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Subject Code: SMT1101
Course Material

UNIT |
MATRICES

CHARACTERISTIC EQUATION:
The equation |A — AI| = 0 is called the characteristic equation of the matrix A
Note:

1. Solving |A — AIl = 0, we get n roots for A and these roots are called characteristic roots
or eigen values or latent values of the matrix A

2. Corresponding to each value of 4, the equation AX = AX has a non-zero solution vector
X
If X, be the non-zero vector satisfying AX = AX, when A = A1, X,. is said to be the latent

vector or eigen vector of a matrix A corresponding to A,
CHARACTERISTIC POLYNOMIAL.:

The determinant |A — AI| when expanded will give a polynomial, which we call as

characteristic polynomial of matrix A
Working rule to find characteristic equation:

For a 3 x 3 matrix:

Method 1:
The characteristic equationis |[A —AI| =0

Method 2:



Its characteristic equation can be written as 13 — 5;1% + S,A — S; = 0 where
S1 = sum of the main diagonal elements,

S, = Sum of the minors of the main diagonal elements ,
S3 = DeterminantofA = |A|

For a 2 x 2 matrix:

Method 1:
The characteristic equationis |[A —AI| =0
Method 2:

Its characteristic equation can be written as 12 — S;1 + S, = 0 where

S1 = sum of the main diagonal elements, S, = Determinant of A = |A|
Problems:

12)

1. Find the characteristic equation of the matrix (0 .

1 2
0 2

sumofthemaindiagonalelements =1+ 2 = 3,

Solution: Let A= ( ) Its characteristic equation is A2 — S;1 + S, = Owhere §; =

S, = DeterminantofA = |A| = 1(2) - 2(0) = 2

Therefore, the characteristic equationis 12 —31+2 =0

8 -6 2
2. Find the characteristic equation of (—6 7 —4)
2 -4 3

Solution: Its characteristic equation is A3 — S;4% + S,A — S; = 0, where
S1 = sumofthemaindiagonalelements =8 + 7 + 3 = 18,

_6|

=5+

S, = Sumoftheminorsofthemaindiagonalelements = |_74 _34| + |g §| + |—86

20 + 20 = 45, S3 = DeterminantofA = |A| = 8(5)+6(-10)+2(10) =40 -60 + 20 =0
Therefore, the characteristic equation is A3 — 1812 + 451 =0

31)

3. Find the characteristic polynomial of (_1 2



Solution: Let A= (_31 %)

The characteristic polynomial of A is A2 — S;1 + S, where S; = sumofthemaindiagonalelements
=3+2=5and S, = DeterminantofA = |A| =3(2)-1(-1) =7
Therefore, the characteristic polynomial is A2 — 51 + 7

CAYLEY-HAMILTON THEOREM:
Statement: Every square matrix satisfies its own characteristic equation
Uses of Cayley-Hamilton theorem:

(1) To calculate the positive integral powers of A
(2) To calculate the inverse of a square matrix A

Problems:

1. Show that the matrix [1

2 _12] satisfies its own characteristic equation

Solution:Let A = B _12] The characteristic equation of A is 12—-S5,1+S, =0 where

S1 = Sum of the main diagonal elements = 1+1 =2
S;= Al =1-(4=5
The characteristic equation is 22 —21+5 =10

To prove A2 —2A+51 =0

a=aw=[ 710G F=17 4

a—zaxsi= 70 T=[p F1+[ sl=lo ol =0

Therefore, the given matrix satisfies its own characteristic equation
2. IfA= [(1) (5)] write A% interms of A and I, using Cayley — Hamilton theorem

Solution:Cayley-Hamilton theorem states that every square matrix satisfies its own
characteristic equation.

The characteristic equation of A is A2 — S;A + S, = 0 where

S; = Sum of the main diagonal elements = 6

Sz |A| =5



Therefore, the characteristic equation is A> —6A+5 =0
By Cayley-Hamilton theorem, A2 — 6A + 51 = 0

e., A? = 6A —5I

2 -1 2
3. Verify Cayley-Hamilton theorem, find A*and A-when A=|-1 2 —1]
1 -1 2

Solution: The characteristic equation of A is A3 — $;4% + S,4 — S; = 0 where
S1 = Sum of the main diagonal elements =2+2+2 =6

S, = Sum of the minirs of the main diagonal elements =3 +2+3 =8
S;= 4] =20 -1 +1(-2+1D+2(1-2)=2B)-1-2=3
Therefore, the characteristic equation is 2> — 612 + 81 —3 =0

To prove that: A3 — 642 + 84 — 3] = 0--------—----- (1)

R L

el 3 E M

A2 =

5 -5 7 —22 29
A3 — 64% + 84 — 31
29 -—-28 38 42 —-36 54 16 -8 16 3 0 0
= |-22 23 -=-28]—|-30 36 -36|+]|— 16 —-8|—]0 3 O
22 =22 29 30 =30 42 8 -8 16 0 0 3
0 0 O
=0 0 0|=0
0 0 O
To find A%:
(1) = A3 — 642 + 84— 31 =0 = A% = 642 — 8A + 3] ----wrmemm- )

Multiply by A on both sides, A* = 643 — 842 + 34 = 6(6A% —8A + 31) — 8A4% + 34
Therefore, A* = 364%2 — 48A + 18] — 8A% + 3A = 28A4% — 454 + 18I

1 0 0
010]

0 0 1

7 —-6 9 2 -1 2
Hence,A4=28[—5 6 —6]—45[—1 2 —-1|+18

5 -5 7 1 -1 2




18 0
0 0 18

—140 168 —168(—|—45 90 —45(+

140 —140 196 45 —45 90
124 —-123 162]

[196 —168 252] [90 —45 90 18 0 0]

-95 96 —123
95 95 124

To find A~ 1:
Multiplying (1) by A=, A%2 — 64+ 8] =341 =0

=341 =A4%2—-64+8I

7 -6 9 2 -1 2 1 0 0
=341 = [—5 6 —6] 6[ 1 2 -1]+8]0 1 O]
5 -5 2 0 01
7 -6 9 -12 6 -12 8 0 0 0 -3
=[—5 6 —6] [6 —12 6 0 8 0] [ 2 0]
5 =5 7 6 —-12 0 0 8 1 3

0 -3
> A 1=C [1 2 ]
11

4. Verify that A = [1

2 ] satisfies its own characteristic equation and hence find A*

1 2
2 -1
Sum of the main diagonal elements = 0

Solution:Given A =[ ] The characteristic equation of A is A2 — S;A + S, = 0 where S =

S, =|Al=-1-4=-5

Therefore, the characteristic equationis A> —0A—5=0i.e.,A> —5=10

To prove: A% — 5] = 0---------- (1)
=l Al A1=L13 253=0 o
w-ai-f; Y-sly - 96 912 Y-

To find A*:
From (1), we get, A2 — 51 = 0 = A% = 5]

I ) . 4_ a2/ a2 _e[5 01_[25 0
Multiplying by A on both sides, we get, A* = A“(5]) = 54 =5 [0 5] = [0 25]
1 -1 4

5. FindA lifA=|3 2 -1
2 1 -1

, using Cayley-Hamilton theorem




Solution:The characteristic equation of A is A3 — §;12 + S,1 — S; = 0 where
S1 = Sum of the main diagonal elements =1+2—-1=2

S, = Sum of the minors of the main diagonal elements = (=2+ 1)+ (-1 —-8) + (2 + 3)
=—1-945=-5

S;=]Al=1(-2+1) +1(-3+2)+4B-4)=-1-1-4=-6
The characteristic equation of Ais A3 — 212 —= 51+ 6 =0

By Cayley- Hamilton theorem, 43 — 242 — 54 4 6] = 0 ------------ 1)
To find A7L:

