solution:

1 2 1 2
Jy Joy*xdydx= [ x[y/3] dx



EXAMPLE :2
Evaluate f f —dy dx

Solution:

1

3 2 1 3
J; Ji & @y dx = [, llogx]i - dy

=(log2 — log1) f;%dy
=log2 [logy];
=log2(log3 — log?2)
=log?2.log#{3/2)



Evaluate foz ff flz xy?zdzdydx
Solution:
2 3 (2 2 ~3[z2 2
Jo J1 Jj xy?zdzdydx = Iy J; [7]1 xy?dydx



Evaluate fol dx foz dy flz yx?zdz

Solution:
fol dx foz dy flz yx?zdz = f01 dx foz dy lé]j yx*
S0 [ e
=%f01 2 x%dx

51, -



Evaluate [ [2 f01 r%sin 6 drdfd®

Solution:

=1 . T 3411
[T fZ [ r?sin6 drdode = [ [2sin0 [?]O dodeo

2 Jy [ sin 6d0d

T[

== f —c0s0]2d®

:§f0" do

T

3



Evaluate fol fox dx dy
Solution:

1 ,x 1, %
Jo Jo Ay dx = [Iy] dx
:folxdx

2 O
1

2



Evaluate foa fox foy xyzdxdydz

Solution:

1= [ [ [ zdz]xydydx
=[5 J5 [ ] xydydx
=0 f5 [ ]xydydx
ST [g] dy xdx = [ [%]: xdx

B [x6]a _a6
~ lasly 48



EXAMPLE :8

1 V1—x2 J1-x2—y2  dxdydz
Evaluate [, [, J e

Solution:

=, f,

Visxz , I
[sm ( )] dxdy

1 T 1 _
[ Zdxdy =% [[[yl3* T dx

m 1l
== Jy V1 —x?dx

0

1
== F\/l —x2 + lsin_l(x)]
2 2 2 0

T2

8



sin @

Evaluate | On I} Oa rdrd0

Solution:

. f [ ]asmedg

== Jy a®sin6 do

_a2 n[1 —cos 26
= Jo

| ae

:_X [9 _stH] B



PROBLEMS FOR PRACTICE

Evaluate the following
2 (1

L.J, J, 4xy dxdy
b ral

2. ], flag dxdy

3. fol fox dxdy

4, foﬂ f;m " v drdf

5. fol foz f03 xyzdxdydz

6. f01 fOZ foy " dzdydx

Ans:

Ans

Ans:

Ans:

Ans:

Ans:

: loga.logb
1/2
/4

972

Y



EXAMPLE :10

Sketch the region of integration for | Oa Jy “T f(x,y) dydx.
Solution:
Given x=0andx=a ; y=0 and y?=a®—x?

y=0 and x?+y? = a?

=p

(0.a)

X2+y2:a2

W,




EXAMPLE :11
Sketch the region of integration for | 01 I} Ox f(x,y)dydx.
Solution:

Givenx=0;x=1andy=0; y =x.
Y

A

v




EXAMPLE :12

Evaluate [ff, xyz dxdydz where D is the region bounded
by the positive octant of the sphere  x? + y? + z? = a?

Solution:

=p

(0.a)

X2+y2:a

L)

(2,0) x>

= [ e dadydx

VaTxZ [ty
X [2]0 dydx

- foa Jo



:_f f xy(a —x% — y*)dydx

:_ff x(ay yx? — y3)dydx

1 ra 2y2 2y2 y4 Va©—x
=- [a ——xt= - xdx
200 |7 2 2

410
:%foax (a? — x%)?% dx
_Llar g 2.3 4 45
—gfo(ax—Zax +x°) dx

o2 -



PROBLEMS FOR PRACTICE

1.Sketch the region of integration for the following

() f f ydxdy

x +y
(ii) f f y dydx
Gin 1 1 zd’:;y

2.Evaluate [ff, (xy + yz + zx)dxdydz, where V is the region of
space bounded by x=0,x=1,y=0,y=2,z=0 and z=3.
Ans: 33/2

dxdyd
3. Evaluate [ff, (1+);+3;fz)3,

bounded by x=0,y=0,z=0 and x+y+z=1

where V is the region of space

1
Ans: Tc (8log2 — 5)

4. Evaluate [ff, dxdydz, where V is the region of space bounded
by x=0,,y=0,,z=0 and 2x+3y+4z=12.

Ans: 12



CHANGE OF ORDER OF INTEGRATION

s If the limits of integration in a double integral are
constants, then the order of integration can be
changed, provided the relevant limits are taken
for the concerned variables.

