ENVELOPE

A curve which touches each member of a given family of curves is called envelope of that
family.

Procedure to find envelope for the given family of curves:
Case 1: Envelope of one parameter family of curves
Let us consider y = f(x,a) to be the given family of curves with ‘a’ as the parameter.
Step 1: Differentiate w.r.t to the parameter a partially, and find the value of the parameter

Step 2: By Substituting the value of parameter a in the given family of curves, we get the
required envelope.

Special Case: If the given equation of curve is quadratic in terms of parameter,i.e.
Ao*+Ba+c=0, then envelope is given by discriminant = 0 i.e. B>- 4AC=0

Case 2: Envelope of two parameter family of curves.

Let us consider y = f(x,a, B) to be the given family of curves, and a relation connecting the
two parameters a and B, g(a, B) =0

Step 1: Consider a as independent variable and 8 depends a . Differentiate y = f(x,a, B)
and g(a, B) = 0, w.r. to the parameter a partially.

Step 2: Eliminating the parameters a,  from the equations resulting from step 1 and
g(a, B) = 0, we get the required envelope.

Problems on envelope of one parameter family of curves :

1. Find the envelope of y = mx+ am?” where m is the parameter and a, p are constants
Solution : Differentiate  y =mx+am” (1)

with respect to the parameter m, we get,

0=x+ pam’’

= n= () 2)




Using (2) eliminate m from (1)

which is the required equation of envelope of (1)

. Determine the envelope of Xsin@ —ycos@ = a0, where 9 being the parameter.

Solution : Differentiate |,

xsin@ — ycos@ =al (1)

with respect to 6 , we get,

xcos@ + ysinf =a (2)

As B8 cannot be eliminated between (1) and (2) ,we solve (1) and (2) for x and y in terms of 6.

For this, multiply (2) by sin@ and (1) by cos® and then subtracting, we get,
y=a(sinf — 0O cosO) . Using similar simplification, we get, X = a(0sin +cos0)

. (Leibnitz’s problem) Calculate the envelope of family of circles whose centres lie on the x-axis
and radii are proportional to the abscissa of the centre.

Solution : Let (a,0) be the centre of any one of the member of family of curves with a as the
parameter. Then the equation of family of circles with centres on x-axis and radius

proportional to the abscissa of the centre is



()c—a)2+y2 = ka? (1)

where k is the proportionality constant. Differentiating (1) with respect to a, we get,

—2(x—a) =2ka
. a: x
l.e. 1— k-
2
x 2 k 2
From (1), [X—j + = 5X
() 1—k (1—k)?
i_e_(kz —k]xz +(1—k)2 2 =0, k=1
2

4. Find the envelope of xsec~ 0 + ycosec20 = a, Where 0 is the parameter.

2 2
Solution : The given equation is rewritten as ,x(l + tan 9] + J/(l + cot 9] =a

i.e.xtan40+(x+y—a)tan29+y:O,

which is a quadratic equation in = tan2 @ . Therefore the required envelope is given by the

discriminant equation : B2-4AC =0
. N2 B
ie.(x+y—a) 4xy =0

i.e.x2 +y2 —2xy—2ax—2ay+a2 =0

Envelope of Two parameter family of curves :

1. Find the envelope of family of straight lines ax+by=1, where a and b are

parametersconnected by the relation ab = 1

Solution :

ax+by =1 1)



ab=1 (2)

Differentiating (1) with respect to a ( considering ‘a’ as independent variable and ‘b’

depends on a).

db
x+—y=0
cmy

db —x
- )

ie.  da y

Differentiating (2) with respect to a

db

b+a—=0
da
db —b
ey, T 4 (4)

From (3) and (4), we have

=1 and b= )
2x 2y

Using (5) in (2), we get the envelope as 4xy = 1

: . : , x |y
2. Find the envelope of family of straight Ilnes\/;+\/;=1 , Where a and b are parameters

connected by the relation va ++vb =1

Solution :



Ja++/b =1 (2)

Differentiating (1) with respect to a

\/§+\5de

=0
532 5,32 da

i.e @=—_ﬁ—b3/2 (3)

" da [y a3/2

Differentiating (2) with respect to a

2Ja 2-/b da
i.e @2_\@
7 da Ja “)

From (3) and (4), we have

Nxb _
Jra

ie. \/5:\/22\/§+\/g=1

Ja b Ja+Jb o1

1

a=~x and b=» (5)
Using (5) in (2), we get the envelope as x4 y1/4 =1

, : . x ¥
. Find the envelope of family of straight lines ~ +7 =1, where a and b are parameters

connected by the relation a’p’= ¢’