Multiplying (1) by A™%, we get, A2 —2A —5471A+ 64711 =0=> A> —2A—-51+6471=0

6A7L = A2 + 24+ 51 > AL = 2 (=A% + 24 + 5]) ---ememnees ()
1 -1 411 -1 4 1-34+8 —1-2+4 4+1—4 6 1 1
A*=13 2 -1||3 2 -1|=|3+6-2 -3+4-1 12-2+1|=|7 0 11
2 1 -1lz2 1 -1 2+3-2 —-2+2-1 8-1+1 3 -1 8
-6 -1 -1 2 -2 8 5 00 1 -3 7
—A?+2A+51=|-7 0 -11|+|6 4 =2|+|o 5 o|=|-1 9 -13
-3 1 -8 4 2 =21 lo o 5 1 3 -5
Jr -3 7
From (2), A7 = -|-1 9 -13
1 3 -5
_M27 4. n
6. IfA—[0 5 ,find A™ interms of A

Solution:The characteristic equation of A is 22 — 5;1+ S, = 0 where
S1 = Sum of the main diagonal elements =1+ 2 =3

S,=|A|=2-0=2

The characteristic equation of Ais 12 —31+2=0ie,1= %21_)4(1)(2) = STil =21

To find A™:
When A" is divided by 1?2 — 31 + 2, let the quotient be Q(4) and the remainder be al + b
M=% -32+2)QD) +ar+ b - (1)

WhenA=1,1"=a+b WhenA1=2,2"=2a+b



Solving (2) and (3), we get, (2) - ()= a =2"-1"
(2)-2x(3)= b =—2"+2(1)"
ie.,a=2"—-1"
b=2(1)"—2"
Since A%2 — 34 + 21 = 0 by Cayley-Hamilton theorem, (1) = A™ = aA + bl

10]

pee-mf) Jrror-) |

7. Use Cayley-Hamilton theorem for the matrix A = [; g] to express as a linear
polynomial in A (i) A5 —4A4* — 743 + 114%2 — A — 101 (jii) A* — 443 — 542 + A+ 2I

Solution: Given A = B ;L] The characteristic equation of A is 22 — S;1 + S, = 0 where
S1 = Sum of the main diagonal elements =1+ 3 =4
S,=]A|=3-8=-5

The characteristic equation is 22 — 41 —5=10

By Cayley-Hamilton theorem, we get, A> — 44 — 5] = 0 ------------ Q)
A3 —21+3
N2 —4) — 515 —42* =723 + 1142 - 1 - 10
A5 —42* — 523
=223 +1122 -2
(-)— 223+ 822+ 101
314 —=111-10

(=) 342 —121—15

A+5

A5 —4A* —7A3 + 11A2 — A — 101 = (A2 —4A—5)) (A3 —2A+3) + A+ 51 =0+ A + 5l
= A + 5I (by (1)) which is a linear polynomial in A

() 22

A2 — 42— 52 =423 — 522 + 1+ 2




At — 423 — 522
) A+2

A* —4A3 —5A2 + A+ 21 =A?(A2 —4A—-5D)+A+21=0+A+2I=A+2l (by (1)) whichisa
linear polynomial in A

1 0 3
8. Using Cayley-Hamilton theorem, find A~'when A=|2 1 —1]
1 -1 1

Solution:The characteristic equation of A is A3 — §;12 + S,1 — S; = 0 where
S1 = Sum of the main diagonal elements =1+1+1=3

S, = Sum of the minors of the main diagonal elements = (1—-1)+ (1 —-3)+ (1 —-0)
=0-2+1=-1

S;=1Al=11-1)+02+1)+3(-2—-1)=1(0)+0—-9 = -9
The characteristic equation is A3 =312 —=1+9 =10

By Cayley-Hamilton theorem, A3 —342 —A+91 =0

Pre-multiplying by A™%, we get, A2 —34A—1+94 1 =0=>A4"1 = %(—A2 +34+1)

1 0 371 o0 3 1+0+3 0+0—-3 34+0+3 4 -3 6
A2=2 1 -1l{2 1 -1|=12+2-1 0+1+1 6-1-1|=|3 2 4
1 -1 1111 -1 1 1-2+1 0—-1—-1 3+1+1 0 -2 5
-4 3 -6 3 0 9 1 0 0
—-A*=|-3 -2 -—-4;34=[6 3 =35I=10 1 0
0 2 =5 3 =3 3 0 0 1
1/[-4 3 -6 3 0 9 1 0 0 1[0 3 3
A‘1=§ -3 =2 —-4|+|6 3 -=3|+]0 1 0 =§3 2 =7
0 2 =5 3 -3 3 0 0 1 3 -1 -1
1 3 7
9. Verify Cayley-Hamilton theorem for the matrix A= (4 2 3]
1 2 1
1 3 7
Solution: Given A=14 2 3]
1 2 1

The Characteristic equation of A is 13 — §;1? + S,A — S; = 0 where
S; = Sum of the main diagonal elements = 1+2+1 =4

S, = Sum of the minors of the main diagonal elements = (2—-6)+ (1 —-7) + (2 —-12)
= —4-6-10=—20



S;=|Al=12-6)—3(4—-3)+7(8—-2)=—-4—3+42=235
The characteristic equation is A3 — 44? — 201 — 35 =0

To prove that: A3 —44% —204A—-351=0

1 3 7111 3 7 1+12+7 34+46+14 7+4+9+7 20 23 23
A>=|4 2 3[|4 2 3|=[4+8+3 12+4+6 28+6+3|=|15 22 37
1 2 1l 2 1 1+84+41 34442 7+46+1 10 9 14

20 23 23111 3 7 204+92+23 60+46+46 140+ 69 + 23

A3 =A%A=1|15 22 37||4 2 =[15+88+37 45+44+74 105+ 66+ 37

10 9 14111 2 1 10+36+14 30+18+28 70+27+14

=1140 163 208

[135 152 232]
60 76 111

135 152 232 20 23 23 1 3 7 1 0 0

A3 —4A% —20A—351 =140 163 208 15 22 37 —2014 2 3|/-35|10 1 0
60 76 111 1 2 1 0 0 1

[135 152 232] [ 0 92 ] [20 60 140] [35 0 o0

=1140 163 208|— |60 88 148 80 40 0 35 0
60 76 111 40 36 20 40 0 0 35
0 0 O

=10 0 0|=0
0 0 O

Therefore, Cayley-Hamilton theorem is verified.

10. Verify Cayley-Hamilton theorem for the matrix (i) A = [ 1] (iD)A = [2

Solution:(i) Given A = [_31 ‘51]

The characteristic equation of A is 22 — 5;1 + S, = 0 where
S1 = Sum of the main diagonal elements =3 +5 =8

S, =4l =15-1= 14

The characteristic equation is 2> —81+ 14 =0

To prove that: A2 -84+ 141 =0

=5 S0 1150 sl



ea=s =[5 Gl

141 = 14[(1) (1)] - [104 104]

R e Mo IR B

Hence Cayley-Hamilton theorem is verified.
oy _M 4
(i) Given A= [2 3]

The characteristic equation of A is A2 — §;1 + S, = 0 where
S1 = Sum of the main diagonal elements =1+ 3 =4
S,=|A|=3-8=-5

The characteristic equation is 22 — 41 —5=10

To prove that: A2 —4A—-5I=0

AZ:[1 4[1 4_[1+8 4+12]:[9 16]

2 3llz 317246 8491718 17
w=aly =l wlisi=sl =1 s

A2_4A_51=[9 16]_[4 16]_[5 0 _[0 0]=o

8 17 8 12 o 51 1o o

Hence Cayley-Hamilton theorem is verified.