<* When the limits for inner integration are
functions of a variable, the change in the order of
integration will result in changes in the limits of
integration.

i d rg2(y) .
ie. [ fgl(y) f (x,y)dxdy will take the form

b rh(x)
«¢»* This process of converting a given double
integral into its equivalent double integral by

changing the order of integration is called the
change of order of integration.



EXAMPLE :13

Evaluate | 01 fyz ~ xydx dy by changing the order of

integration.

Solution: N X

Given y:0to 1l and x: yto 2-y

By changing the order of integration,
In Region D; x:0to 1 andy: 0 to x.
In Region D, x: 1to2andy: 0O to 2-x.



1 02— 1 rx 2 (2—X
] " yydx dy = Jo [ xydydx + [ [0 xydy dx
y
3 1 yZ X 9 yz 2—x
=, x[7lodx+ /. xh]o dx
=1—f1 3dx+1f2[4x—4x2+x3]dx

- 35, e -]

__|__

5



EXAMPLE :14

2
- vt
Evaluate | foy ye x dxdy by changing the order of integration.

Solution: AY

Given x=0,x=y,y=0,y =

By changing the order of integration y: x to o, x : 0 to o



2

2
J, [ ye wdxdy =[ | ye xdydx

= fooo fxoo ye_éd (é) dx
-

1 ole x 1 o0 _
== ] dx == xe *dx
290
X

270 |-1/x

Takeu = x,dv =e *dx impliesdu =dx,v=—e

by integration by parts,

—X



EXAMPLE :15

Evaluate f03 J; *7(x + y)dxdy by changing the order of integration.

Solution:

A

Y

Given y=0,y=3 and x=1, x=,/4 —y
By changing the order of integration,

InregionD, x: 1to2andy: 0 to 4-x



3 r4- 2 4—x?
I fl\/_y(x +y)dxdy = [ [, (x+y)dydx
2

_ 2] y?
_fl _xy+2]

:f x(4-—x) G;”]dx

:ffle_ x3 — 4x2+4x+8]dx

2

=[§—§—4 + 2x* +8xl1



Evaluate [ Oa fxzzc;;x xy dy dx by changing the order of integration.

Solution:

-

C(0,2a)

A(a,a)

v

Given y:x?/ato2a—xandx:0toa

By changing the order of integration,
In Region D; x:0to /ay andy:O0 toa.

In Region D, x: 0 to 2a — y and y : a to 2a.



T wvdyde= [) [ aydyde+ [ [ sy
q XZW 1 T2 2a-y
=f0yHO dy+f0yHo dy

:a_fa Zdy+lf2a[4a2y_4ay2+y3]dy

H+l i



EXAMPLE :17

A —y2
Evaluate f01 J. o - - — dy dx by changing the order of integration.

Solution:
yA

X=y

72N
% \myz=2

(0,/2)

0.1)

>

Givenx=0,x=1and y = x, y2= 2-x>
By changing the order of integration

InRegion Dy, y:0to1,x:0toy
InRegion Dy, y: 1 to V2 ,x:0to+/2 — y?