Differentiating (1) with respect to a,

—-x y db:

Xy dav_y
a2 b2 da

_ db  —b2%x

l.e. - =
da a2y

Differentiating (2) with respect to a

2ab3 +3a262 %% _ ¢

a

db _ —2b
da 3a

From (3) and (4), we have

3x_2y

a b

x ¥y o x,y
ie a_b_a b_1

3 2 5 5

_ 5x S5y

4= and P=5

Using (5) in (2), we get the envelope as

4. Find the envelope of the family of circles whose centres lie on the ellipse

which pass through its centre.

(1)

(2)

)

(4)

)

2

2
a

+

2

i—z=1and



Solution: Let (a,B) be the centre of arbitrary member of family of circles which lie on the
2 2
ellipse z—z + Z—z =1, whose centre is (0,0). Therefore, equation of the circles passing through

origin and having centreat (a,B) is

x2+y2—2ax—2ﬁy20 (1)
with

a2 ﬁz

Z 4+ =

a’ b3 2)

Differentiating (1) with respect to a ( ‘a’ as independent variable and ‘B’ depends on a ),

ap

da

X+ y=0

dp _—x
ie. @‘7 (3)

Differentiating (2) with respect to a

200 2B dB _

a2 b2 da
2
) dp —-b "«
ie. do a2,3 (4)

From (3) and (4), we have

+ , where k = ax+
2,2 27,2 By



a2x b2

azTand ﬁZTy (5)

From (1), we have , x2+y? =2k (6)

2
2 2 2.2 2.2
Using (5) and (6) in (2), we get the envelope as (X +y ) = 4(61 xX“+b7y j

x2 y2
5. Determine the equation of the envelope of family of ellipses _z 7z =1where the
2 b2

. a
parameters a and b are connected by the relation el =1,/ and m are non-zero

constants.

Differentiating (1) with respect to a,

_2x2 2y2 db
e
a3 b3 da
_ db  —b3x2 -
i.e. — =
da a3y2

Differentiating (2) with respect to g

2a 2b db
2t 0
/ m*< da
2
db —
ie. e (4)
da 14b

From (3) and (4), we have



_m_
A2 2
R T
| a> _b> _a> b2 _1
- a? % a* b 1
) m2 12 m2
S at =022 bt —m2)2
ie. a? =Ixand b2=my (5)
X y_
Using (5) in (2), we get the envelope as 7+ =1

Problems on Evolute as envelope of its normals :

x2 y2
1. Determine the evolute of hyperbo|ai2 - bT =1 by ConSidering it as an envelope of its normal
a

Solution : Let P (a cosht, b sinht) be any point on the given hyperbola. Then

dy

dl_ﬂzbcosht =écotht

dx dx gsinht a
dt

Equation of normal line to the hyperbola is

) —a
—bsinht) = x—acosht
o ) bcoshl( ) (1)
'by 4 :a2 +b2
sinhz cosht 2)

Differentiating (2) partially with respect to t, we have,



_—by

5 cosht —Lsinht =0
(sinht)

(cosh t)2

1/3
= tanh¢= _[byj
ax

1/3 1/3
= sinh¢= j{b;] andcosh ¢ = i[CZCJ (3)

Where h=+/(ax) "o (by) »

Using (3) in (2) , we get,

by1/3 h+ "xl/3 h=a? +b2
—(by) (ax)

e, (@) =) (@0 - @n)**)” =a? +52

e, (a0 — () = (a2 +b2]

2. By considering the evolute of a curve as the envelope of its normal, find the evolute of

x=cos0+60sinf y=sinf —Ocosb

Solution :

dy
dy 4o Osin0
dx dx  @cosO
do

=tan@

Equation of normal line to the hyperbola is

(¥ —(sin@ — O cosB)) = . 10 (x —(cos @ + Osin 9))

an



= ysin@—sin2 O + Osin O cos@ = —xcosO + cos? O + Osin O cos O

6. ysin@ + xcosO =1 (1)

Differentiating (1) with respect to the parameter 6, we have

ycosfO —xsinf =0 2)
Multiplying (1) by cos8 and (2) by sin@ and then subtracting, we have,

x =cosf (3)
Similarly we get,

y=sin@ 4)

Eliminating 6 between (3) and (4) we get the required evolute as x2 + y2 =1