EIGEN VALUES AND EIGEN VECTORS OF A REAL MATRIX:
Working rule to find eigen values and eigen vectors:

1. Find the characteristic equation [A — AI| =0
2. Solve the characteristic equation to get characteristic roots. They are called eigen values

3. Tofind the eigen vectors, solve [A — AI1X = 0 for different values of 1
Note:

1. Corresponding to n distinct eigen values, we get n independent eigen vectors
2. If 2 or more eigen values are equal, it may or may not be possible to get linearly

independent eigen vectors corresponding to the repeated eigen values



3. If X; is a solution for an eigen value 4;, then cX; is also a solution, where c is an arbitrary
constant. Thus, the eigen vector corresponding to an eigen value is not unique but may
be any one of the vectors cX;

4. Algebraic multiplicity of an eigen value A is the order of the eigen value as a root of the
characteristic polynomial (i.e., if 1 is a double root, then algebraic multiplicity is 2)

5. Geometric multiplicity of 4 is the number of linearly independent eigen vectors

corresponding to A
Non-symmetric matrix:

If a square matrix A is non-symmetric, then A # AT
Note:

1. In a non-symmetric matrix, if the eigen values are non-repeated then we get a linearly
independent set of eigen vectors

2. In a non-symmetric matrix, if the eigen values are repeated, then it may or may not be
possible to get linearly independent eigen vectors.
If we form a linearly independent set of eigen vectors, then diagonalization is possible

through similarity transformation
Symmetric matrix:

If a square matrix A is symmetric, then A = AT
Note:

1. In a symmetric matrix, if the eigen values are non-repeated, then we get a linearly
independent and pair wise orthogonal set of eigen vectors

2. In a symmetric matrix, if the eigen values are repeated, then it may or may not be
possible to get linearly independent and pair wise orthogonal set of eigen vectors
If we form a linearly independent and pair wise orthogonal set of eigen vectors, then

diagonalization is possible through orthogonal transformation

Problems:

1. Find the eigen values and eigen vectors of the matrix (; _11)



Solution: Let A= (é _11) which is a non-symmetric matrix

To find the characteristic equation:

The characteristic equation of A is A2 — §;1 + S, = 0 where

S1 = sumofthemaindiagonalelements =1 -1 =0,

S, = DeterminantofA = |A| =1(-1)-1(3)=-4

Therefore, the characteristic equationis 2> —4 =0i.e., 22 =40ri1 =42
Therefore, the eigen values are 2, -2

A is a hon-symmetric matrix with non- repeated eigen values

To find the eigen vectors:

[A—AIX =0
G 202G Dl=61=1G 2)-G Dkl=[
CRTNIIN ] I R—
Case 1: If 1= -2, [1 _?5_2) 4 _1(_2) [iﬂ = [8] [From (1)]
e [3 allal = [o]
ie,3x;+x,=0
3x1+x, =0

i.e., we get only one equation 3x; +x, = 0= 3x; = —x, = % = ’_‘—Z

Therefore X; = [_13]

Case2: IfA=2, [1 _3(2) » ! (2)] 2] = [o]From (1)



S e | N R
ie,—x+x,=0=>x—x,=0

3% = 3x,=0=>x; —x, =0

i.e., we get only one equation x; —x, =0

X1 X
= = = — = —
X1 Xy 1 1
_1
Hence, X, = [1]
2 2 1
2. Find the eigen values and eigen vectorsof |1 3 1
1 2 2
2 2 1
Solution: LetA=|1 3 1| whichis a non-symmetric matrix
1 2 2

To find the characteristic equation:

Its characteristic equation can be written as 13 — ;1% + S,4 — S; = 0 where

S1 = sumofthemaindiagonalelements =2 +3+2 =7,
_ . L _13 1 2 1 2 2| _ _
S, = Sumoftheminorsofthemaindiagonalelements = |2 2| + |1 2| + |1 3| =4+3+4=

11,
S3 = DeterminantofA = |A| = 2(4)-2(1)+1(-1) =5
Therefore, the characteristic equation of Ais 23 — 712 + 111 - 5= 0

1 1 -7 11 -5

A-—1DA2-61+5)=0=>1=1,

_6EJ(=6)?2-4()(5) 6+V16 614 6+4 6-4
B 2(1) o2 2 22

=51




Therefore, the eigen values are 1, 1, and 5
A is a nhon-symmetric matrix with repeated eigen values

To find the eigen vectors:

[A—A]X =0

[EnN

2—-1 2 1 X1 0
2 2 —A1X3 0

2—5 2 1 X1 0
Casel:lf/1=5,[ 1 3-5 1 ”x]=[0]
0

[EnN

2
1 2 2 —5]|lx3
-3 2 171r* 0
i.e., [ 1 -2 1 ] [le = H
1 2 =31lx3 0
= —3x; +2x, + x3 = 0 --—-—---- 1)
X1 —2x; +x3 =0 ---emoeoooee- 2)
X1 + 2%y — 3x3 = 0 =------me- (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1X2X3
XXX
-2 1 1 -2
X1 Xz X3 _ X1 Xz X3
4 4 4 71 1 1
1
Therefore, X; = 1]
1
2—1 2 1 X1 0
Case2:|f1:1,[ 1 3—-1 1 ”x2]=[0]
1 2 2—111x3 0



1 2 11[* 0
e, 1 2 1f[x2[=]0
1 2 111x3 0

3xl+2x2+X3:O
x1+2x2+x3=0
x1+2x2+x3=0

All the three equations are one and the same. Therefore, x; + 2x, + x3 =0

Putx; =0 = 2x, +x3 = 0= 2x, = —x3.Takingx; = 2 ,x, = —1
0
Therefore, X, = |—-1
2
Putx, =0=2x;+x3=0= x3 = —x;.Takingx; = 1,x3 = —1
1
Therefore, X; = | 0
-1
2 -2 2
3. Find the eigen values and eigen vectorsof |1 1 1
1 3 -1
2 -2 2
Solution: LetA=|1 1 1 |which is a non-symmetric matrix
1 3 -1

To find the characteristic equation:

Its characteristic equation can be written as 13 — 5;1% + S,4 — S; = 0 where

S1 = sumofthemaindiagonalelements =2 +1—-1 = 2,
_2| _

_ . o 11 1 2 2 2
S, = Sumoftheminorsofthemaindiagonalelements = |3 _1| + |1 _1| + |1 1

—4 -4+ 4= —4,
S; = DeterminantofA = |A| = 2(-4)+2(-2)+2(2) =-8-4+4=-8

Therefore, the characteristic equation of Ais 23 —212 — 41 +8 =0

2 1 -2 —4 8




Q-2 -4)=0=21=2, A=2-2
Therefore, the eigen values are 2, 2, and -2
A is a non-symmetric matrix with repeated eigen values

To find the eigen vectors:

[A—AIX=0
2 - A _2 2 1 Xl 0
1 3 -1 — A_ X3 0
2 - (_2) _2 2 'x1 0
Case 1: If A = -2, 1 1-(-2) 1 le _ [0]
1 3 —1—(=2)|lxs 0
4 =2 21* 0
ie., 11 3 1]|x2|= |0
1 3 111X 0
= 4x, — 2%y + 2x3 = 0 ---—-—--- 1)
X1+ 3x, +x3=0 --ommmmmeeee- 2)
X1+ 3% + X3 = 0 oo (3) . Equations (2) and (3) are one and the same.