1= ) f) pmrdx dy + [ 7 i dx dy

- B a1

= ['(VZy —y)dy + [2(VZ - y)dy

- (V2 - 1)%)(1) +(V2y - yz—z)f

]-

Sl



PROBLEMS FOR PRACTICE

Evaluate the following by changing the order of integration

4

L. foa fxa(x2 +y%) dydx Ans:a?

4

N féa_xxy dydx Ans:%
[q2_y2 3
3. foafa_ay g ydxdyAns:%

4, fol fyz_y xy dxdy Ans:%



PLANE AREA USING DOUBLE
INTEGR AL

CARTESIAN FORM



2

y©_
b2

2
Find by double integration, the area enclosed by the ellipse x—z + 1
a

Solution:

2
b 15
A= 4ff dydx = 4an J dydx
x2
b 1-%5
=4 ['Iyl,Y “dx
=ﬂf0a\/a2 — x%dx
a

4b [ x a? . _1x1%
=—[E\/a2 —x% +=sin 1—]
a 0

a

4b a® m .
= —X—X= = ab sq.units.
a 2 2



Find the area between the parabolay = 4x — x? and the line y = x.

Solution:

(3.32

Given y = 4x — x? and y = x , solving for x,

x=4x—x%> => 0=3x—x>=>0=B —-x)x=>x=0,3
3 (4x—x? 3 _
A= [ 77 dydx = [ [yl¥ ™ dx
= f03(3x—x2)dx

_[?,x2 x33_9
2 3lg ™ 2



Find the area between the parabola y = x? and the line
y = 2x + 3.

Solution:
Given y = x? and y = 2x + 3.

solving for x, x> =2x+3 =>x = —1,3
A= f f2x+3 dydx = [° 123 dx

= f_31(2x + 3 — x?%)dx

:[_+3 3]_1=3;3_2



PLANE AREA USING DOUBLE
INTEGR AL

POLAR FORM



Find the area bounded by the circle
r=2sinf and r = 4sinf.

Solution: 0 =m/2

-2 4 sin 6

m 4sin 6 T
A=y fyging Tdrdo = J; [7]251n9
- 6f0n(sin 6)%do

=3 ['(1— cos26)df

_ 3[9 __sin 20]”

2 g

= 31 .



Find the area enclosed by the leminiscate 2 = a? cos 26 by double
integration.

Solution:

8 —m g

If r = 0 then cos 260 = 0 implies 8 = %.
T Va2 cos 20
A=4[5 [N ar de
T2 va? cos 26
=43 [7]0 do

_ 2 = cos 26
= 4a’ [j——db

T

2 o -
a“sin 2074

=4[ ] = a?.
4 0




Find the area that lies inside the cardioids r = a(1 + cos ) and outside
the circle r = a, by double integration.

Solution:
A@z /2

s r=a(1+cosO)

GHDV
S

Solving r =a(1+cosf) andr = a
=>a(l+cosf) =a

=>cos0 =0



z n a(14cos 6)

a

= fog[(a(l + cos ))? — az]d9
=g fO%[Z cos 0 + (cos6)]d6

2 T
=a7f02[4c039+ 1+ cos26] db

A

. o
— 8+451n9(2) =a7(7r+8).




Find the common area to the circles r = a,r = 2a cos 6.

Solution:

O=m/2

r=a

r=2acos®©

Given r = a,r = 2acos 8 , solving

= a = 2acosf
= cos0 =%
= 0=n/3

whenr =0=>cos0 =0=>0=m/2



A=2[[rdrd6

—2f I rdrdo+2 7 fZ“COS‘) dr do
T 274 T 2 2a cos 6
=2f7[5] a0 +2 5] e

=a® [3d6 +2a° fg(cos 6)2do

A

2061 + 20 o + 2222
3
it (i 3) -



PROBLEMS FOR PRACTICE

1.Find by double integration, the area bounded by the parabolas
x? = 4qy and y? = 4ax.

2

16a .
Ans: Sq.units.

2.Find by double integration, the smallest area bounded by the
circle x? + y? = 9 and the line x + y = 3.

Ans: % (mr — 2)sq. units.

3.Find by double integration, the area common to the parabola

y? = x and the circle x* + y* = 2.

1 .
Ans: (5 + %) Sq units.

4.Find by double integration, the area lying inside the circle
r = a sin 8 and outside the coordinate r = a(1 — cosf).

Ans: a® (1 — %) sq.units.