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1XpX3

Therefore, X; =




2—2 -2 2 X1 0
Case 2: IfA =2, 1 1-2 1 X2 =10
—1-211%3 0

1 3
e, |1 -1 1 [|x[=]0
= 0x; — 2x, + 2x3 = 0--—----——- 1)
Xp = Xz + x3 = 0----mmm-mmomoe- (2)
X1 + 3x, — 3x3 = 0------------ (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1X2X3
XXX
-1 1 1 -1
X1 X3 X3 X1 X X3
—_——=— e — S — = — = —
0 2 2 0
0
Therefore, X, = |1
1

We get one eigen vector corresponding to the repeated root A, = A3 =2

1 1 3
4. Find the eigen values and eigen vectors of [1 5 1]
3 11

1 1 3

Solution: LetA=[1 5 1

311

which is a symmetric matrix

To find the characteristic equation:

Its characteristic equation can be written as 13 — ;1% + S,1 — S; = 0 where



S1 = sumofthemaindiagonalelements =1+5+1 =7,

3 . . 15 17,1 31,11 1

S, = Sumoftheminorsofthemaindiagonalelements = |1 1| + |3 1| + |1 5|

8+4=0,

S; = DeterminantofA = |A| = 1(4)-1(-2)+3(-14) =-4 + 2-42 =- 36

Therefore, the characteristic equation of Ais 23 — 712+ 01 —-36 =0
-2 1 -7 0 36
0 -2 18 — 36
1 -9 18 0
A=(-2))(A2-91+18)=0=> 1= -2,
Lo 2EV(9°—4((8) _9+VBI-72 943 943 9-3
B 2(1) B 2 2 22

Therefore, the eigen values are -2, 3, and 6
A is a symmetric matrix with non- repeated eigen values

To find the eigen vectors:

[A-AI]X=0
1-1 1 3 X1 [0

IERERE R

3 1 1—-Allx3 10

1-(-2) 1 3 X1 0]
Case 1l: If A= -2, 1 5-(-2) 1 [xz] = [0
1- X3 0l

3 1 (-2)
31 3™ 0
ie., [1 7 1] [le = [0]
3 1 311x3 0
$3x1+xZ+3X3:0 _________ (l)
Xg+7x +x3 =0 --mmmmmmmeee- 2)

3x1 + X + 3.X3 | (3)



Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 Xz X3

-1
Therefore, X; = | 0 ]
1
1-3 1 3 X1 0
Case2:1fA=3,| 1 5-3 1 X21=10
3 1 1-311x3 0
-2 1 31" 0
e, |1 2 1[|*|= |0
3 1 -=-21Ix3 0
= —le + Xy + 3X3 =0 -—-------- (1)
X1+ 2%; + x3 = 0 --mmmmmmmmmemee- (2)
3x1 + x5 — 2x3 = 0 ----mmmmeee- (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X2 X3

YXOXOX
2 1 1 2
X1 X2 X3 Xy Xz X3 X X2 X3
-5 5 -5 -1 1 -1 1 -1 1
1
Therefore, X, = —1]
1

1-6 1 3 X1 0
Case 3: IfA = 6, 1 5—-6 1 ”Xz] = [0]
1 1—611x%3 0



-5 1 37[* 0
S Rt
3 1 —=511x3 0

= —5x1 + xz + 3x3 = 0 “““““ (1)
xl_xZ+X3—0 """""""" (2)
3x; + x5 — 5x3 = 0 ----mm-mmm- (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1X2X3
XXX
-1 1 1 -1
X1 X2 X3 X1 X2 X3
48 4 1 2 1
1
Therefore, X; = 2]
1
0 1 1
5. Find the eigen values and eigen vectors of the matrix{[1 0 1{. Determine the
1 1 0

algebraic and geometric multiplicity

0 1 1
Solution: Let A=|1 0 1] which is a symmetric matrix
1 1 0

To find the characteristic equation:

Its characteristic equation can be written as 13 — 5;1% + S,4 — S; = 0 where

S1 = sum of the main diagonal elements =0+ 0+ 0 = 0,

0 1y _

_ . o _ 10 1 0 1
S, = Sum of the minors of the main diagonal elements = |1 0|+ 1 0|+ 1 ol =

-1-1-1= -3,
S; = Determinant of A= |A|=0-1(-1)+ 1(1)=0+1+1=2

Therefore, the characteristic equation of Ais 23 — 012 =31 -2 =0



A—(1))A2-21-2)=0=>1=—1,

/_l_li\/(—1)2—4(1)(—2)_1i\/1+8_1i3_1+3 1—3_2
B 2(1) B 2 2 2 2 "

Therefore, the eigen values are 2, -1, and -1
A is a symmetric matrix with repeated eigen values. The algebraic multiplicity of 1 = —1is 2

To find the eigen vectors:

[A—A]X =0

[UnN

0-1 1 1 X1 0
1 0—AllXs3 0

0-2 1 1 X1 0
Casel:lf/lzz,[ 1 0-2 1 ”X]=[0]
0

[UnN

2
1 1 0—211x3
-2 1 171M™ 0
i.e.,[l -2 1”x2]=H
1 1 -211x3 0
= —2x; +x, +x3 =0 --------- (1)
X1 —2Xy + X3 =0 —-mmmmmmmeee- 2)
X1+ x3 — 2x3 = 0 --mmmmoeees (3)

Considering equations (1) and (2) and using method of cross-multiplication, we get,

X1 X 5 X3



1
Therefore, X; = 1]
1
0—-(-1 1 1 X1 0
Case 2: IfA = -1, 1 0—-(-1) 1 [le = H
1 1 0—(—1)|Lx3 0
1 1 11* 0
1 1 11L*3 0
> x1+x; +x3 =0 ----mm-me- (1)
x1+x2+x3—0 """""""" (2)
X1+ x5 + x3 =0 —----mo-- (3). All the three equations are one and the same.
Therefore, x; +x, +x3=0.Putx; =0 = x, +x3 =0 = x3 = —x; =>x—12= f—i
0
Therefore, X, = | 1
-1

l
m
n

Since the given matrix is symmetric and the eigen values are repeated, let X3 = . X3 1S

orthogonal to X; and X, .

l
1 1 1][m]=0=>l+m+n=0 ------------ Q)
n
l
[0 1 —1][m]=0 =>0l+m—n=0--—-- 2
n

Solving (1) and (2) by method of cross-multiplication, we get,

| m n

XXX



!
—=2=2Therefore, X5 =
2 1 1

-2
1
1

Thus, for the repeated eigen value 1 = —1, there corresponds two linearly independent eigen

vectors X, and X5. So, the geometric multiplicity of eigen value A = —1is 2

Problems under properties of eigen values and eigen vectors.

-1 1 1
1. Find the sum and product of the eigen values of the matrix [ 1 -1 1 ]
1 1 -1

Solution: Sum of the eigen values = Sum of the main diagonal elements = -3

Product of the eigen values = |A| =-1(1-1)-1(-1-1) + 1(1- (-1)) =2+ 2 =4

6 -2 2
2. Product of two eigen values of the matrix A=|-2 3 —1‘ is 16. Find the third eigen
2 -1 3

value

Solution: Let the eigen values of the matrix be 1,,1,, 15.
Given 4,1, =16

We know that ;1,45 = |A | (Since product of the eigen values is equal to the determinant of

the matrix)
6 -2 2

MAA3 = [-2 3 —1| =6(9-1)+2(-6+2) +2(2-6) = 48-8-8 = 32
2 -1 3

There fore,A{A,A3 =32 = 1613 =32 =13 =2

a b

3. Find the sum and product of the eigen values of the matrix A = (C d) without

finding the roots of the characteristic equation
Solution:We know that the sum of the eigen values = Trace of A=a+d

Product of the eigen values = |A| =ad - bc



8 -6 2
-6 7 —4], find | A|, without
2 -4 3

4. If 3and 15 are the two eigen values of A =

expanding the determinant
Solution:Given 1; = 3 and 1, = 15,13 =?
We know that sum of the eigen values = Sum of the main diagonal elements
>M+A+1;=8+7+3
23+154+1;=18= 1, =0

We know that the product of the eigen values = | A |

= (3)(15)(0) = | 4]

= |A| =0
3 10 5

5. If 2,2, 3arethe eigen values of A=|—-2 —3 —4/, find the eigen values of AT
3 5 7

Solution:By the property “A square matrix A and its transpose A”have the same eigen

values”, the eigen values of A are 2,2,3

2 00
6. Find the eigen valuesof A=|1 3 0
0 4 4
2 00
Solution:Given A=|1 3 0] .Clearly, A is a lower triangular matrix. Hence, by the
0 4 4

property “the characteristic roots of a triangular matrix are just the diagonal elements of the

matrix”, the eigen values of A are 2, 3, 4

3 -1 1
7. Two of the eigen values of A=|-1 5 —1] are 3 and 6. Find the eigen values of
1 -1 3

A—l
Solution:Sum of the eigen values = Sum of the main diagonal elements = 3 +5+3 =11

Given 3,6 are two eigen values of A. Let the third eigen value be k.



Then,3+6+k=11=>k=2
Therefore, the eigen values of A are 3, 6, 2

By the property “If the eigen values of A arel;, 1,, A5, then the eigen values of A™1

111y i -1 111
are/ll,/lz,/,l3 , the eigen values of A™" are 3%
8. Find the eigen values of the matrix[_l5 _42] Hence, form the matrix whose eigen

values are% and — 1
Solution: Let A =[_15 _42] The characteristic equation of the given matrix is A2 — $;1 +

S, = 0 where S; = Sum of the main diagonal elements = 5 and S, = |A | =—6

—B)2 _ —
Therefore, the characteristic equationis 2> =51 —6=0= A1 = SO 4(O) _ 547

2(1) 2
6,—1
Therefore, the eigen values of A are 6, -1
Hence, the matrix whose eigen values are % and —1is A1
1
Al=——adj A
| 4]
— — peadipa—[4 2
|A] =4-10=-6;adiA=[; {]
-1 _ i 4 2
Therefore, A=t = —~ [5 1
2 10
9. Find the eigen values of the inverse of the matrix A={0 3 4]
0 0 4

Solution:We know that A is an upper triangular matrix. Therefore, the eigen values of A are

2, 3, 4. Hence, by using the property “If the eigen values of A arel, 1,, 13, then the eigen

values of A~ are—, >, 27, the eigen values of A~ are 111
2’2" As 2’3’4
1 2 3
10. Find the eigen values of 43 given A=[0 2 -7
0 O 3




1 2 3
Solution:Given A=|0 2 —7]|. Ais an upper triangular matrix. Hence, the eigen values of
0 0 3

Aarel, 2,3
Therefore, the eigen values of 43 are 13,23,3% i.e., 1,8,27

11.1f 1 and 2 are the eigen values of a 2 x 2 matrix A, what are the eigen values of
A% and A~ 1?

Solution:Given 1 and 2 are the eigen values of A.

Therefore, 12 and 22 i.e., 1 and 4 are the eigen values of 4% and 1 and % are the eigen
values of 471

2 2 1

1 3 1], find the eigen values of 5A
1 2 2

12.1f 1,1,5 are the eigen values of A =

Solution:By the property “If 1,,1,, 15 are the eigen values of A, then kA4, kA,, kA5 are the
eigen values of kA, the eigen values of 5A are 5(1), 5(1), 5(5) ie., 5,5,25

13. Find the eigen values of A, A%, 43,4% 34,471, A~ 1,34% + 54> —6A + 21if A= 2 3]

0 5

Solution:Given A = [3 g] A is an upper triangular matrix. Hence, the eigen values of A are

2,5

The eigen values of A2 are 22,5% i.e., 4, 25
The eigen values of A3 are 23,53 i.e., 8, 125
The eigen values of A* are 2%,5% i.e., 16, 625

The eigen values of 3A are 3(2), 3(5) i.e., 6, 15

. _ 11
The eigen values of A™! are 3'c

A-i=lo -l 1=l 3l



Since A - | is an upper triangular matrix, the eigen values of A- | are its main diagonal

elementsi.e., 1,4

Eigen values of 343 + 542 — 64 + 21 are 3A3 + 512 — 61, + 2 and 323 + 513 — 61, + 2 where
Al == 2 and AZ == 5

First eigen value = 313 + 542 — 61, + 2
=3(2)°+ 5(2)?-6(2) + 2 =24 + 20 -12 + 2=34
Second eigen value = 313 + 513 — 64, + 2
= 3(5)*+ 5(5)* 6(5) + 2

=375+ 125-30+ 2 =472

3 2 1
14. Find the eigen values of adj Aif A=[0 4 2
0 01
3 21
Solution:Given A=|0 4 2|. Ais an upper triangular matrix. Hence, the eigen values of A
0 0 1
are 3,4,1
We know that A~ = ﬁ adj A
AdjA=|Al47?

. _ 11
The eigen values of A™! are S 1

| A| =Product of the eigen values = 12

Therefore, the eigen values of adj A is equal to the eigen values of 12 A7t i.e., %% 12 i.e.,
4,3, 12
1 2 3 1 0 0 1 0 0
Note: A=|0 4 5|,B= [2 4 OI,C = [0 4 0]. Here, A is an upper triangular matrix,
0 0 6 3 5 6 0 0 6

B is a lower triangular matrix and C is a diagonal matrix. In all the cases, the elements in the

main diagonal are the eigen values. Hence, the eigen values of A, Band C are 1, 4, 6



2 2 1
1 3 1] are equal and they are%times the third. Find
1 2 2

15. Two eigen values of A =

them
Solution:Let the third eigen value be A5

We know that A; + A, + A3 =2+3+2=7
. A3
Given 4; = 1,= <

A3 A3
=242 =7
5 +5 + 13

1 1 7

Therefore, A; = 1, = 1 and hence the eigen values of Aare 1,1, 5

2 0 1
16.If 2, 3 are the eigen values of [0 2 Ol,find the value of a
a 0 2
2 0 1
Solution:Let A=|0 2 0]. Let the eigen values of A be 2, 3, k
a 0 2

We know that the sum of the eigen values = sum of the main diagonal elements
Therefore, 2 +3 +k=2+2+2=6=>k =1

We know that product of the eigen values = | A|

=2(3)(k) = | Al

2 0 1
0 2 0
a 0 2

>6= 56=2(4)-0+1(-2a)>6=8—-2a=>2a=2=a=1

1 1 3
151]are

311

17. Prove that the eigen vectors of the real symmetric matrix A =

orthogonal in pairs



Solution:The characteristic equation of A is

A3 — 85,22 + S,A — S; = Owhere S; = sum of the main diagonal elements = 7,

S, = Sum of the minors of the main diagonal elements =4+ (—8)+4 =0

1 1 3
1 51
31 1

S;=|A| = =1(4) — 1(=2) + 3(-14) = —36

The characteristic equation of Ais A3 — 712 + 36 = 0

3 1-7 0 36
0 3 -12 -36
1 -4 -12 0

Therefore, 1 = 3,12 — 41 — 12 = 0 = 1 = 3,1 = R/ -4(12) _ 448

2(D)
Therefore, the eigen values of A are -2, 3, 6

To find the eigen vectors:

A-ADX=0
3 1 31[* 0
Case 1: When 1 = -2, [1 7 1] [xz] = [0
3 1 3llx3 0
3x1 + Xy + 3x3 =0 - (1)
X1+ 7x5 +x3 = 0 ----mm-m- (2)
3x; + x5 +3x3 =0 -----—- (3)

Solving (1) and (2) by rule of cross-multiplication, we get,

X1X2X3
1 3 3 1
L1 L1 L
R ERED
1
1 _%2_ X% -
—20-0 20 % (1)]

2

=6,—2



1 371[*% 0
Case 2:When 1 = 3, [ 1 2 1/|[*|=]0
3 1 -211%3 0

_le + Xy + 3x3 =0 - (1)
x1+2x2+x3:0 _________ (2)
3x1 + Xy — ZX3 E N | — (3)

Solving (1) and (2) by rule of cross-multiplication, we get,

X1X2X3
1 3 -2 1
[ I
SV V1V ViV Vs
X1 X2 X3 _
55 -5 M27
-5 1 3 1[*1 0
Case3:When/’l:6,[1 -1 1 []|*2|=]0
3 1 —=511x%3 0
_le+xZ+3x3:0 """"" (1)
X1 =Xz +x3 =0 ----mmmmv (2)
3x1 +x, — 5x3 = 0 -------m- (3)

Solving (1) and (2) by rule of cross-multiplication, we get,

X1X2X3
1 3 -5 1
A I
qY Y1V V1V +_1
X1 X2 3
4~ 8 4 3
-1 1 1
Therefore, X, =0 |, X, =|-1| ., X3 =| 2
1 1 1

To prove that: XTX, = 0,XIX; =0,XIXx;, =0

1
XTx,=[-1 0 1][-1]:—1+0+1=0
1

1
2
1



1
XIX;=[1-1 1] 2]=1—2+1=0
1

-1
XIx,=[1 2 1] o]=—1+0+1:0
[ 1

Hence, the eigen vectors are orthogonal in pairs

1 2 3
2 2 4]lsthe
1 2 7

18. Find the sum and product of all the eigen values of the matrix A =

matrix singular?
Solution:Sum of the eigen values = Sum of the main diagonal elements =Trace of the matrix
Therefore, the sum of the eigen values = 1+2+7=10
Product of the eigen values = |A| =1(14 - 8) -2(14 - 4) + 3(4 - 2) = 6-20+ 6= - 8

| A| #0. Hence the matrix is non-singular.

1 2 -2
19. Find the product of the eigen valuesof A=|1 0 3 ]
-2 -1 -3
1 2 =2
Solution:Product of the eigen values of A= |A|=|1 0 3 [=1(3)-23)-2(-1) =
-2 -1 -3

3—6+2=-1
ORTHOGONAL TRANSFORMATION OF A SYMMETRIC MATRIX TODIAGONAL FORM:
Orthogonal matrices:
A square matrix A (with real elements) is said to be orthogonal if AAT = ATA =1 or AT = A™1
Problems:
cos0 sin@ 0]

1. Check whether the matrix B is orthogonal. Justify. B = [—sin 0 cos6 0
0 0 1

Solution: Condition for orthogonality is AAT = ATA =1

To prove that: BBT = BTB =1

sind cosf@ O
0 0 1

=|-sin@ cosfB O
0 0 1

cos8 sin@ 0
B— ,BT:

cosf —sin@ 0]



cos@ sinf8 O0][cos@ —sin8 0
BBT = |—sin® cos@ O0||sin@ cos6 0

0 0 1 0 0 1
cos?%6 + sin?0 —sinBcosO + sinfcosfd 0 1 0 0
= |—sinBcosO + sinB cos 8 + 0 sin%0 + cos?6 + 0 oj]=(0 1 0
0 0 1 0 0 1
Similarly,
cosf@ —sin@ O0][cosf8 sinf O
BB =|sin® cos@® O||-sin6 coso 0|=
0 0 1 0 0 1
cos?6 + sin?6 sinfcos® — sinf cosf 0 1 0 0
sin @ cos 8 — sin 8 cos 6 sin%6 + cos?6 + 0 of|=1]0 1 0
0 0 1 0 0 1
Therefore, B is an orthogonal matrix
2. Show that the matrix P = [ cos 6 sin@ is orthogonal
—sin@ cos0@
Solution:To prove that: PPT = PTP =]
_J[cos® sin®]. o7+ _[cos® —sinB
P= [—sine cos 6]’ Pr= [sinG cos 9]
ppT = [ cos?6 + sin*0 —sin9c059+sin9c059] _ [1 0]=,
—sin6 cos 6 + sin6 cos 8 sin%6 + cos?6 0 1
. Tr_ [cos® —sinB][cosB sinH
Similarly, PP = [sin O cosH ] [—sin 0 cos 6]
_ [ cos?0 + sin®6 sinf cos @ —sin6 cos O] _ [1 0 _J
sin @ cos @ — sin 6 cos 0 sin%6 + cos?6 0 1

Therefore, P is an orthogonal matrix

WORKING RULE FOR DIAGONALIZATION

[ORTHOGONAL TRANSFORMATION]J:

Step 1: To find the characteristic equation

Step 2: To solve the characteristic equation

Step 3:To find the eigen vectors

Step 4: If the eigen vectors are orthogonal, then form a normalized matrix N
Step 5: Find NT

Step 6: Calculate AN

Step 7: Calculate D = NTAN



Problems:

3 -1 1
1. Diagonalizethematrix[—l 5 —1]
1 -1 3
3 -1 1
Solution: LetA=|-1 5 —1]
1 -1 3

The characteristic equation is 43 — $;1%2 + 5,4 — S; = 0 where
S; = Sum of the main diagonal elements =3+ 5+ 3 =11

S, = Sum of the minors of the main diagonalelements = (15—1)+ (9 —-1)+ (15-1)
=14+8+14=36

S;=141=3(15-1)+1(-3+1) +1(1—5)=3(14)—2—4=42—6 = 36

Therefore, the characteristic equation is A3 — 114%2 + 364 —36 = 0

211 11 3  -36
0 2 .18 36
1 9 18 0
A=2,12—91418 =01 =2, 1 = 204U _ 981772943 _ ¢ 5

2(1) 2 2
Hence, the eigen values of A are 2, 3, 6
To find the eigen vectors:

(A—ADX =0

3-1 -1 1 X1 0
s ]|
1 -1 3-2Allx3 0

1 -1 11r*% 0
Case 1: When 4 = 2, [—1 3 —1] [xz] = [0]

1 -1 111Ix3 0
X1 — Xy +x3 =0 ---------- (1)
—x1+ 3%y —x3 = 0 == (2
X1 — X3 +x3 =0 -----mmm- (3)

Solving (1) and (2) by rule of cross-multiplication,



X1X2X3

Xy Xz X3 Xp Xz X3 X X
1-3 —-1+41 3-1 -2 0 2 -1 0
-1
X1: O
1
0 -1 11* 0
Case2: When1=3,|-1 2 —=1]||*2|=]0
1 -1 011lxs 0
0x; —x; +x3 =0 --------m- (1)
—xq +2x5 —x3 = 0 -----—-- (2)
X1 — X3+ 0x3 =0 -------m- (3)

Solving (1) and (2) by rule of cross-multiplication,

X1X2X3

N

X1 Xy X3 X1 Xy X3 X1 Xy

= S5 S—=—=— >
1-2 -1-0 0-1 -1 -1 -1 1 1

1
1
1

-3 -1 11[* 0
Case 3: When 4 =6, [—1 -1 —1] [xz] = [0]

X2=

1 -1 -=311x3 0
—3x1 — Xy +x3 =0 -----mm-m- (1)
—Xg =Xz — X3 =0 --omem- (2)
Xy —X%3—3x3 =0 --------- 3

Solving (1) and (2) by rule of cross-multiplication,



X1X2X3

OO

X1 X2 X3 X1 X2 x3=>x1 X2
141 -1-3 3-1 2 —4 2 1 -2
1
X3:_2
1
1
XIx,=[-1 0 1]|1|=-140+1=0
1
1
XIx;=[1 1 1]|-2|=1-2+1=0
1

-1
XIx,=[1 -2 1][0‘=
1

Hence, the eigen vectors are orthogonal to each other

-1 1 1 -1 0
= 5w/ |7
The Normalized matrix N =| = — 2| NT =|= =
|2 3 6| |3 3
1 1 1 1 -2
lz V3 «/€J l6 V6
-1 1 L] [—_2 3 i]
3 —1 17|Vz2 V3 Ve I\/f V3 \/gl
AN = s |l L oz2|oje 3 o-m
=1 e B BT|IE B OV
Lo-1 3dla 1 af [z 3 &
2 V3 V6 V2 V3 Ve
—1 0 13r—2 3 6 1
V2 V2 V2lV2 V3 W6
1 1 1 0 3 =12
NTAN=|—= — —=ll= = —I=
V3 V3 V3||V2 V3 <6
1 -2 1 2 3 6
V6 V6 Velly2 3 6
2 0 0
ie, D= NTAN=|0 3 0]
0 0 6

The diagonal elements are the eigen values of A

X3
1
—140+1=0
1
7|
—|
3
1
=l
r 4 0 0 1
2 6 12
0 9 0
v6 3 418
0 0 36
V12 V18 6 |




8 -6 2
2. Diagonalize the matrix |-6 7 —4

2 -4 3
8 -6 2
Solution: LetA=|-6 7 —4
2 -4 3

The characteristic equation is A3 — $;1%2 + 5,1 — S; = 0 where

S; = Sum of the main diagonal elements =8 + 7 + 3 = 18

S, = Sum of the minors of the main diagonalelements = (21 —16) + (24 —4) + (56 — 36)

=5+20+20=45

S;=]A] =8(21—16) + 6(—18 + 8) + 2(24 — 14) = 8(5) — 60 + 20 = 0

Therefore, the characteristic equation is A3 — 184% + 454 — 0 =0 i.e., A2 — 1842 + 451 =0

=>A(1>-181+45)=0=>1=0,1=

18+./(—18)2 —4(1)(45) 18++324-180 18+ 12

2(1)

= 15,3
Hence, the eigen values of A are 0, 3, 15
To find the eigen vectors:

(A—ADX =0

8—-1 -6 2 X1 0

-6 7—-1 =4 |[*2[=]0

2 -4 3-111%3 0
8 6 2

X1 0
Case 1: When 4 =0, [—6 7 —4] [xz] = [0]

2 —4 311X 0
8xy — 6xy +2x3 =0 ---------- 1)
—6x1 + 7xy — 4x3 = 0 -------- (2
2x; —4xy +3x3 =0 ------m-- (3)

Solving (1) and (2) by rule of cross-multiplication,

X1 X, X3

N R

2 2



X1 X2 X3 N X1 Xz X3 X1 X2 X3
= = —_—_——=
24—14 -12+4+32 56—-36 10 20 20 1 2 2

1
X1 - 2]
2
5 -6 21M™* 0
Case2: WhenA1=3,|-6 4 —4||x2|=|0
2 =4 011x3 0
5x; —6x; +2x3 =0 -------- (1)
_6X1 + 4x2 - 4X3 == 0 """" (2)
2x1 —4x; + 0x3 = 0 --------- (3)

Solving (1) and (2) by rule of cross-multiplication,

X1 X2 X3
-6 2 5 -6
KK
X1 Xy X3 :xl_xz_x3 X1 X2 X3
24—8 —12+20 20-36 16 8 —-16 2 1 =2
2
XZ = 1
-2
-7 —6 2 1M 0
Case 3: When 4 = 15, [—6 — —4 ] [Xz] = [0]
2 —4 —12llxs 0
_7x1 - 6x2 + ZX3 - 0 """"" (l)
_6X1 - 8x2 - 4X3 = 0 “““““ (2)
le - 4‘x2 - 1ZX3 —_ 0 """"" (3)

Solving (1) and (2) by rule of cross-multiplication,

X1 X2 X3
-6 2 -7 -6
AR
X1 Xy X3 X1 _ Xy Xz _Xi_ X _ X3

24+16 —12—-28 56-36 40 —40 20 2 —=2 1



X3:

2
-2
1
2

XTx,=[1 2 2][1]=2+2—4:0
2

2
XIx;=[2 1 -2 [—2] =4-2-2=0
1

1
XX, =2 -2 1] H=2—4+2=0
2

Hence, the eigen vectors are orthogonal to each other

12 z
3 3 3 1 2 2
The Normalized matrixNzé % _?2 =§[2 1 —2]
2 2 1 = 21
3 3 3
1 2 2
>3 Sl ap o2 2
T _ —
N=13 3 ?—5[2 1 —2]
5 o 1 2 =2 1
13 3 3
AN =
8 -6 2 11 2 2 ) 8 -6 2 1 2 2
—67—4521—2=§—67—421—2=
2 -4 3 2 =2 1 2 -4 3

8—12+14 16 —6—4 16 +12+2
—-6+14-8 -—-12+7+8 —-12-14-4

2 =2 1
) 0 6 30 0 2 10
=§[0 3 —30] = [0 1 —10]
2—8+6 4—-4-6 4+8+3 0 -6 15 0 -2 5

11 2 270 2 107 4
T
NTAN=Z|2 1 -2[[l0 1 -10[=%

0+0+0 2+2-4 10-—-20+10
0+0+0 4+1+4 20-10-10

312 =2 1llo =2 s 1 3lo+o0+0 4—2-2 20+20+5
L0 0 0] [0 0 0
=§[0 9 0]=[0 3 0]
0o 0o 451 lo o 15
00 0
ie. D=NTAN = |0 3 o]
0 0 15

The diagonal elements are the eigen values of A




QUADRATIC FORM- REDUCTION OF QUADRATIC FORM TO CANONICAL FORM BY
ORTHOGONAL TRANSFORMATION:

Quadratic form:

A homogeneous polynomial of second degree in any number of variables is called a quadratic
form

Example: 2x? + 3x2 — x2 + 4x,x, + 5x,x3 — 6x,x5 iS @ quadratic form in three variables
Note:

The matrix corresponding to the quadratic form is
coeff.of x? %coeff.ofxlxz %coeff.ofx1x3]

Ecoeff.ofxle coeff.of x2 %coeff.ofx2x3|

Ecoeff.ofx3x1 %coeff.ofx_o,xz coeff.of x3 J

Problems:
1. Write the matrix of the quadratic form 2x3 — 2x3 + 4x3 + 2x,x, — 6x1x3 + 6x,X3
[ coeff.of x? %coeff.ofxlxz %coeff.ofx1x3]

Solution:Q = Ecoeff. of x,x;  coeff.of x2 %coeff. 0fx2x3|
Ecoeff.ofxgxl %coeff.ofxgxz coeff.of x3 J

Hel'e xel = xlxz ; x3x1 = X1X3 X XZX3 = X3x2

2 1 -3
Q=11 -2 3
-3 3 4

2. Write the matrix of the quadratic form 2x? + 8z% + 4xy + 10xz — 2yz

[ coeff.of x? % coeff.of xy % coeff.ofxz] .
Solution:Q=|% coeff.of yx  coeff.of y? % coeff.ofyz|= [2 0 —1]
[% coeff.of zx % coeff.of zy  coeff.of z* J > -1 8

3. Write down the quadratic form corresponding to the following symmetric matrix

0 -1 2
-1 1 4
2 4 3

aj; Qi di3 0o -1 2
Solution:Let |Gz1 A2 Q3= |-1 1 4

az; dzz dazz 2 4 3



The required quadratic form is

g xf + X3 + azaxd + 2(ag2)x1x; + 2(az3)x2%3 + 2(ay3)x1 X3
= 0x2 + x7 4 3x% — 2x1%, + 4x,x3 + 8x,%3
NATURE OF THE QUADRATIC FORM:

Rank of the quadratic form:The number of square terms in the canonical form is the rank (r) of
the quadratic form

Index of the quadratic form: The number of positive square terms in the canonical form is
called the index (s) of the quadratic form

Signature of the quadratic form:The difference between the number of positive and negative
square terms = s — (r-s) = 2s-r, is called the signature of the quadratic form

The quadratic form is said to be

(1) Positive definite if all the eigen values are positive numbers

(2) Negative definite if all the eigen values are negative numbers

(3) Positive Semi-definite if all the eigen values are greater than or equal to zero and at
least one eigen value is zero

(4) Negative Semi-definite if all the eigen values are less than or equal to zero and at least
one eigen value is zero

(5) Indefinite if A has both positive and negative eigen values

Problems:

1. Determine the nature of the following quadratic form f(xq, x5, x3) = x% + 2x3

1 0 0
Solution:The matrix of the quadratic form is Q = [0 2 0
0 0 O

The eigen values of the matrix are 1, 2, 0
Therefore, the quadratic form is Positive Semi-definite

2. Discuss the nature of the quadratic form 2x? + 3y? + 2z% + 2xy without reducing it to
canonical form

2 10
Solution:The matrix of the quadratic form is Q = [1 3 O]
0 0 2

Dy = 2(+ve)
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D, =|; 3|=5(+ve)
2 1 0

D=1 3 0/=2(6-0)—1(2—-0)+0=12—2 = 10(+ve)
00 2

Therefore, the quadratic form is positive definite

REDUCTION OF QUADRATIC FORM TO CANONICAL FORM THROUGH ORTHOGONAL
TRANSFORMATION [OR SUM OF SQUARES FORM OR PRINCIPAL AXES FORM]

Working rule:
Step 1: Write the matrix of the given quadratic form

Step 2: To find the characteristic equation

Step 3: To solve the characteristic equation

Step 4: To find the eigen vectors orthogonal to each other
Step 5: Form the Normalized matrix N

Step 6: Find NT

Step 7: Find AN

Step 8: Find D = NTAN

B4

V2
V3

Step 9: The canonical form is [y, y,ys][D]

Problems:

1. Reduce the given quadratic form Q to its canonical form using orthogonal
transformation Q = x? + 3y? + 322 — 2yz

[ coeff.of x? % coeff.of xy % coeff.of xz]

Solution: The matrix of the Q.F is A = ﬁ coeff.of yx coeff.of y? % coeff.of yz|

E coeff.of zx % coeff.of zy  coeff.of z* J

1 O 0
e, A=[{0 3 —1]
0 -1 3

The characteristic equation of A is 13 — ;1% + S,A — S; = 0 where

S1 = Sum of the main diagonal elements =1+3+3 =7



S, = Sum of the minors of the main diagonal elemeents =(9—-1)+(3-0)+ (3 -0)

=8+3+3=14

S3=1A=19-1)+0+0=38

The characteristic equation of Ais A3 — 742 + 141 —8 =0

1 1 -7 14 -8
0 1 -6 8
1 -6 8 0

6+\/(-62—4(D(®B) _ 6+VE_6+2 _

— 2 _ = = =
A=11*-61+8=0=>1=1,1 2(D)

The eigenvalues are 1, 2, 4
To find the eigen vectors:

(A-ADX =0

1-21 0 0 X1 0
EREIY M
0 -1 3-Alxs3 0

0 0 0 11*1 0
Case 1: When 4 =1, [0 2 —1] [le = [0]
-1 2 1LX3 0

0
0x; + 0xy + 0x3= 0 -------- (1)
0xq + 2x5 —x3 = 0 -------- 2
0x; —x; + 2x3 = 0 -------- (3)

Solving (2) and (3) by rule of cross multiplication, we get,

X1XpX3
2 -1 0 2
_1>< 2 >< 0 X -1

x

1 X2 X3 X1 X2 X3 X1 X2 X3

4,2
2 2



-1 0 01r1* 0
Case 2: When 4 = 2,[ 0 1 —1] [xz] = [0]

0 -1 111Ix3 0
—x1 + 0x5 + 0x3= 0 -------- (1)
0x; +x3 —x3 = 0 -------- (2
0x; —x3 +x3 =0 -------- (3)

Solving (1) and (2) by rule of cross multiplication, we get,

X1XX3
0 0 1.0
1 X -1>< 0 X 1

X1 Xy X3 X1 Xy X3 Xy Xy X3

= = =
0-0 0-1 -1-0
0
1
1

Case 3: When 4 =4,

0 -1 -1 0 1 1

X2:

-3 0 0 7[*1 0
0 -1 -—-1||*2(=10
0 -1 -—111%x3 0

—3x; + 0x; + 0x3=0 -------- (1)
0x; —x; —x3 = 0 -----m-- (2)
0x; —x3 —x3 = 0 -------- (3)

Solving (1) and (2) by rule of cross multiplication, we get,

X1X2X3

0 0 -3 0
22K K0 XK
x
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1 0 o 10 0
1 0 0 [01 2 f] 0 2
AN=[0 3 —1]I—1 5 #ml=l 7 @
0 -1 3 lo 1 1| 0o L &L
l_l —2 EJ 2 2
1 0 03r1 O 0
[OiiHoi__‘Llloo
NTAN = V2. V2l V2 V2l=1]0 2 o
-1 1 2 4 0 0 4
> = = & 7
NG RN AN
1 0 0
i.e,D=NTAN=[0 2 0
0 0 4
1 0 0]
The canonical formis [y, y,v3]1|10 2 0||Y2| = v? + 2y% + 4y?
0 0 413
8 0 0] [V
canonical formis [y; y, y5] |0 2 0| |Y2| =8y? + 2y + 2y%
0 0 21113

1. Reduce the quadratic form to a canonical form by an orthogonal reduction
2x1Xx3 + 2x1x3 — 2x,x3.Also find its nature.

[ coeff.of x? %coeff.ofxlxz %coeff.ofxlxg]
Solution: The matrix of the Q.F is A = %Coeff.ofxle coeff.of x2 %coeff.ofx2x3

1 1
Ecoeff.ofxgxl Ecoeff.ofxgxz coeff.of x3

0 1 1
e, A=[1 0 -1
1 -1 O

The characteristic equation of A is 13 — 5,12 + S,4 — S; = 0 where

S1 = Sum of the main diagonal elements = 0

S, = Sum of the minors of the main diagonal elements = —-1—-1—-1= -3
S3=14=000-1)-1(0+1)+1(-1-0)=0—-1-1=-2

The characteristic equation of Ais 13 — 012 =31 +2=0=> A13-31+2=0



~1+ J12-4(1)(-2) -1+V1+8 -1+3
= 2 — = = = = = = —
A=1,2+21-2=0=>1=1,1 T 5 - 2,1

The eigen values are 1, 1, -2
To find the eigen vectors:

(A—ADX =0

HER (Rt

2 1 1 X1 0
Case 1: When 4 = -2, [1 2 —1] [xz] = [O]

1 -1 211x3 0
2x1 + x5, + x3 =0 ------- Q)
Xy +2xy —x3 =0 ------- (2)
Xy — Xy + 2x3 = 0 --—---- 3)
X4 Xy X3
1 1 2 1
2 X —1>< 1 X 2
X1 X2 X3 X1 Xz X3 X1 X2 X3

= = = — = = ]
-1-2 1+2 4-1 -3 3 3 -1 1 1
-1
1
1

-1 1 17 7[1* 0
Case 2: When A = 1,[ 1 -1 —1] [xz] = [0]

1 -1 -111x3 0

X1=




All three equations are one and the same.

Putx; =0,x, = —x3.Letxz3 =1. Thenx, = -1

0
XZ =1-1
11
[ 1
Let X; = |m|. Since X; is orthogonal to X; and X,, X7 X; = 0 and XIX; =0
[n

l l
[-1 1 1][m]=0and[0 -1 1][m]=0
n n

—-l+m+n=0---—-- (1)
00l-m+n=0----—---- (2)

[ m n
1 1 -1 1
K XK K,
l m n Il m
= = = - = —
141 0+41 1-0 1

2
X3:1
1
= < 2 L L 4
V3 V2 6 V3 V3 V3
i wN=L 22 Lfwyr= |2 2 L
The Normalized matrlxN—l\/§ v \/E’N =5 & &
L 1 1 2z 1 1
V3 V2 Ve V6 V6 6
10 2 2 0 2
0 1 1 [3 2 6] [3 2 6
_ Lo oz 2L
AN=110 _1h3 vz 6|_|3 NG
=1 001 1 1p p2 1 1
l3 2 6J l3 2 6-




—1 1 11r2 0 27 -6 0 0 1
V3 V3 V3l1V3 V2 6 3 V6 +/18
0 -1 1||-2 -1 1 0 2 0 -2 00
NTAN: - o _ —— — | = P — — | = 0 1 0
V2 V2 V2ZI|V3 V2 V6| |V 2 V12 0 0 1
2 1 1]]-2 1 1 0 0 6
V6 V6 Vellyz V2 el LJy18 iz 6 |
-2 0 0
ie.,D=NTAN=| 0 1 0
[ 0 0 1
-2 0 0]
The canonical formis [y; v, vs]| 0 1 of |v2| = —2y% + v3 + y32
0 0 1llys

Nature: The eigen values are -2, 1, 1. Therefore, it is indefinite in nature.
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